l {

CcmS 't'\ru(,‘l"\'on o'F Dom\gﬂy- QW N S&f.ahc& .
Codes l’y Hamla—- k'sm\m-Toncj'e\i (\f.éfa"hmts |

._Ak‘:kwo quemsqu o :
Groduake Sc\w”\ & Mathowmtics, k)’us'm Umv.
ond
Degt. Combinatoris & Optimizalion, Univ. Waterko
LaseJ on jo’m‘t worke  witl,

Mosacks Haveda
N\_as«aaki Kit@zmme



Vo coider  birary wles of Suegth 200

LN
R=(u, Uz, Upy) €
V=V, U, Vo) € B

Cwv) = 5—“ UV, syl
wt (u)== l ’li | u;= ‘}\ ‘S“p?(“)\ :

E:."l: c ﬂ,‘mr codo G{W 2')1
—-{ueF |(,uv') 0 VV&C,}

C is self-duad éd‘% C=C"”

C S Jwbg)rwﬁ Wﬂv’) =20 Cimed q')

or V‘V’ég&

3 dosbllycuen self-ducl cods of ougth 2m
E N=0 (redd)



)
FC -
oo wiight of .
Mim‘mm | e 0 5'
(c)- min { wt (V) ‘ vel, vs
Mmin -~

A duw%zwusdf*& binay €

of Qouds Zn
(dei{)i | T o
s axtremad if
, MM(C [ X-'-Z‘—

T Sargest possible

— ' h-Z?.)/S " ;t
" P X 0\0(2 ¢ rd

- 1
R & 2
16 S e
28 § §0+5
34-?5 8 Teo ;""'“ 7

. . 7
72 b .



..3

o1l 11\ L\
1 110 )  Apnded blmwy
| v e, -
o] 0 Howei (R64)0dke
! _
10 Ok
ok
not Ok
“ net ok
l lo i\ |
L 0“' rxan
| g] | ) O': %&MCWIW waleix
l :._.l,!-Q..lj “f' 2 g chad



r= (OO l 0‘ {10 ‘). mliegds w‘ﬁ,

+‘U""(0 OM_ GJJVL\'

Y4v = (oolo 0001!)

'\“c:(OQOO __l\l,l) “uel/" )

.

H’v-re,-.-.(oom] L1 ©)

Suppee wt(v)=2, Jivst ul-f,‘ v =0
Y > { r+v+e - if (hif)=o
r+v ;f (v, V)g‘
=vr+v +(1+(r))E



Haraola-— ktmuura. (1445) &
G ( 1 \ ) gene rator m"(inx G.fq

doubly - anen se,Q-F-dna)L (alesd) Cade of
ﬂtwe}d\ 2n
v=(o0-- 0w #*) w‘t(v)-s'?_ (wod 4)
- e=(0o-0}V-1) .
For each row vedor ¥ of G,
Ye vr'sr+v+ (1+(rm))€
Then +the motrix G (r/; Pirewof G)
d2neveles o de.sd code.

le same result l«a&ls o-h%
wt(W=0 (med &) |

e \"=P?‘+‘U'+ (vr,v)E

et us cadl s
Harada - Kimura- lone hey (HKT)
operation..



T
L] l'
¥ T Qrn . :
producq. Tnew desd cades 'me a ?}veu ‘

q-T
H anolae
| amda-z (1989)
-k e (8 (1995) A.,.e v 4
M_ 40
| 64

v = I A ﬁ
(o--o\*-z) [ G

wt
w): aNen




Goad

Describe HKT opevations as & ﬂm,eaw
tramsformation, - |
Show +hat ALL olesd codes can

be constructid from one desd code by
| .Successiveﬁ.é oﬂ’z}/"“k (su.‘% gene ralized )
HKT operations.

our a),e.nem.Qm'l':onf of HKT operations

will not rRquive the glne rator matlrix
tobe wthe standod o (I[A)



Reelld HKT operation hen wtivla2 ¢ -1

'V' (o- ol* #)
=(0-0]l-

FOV 2adn vou uoc’tor |" of G=(1 A)
reri=vr+v+ (1tnve

:Sm(} (V' e)=1

r=v +(v+e) + (rnv)e
=¥ 4+ (v, e)vte)+(, v)e.

szem" m Y" |

C T — ( = { X+ (h‘X,'C)(‘U'-I- e)+(x,v)e l € C}

Rew te the {ngﬂk “sm_%
@=V+€ omd @



X=X+ (X, e)(tv'+e)+('x v)e
U.-l-'u7

= X+ (X, W) U+ (X, v)Uty)  vee=d

=X+ (x,u)u+x.v)v

‘?9 Wi rem‘ts . . | o
U) wt(v) = (mo&ll-) “
~ ' W= V+€E .
(2) wt(w) = (med &) ()20 )
@) (uv) =0 S Swplalsagy

I‘F K,V Sa‘h?&r (\) (‘3) 1“\,€n‘
Oz,v(") = X+ (X Wi+ (X, VIV
raps des.d. codes to d.e s.d. codes.

e L G U @mw&ﬁwl) HKT cperation
An easy way to chedk this > use quﬂdrﬁt ‘&rm



n -
F.,_ 31 o we vecter =(11,.--1)

{1 ) = parity chede code
= { vectors ove men Mc?kt ‘&

'.F (1) — F is a quadvetic -Fm-..,,

X = wt(x)
2

Broué _attributes this o Puag.

(1977) (not PR -
net in s-SVeane-
S (1972) M)

 (xep) =0+ F+x.9) -
. 7
tolows drom - /é /

wt (X+4%) = wt(D+wtle) —Qwt (¥ # 4)

Our requirements ave

O fw=1 fu,v}
@) =) byporbebic  pair
) (ww=0



D€+ mirtions

V€<1> is callfled Smg,uﬂav- .;f £v)= 05;‘
t\m\Slh?uﬂgy{ ‘HV) % |

CC<1? is called -tow% Sm?uﬂ” |

-‘ 'f('U') (o) Var € C
(ﬁ Jﬁﬂ.baqy _Q_,qa;\.) '

Vdesd cwh C stefies YCCEr
W (@yr=<ty, f(0=0
So T inducs a hctncb?me,.,j,; ?“dﬂlm’l}c
form 'f'o'n <1>/<17

OH)— O(F)= O(zfn-—zz)'

p +— P



Then F C is a desd. cade

C </,
T JT |

dim m-) im 2m-2

(maximal) totq%ﬁiﬂw B

Subspace wwt. T

,tmsttmﬂ& on the sél of maximal Totally _
5‘“?&& subspaces.

| ( This does aft mean aﬂ de.sd. coa(rs)

ae  pairwise aquiuaﬂu\‘t



SUPPOSC Ve-(l)-‘- ‘I‘(«u).l '

T’\t.‘h-ansvec'tion _Cv, with Vespeci T YU 'S
T x0= X+ (X, V)V

Then Top: (1Y —> <17, preserves £

L2 eO ‘f) {P <17—* (1,3L :P((’(xr)-‘?(x)
/[\ Linear. e) Vxe<1‘j|' }

mvert. 1

orthogoral ruup



' Swppose u‘f(u)="F(1r)=l » _(u,ﬁ-)=o
Tlon - YxeaV
Tu -E‘U' ('X) = -CV‘CM(X) .
= X4 (X, «)u +(x,vIV
= U (%)
(%ene\mﬂ\'ucl) HKT opem,'rm IS &
no‘l'ln‘ma M M‘Pm&u‘t q-F w@ Cmmut;n?
Vrownsvections 1



Tuv €0f) — O"\,e()(.;)

Known, °

O(‘F’) O(z'n-Q 2)= ('C ‘(A€<17 -f'(u)-
Q()c) = Qa2 =T “"'“” ‘7

-f(u)e{'(trﬁ
(W, v)=0

t CGMMu'ta't'mr SuL?m;‘P

‘_‘_“-‘

\ Ofen-2,2) : Q' em-2,2) =2

Q'@r2) s s'im[:ﬂe



Groph _ _
vertox sek = {d-esd. codes of fongth 2n}

edge : (C,C%) with dim o C~ mey

(s pher o of 4 Da@)
| d'STa.uu-'tmsuf.u %"“'?}‘ o

This %mpl\ \s Lupart.te

C ¢’ be b 2, e
Same l«aﬂﬁm}

G"‘—'D M — dimCnC’= 2ven

o,
O'(2n-2,2): vertux- tramsitive

OfGn-2,2): Sfeaves the
bifarhfmh invayiart



Thoorew [t C,C7 be d.es.d. cedos of
ﬁ%ﬂ- pA N TA«« |
W, Vi, - Ug, Vg Oéﬁéﬁé' |
with  fud=Fp=1, W, v)=0
Such _Tlna.* C is ’Perafuu’tat'm | e?wv«.abt

1- * v oy
’ Gzl,'u', O;;;U'g O_‘;

il

* "%

S‘tetclv\ of Proct : |
Reductim: we may assume . C’ Mm‘%
1t the same Lifm-t;t‘ hadf.

T = fMPOSit?m Q,2)
dm Cat(C)=dimC r\(v)""'-—" M- |

C, z(C) beﬂw?, L% "l;‘#ﬂ'@t hafyes



H m—dim (CnC’) =evom, hen
= Se?uznm_ o-F d.e.s.d. codes |
C:c@, Ci CL,"-', Cﬁ :'C’ !

3 U,V with -}(u;) ""F“UT;) = |
(W, vi)=0

O',;;Ui(C- .":’;)":' C{ )

‘,-r



Comwe nts ‘ //:*g’

A simidar resdlts can be ebﬁ,,mg{m |
the other cas2 : w't('u-)so (med4)

’T)uz \r.eclu.vemen'ts are ‘f(u)_.r«f(v)- (uv)= .

’
Tyr = X +HX, WV +(x, V) K

= Pr‘oduct OJC ‘FOUV Tramsveclions )
— i
Tuv € QTena.2)

n =12

Hmnmi.n? @: Gﬁedy
/]



.
d dubl Y- even sed 'f -dued b; navy ce des /
of kength 2n ~

=Hpf\Oe/,

PYO "?Q.Qm .

hd Enumem't:m - done, : 2,71,'..4;3?;._

* Find extremal ones as many as possible
2M=4p >locoo
| Zn=49 cml/ one

Knewn



