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Definitions
A sphericalt-designis a finite nonempty subsetX of R

d of constant
normρ, satisfying

∫

Sd−1(ρ)

f(ξ)dξ =
1

|X|
∑

x∈X

f(x)
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Definitions
A sphericalt-designis a finite nonempty subsetX of R

d of constant
normρ, satisfying

∫

Sd−1(ρ)

f(ξ)dξ =
1

|X|
∑

x∈X

f(x)

for all polynomial functionsf , deg f ≤ t,
Sd−1(ρ) = sphere of radiusρ with center0,
dξ = normalized invariant measure onSd−1(ρ).

Example. Regular polygon inR2.

[

cos 2π
n

cos 2π·2
n

· · · cos 2π·n
n

sin 2π
n

sin 2π·2
n

· · · sin 2π·n
n

]
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Y. Mimura, 1990
A spherical2-design ofn points inR

2m:
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Y. Mimura, 1990
A spherical2-design ofn points inR

2m:

[

cos 2π
n

cos 2π·2
n

· · · cos 2π·n
n

sin 2π
n

sin 2π·2
n

· · · sin 2π·n
n

]

(m = 1).
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Y. Mimura, 1990
A spherical2-design ofn points inR

2m:

Pick integers1 ≤ j1 < j2 < · · · < jm <
n

2
.
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Y. Mimura, 1990
A spherical2-design ofn points inR

2m:

Pick integers1 ≤ j1 < j2 < · · · < jm <
n

2
.

































cos 2πj1
n

cos 2πj1·2
n

· · · cos 2πj1·n

n

cos 2πj2
n

cos 2πj2·2
n

· · · cos 2πj2·n

n
...

...
...

...

cos 2πjm

n
cos 2πjm·2

n
· · · cos 2πjm·n

n

sin 2πj1
n

sin 2πj1·2
n

· · · sin 2πj1·n

n

sin 2πj2
n

sin 2πj2·2
n

· · · sin 2πj2·n

n
...

...
...

...

sin 2πjm

n
sin 2πjm·2

n
· · · sin 2πjm·n

n
































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Y. Mimura, 1990
A spherical2-design ofn points inR

2m:

Pick integers1 ≤ j1 < j2 < · · · < jm <
n

2
.

































cos 2πj1
n

cos 2πj1·2
n

· · · cos 2πj1·n

n

cos 2πj2
n

cos 2πj2·2
n

· · · cos 2πj2·n

n
...

...
...

...

cos 2πjm

n
cos 2πjm·2

n
· · · cos 2πjm·n

n

sin 2πj1
n

sin 2πj1·2
n

· · · sin 2πj1·n

n

sin 2πj2
n

sin 2πj2·2
n

· · · sin 2πj2·n

n
...

...
...

...

sin 2πjm

n
sin 2πjm·2

n
· · · sin 2πjm·n

n

































= W2m,n
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Y. Mimura, 1990
A spherical2-design ofn points inR

2m:

Pick integers1 ≤ j1 < j2 < · · · < jm <
n

2
.

































cos 2πj1
n

cos 2πj1·2
n

· · · cos 2πj1·n

n

cos 2πj2
n

cos 2πj2·2
n

· · · cos 2πj2·n

n
...

...
...

...

cos 2πjm

n
cos 2πjm·2

n
· · · cos 2πjm·n

n

sin 2πj1
n

sin 2πj1·2
n

· · · sin 2πj1·n

n

sin 2πj2
n

sin 2πj2·2
n

· · · sin 2πj2·n

n
...

...
...

...

sin 2πjm

n
sin 2πjm·2

n
· · · sin 2πjm·n

n

































= W2m,n

m = 1 =⇒ a regularn-gon inR
2.

n = 2m + 1 =⇒ a regular2m-simplex inR
2m.
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2m+1, n even:
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· · · sin 2πj1·n

n

sin 2πj2
n

sin 2πj2·2
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n
...

...
...
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sin 2πjm
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sin 2πjm·2
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· · · sin 2πjm·n

n
































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2m+1, n even:
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


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...
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...

...

sin 2πjm

n
sin 2πjm·2

n
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































W1,n =
1√
2

[

1 −1 1 −1 · · · 1 −1
]
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Y. Mimura, 1990
Spherical2-designs ofn points inR

2m+1, n even:

W2m+1,n =

[

W2m,n

W1,n

]

where

W1,n =
1√
2

[

1 −1 1 −1 · · · 1 −1
]
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Y. Mimura, 1990
Spherical2-designs ofn points inR

2m+1, n even:

W2m+1,n =

[

W2m,n

W1,n

]

where

W1,n =
1√
2

[

1 −1 1 −1 · · · 1 −1
]

n = 2m + 2 =⇒ a regular(2m + 1)-simplex inR
2m+1.
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Y. Mimura, 1990
Spherical2-designs ofn points inR

2m+1, n even:

W2m+1,n =

[

W2m,n

W1,n

]

where

W1,n =
1√
2

[

1 −1 1 −1 · · · 1 −1
]

n = 2m + 2 =⇒ a regular(2m + 1)-simplex inR
2m+1.

What if bothd andn areodd?
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Both d and n are odd
Theorem. Let n, d beoddpositive integers satisfyingn ≥ 2d + 1 ≥ 7.
Then

Wd,n =

[

αWd−1,n−d Wd−1,d

βW1,n−d 0

]
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Both d and n are odd
Theorem. Let n, d beoddpositive integers satisfyingn ≥ 2d + 1 ≥ 7.
Then

Wd,n =

[

αWd−1,n−d Wd−1,d

βW1,n−d 0

]

is a spherical2-design ofn points inR
d, for someα, β 6= 0 (unique up

to sign).
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Both d and n are odd
Theorem. Let n, d beoddpositive integers satisfyingn ≥ 2d + 1 ≥ 7.
Then

Wd,n =

[

αWd−1,n−d Wd−1,d

βW1,n−d 0

]

is a spherical2-design ofn points inR
d, for someα, β 6= 0 (unique up

to sign). Simpler than the original one given by Mimura, 1990.
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Existence of spherical2-designs
A spherical2-design ofn points inR

d exists if:
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Existence of spherical2-designs
A spherical2-design ofn points inR

d exists if:

n

2 3

3

d 4 5

5

6 7

7
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5 6 8 10

6 7

7 8 10
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Existence of spherical2-designs
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d exists if:

n

2 3

3 4 6 7 8 9 10 11

d 4 5

5 6 8 10 11
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Existence of spherical2-designs
A spherical2-design ofn points inR

d exists if:

n

2 3

3 4 6 7 8 9 10 11

d 4 5

5 6 8 9 10 11

6 7

7 8 10 11
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Existence of spherical2-designs
A spherical2-design ofn points inR

d exists if:

n

2 3

3 × 4 × 6 7 8 9 10 11

d 4 × × 5

5 × × × 6 × 8 9 10 11

6 × × × × 7

7 × × × × × 8 × 10 11
...
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Both d and n are odd
Assumen ≥ 2d + 1 ≥ 7.
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Both d and n are odd
Assumen ≥ 2d + 1 ≥ 7.

Wd,n =

[

αWd−1,n−d Wd−1,d

βW1,n−d 0

]
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Both d and n are odd
Assumen ≥ 2d + 1 ≥ 7.

Wd,n(U) =

[

αWd−1,n−d UWd−1,d

βW1,n−d 0

]

whereU ∈ O(d − 1, R).
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Both d and n are odd
Assumen ≥ 2d + 1 ≥ 7.

Wd,n(U) =

[

αWd−1,n−d UWd−1,d

βW1,n−d 0

]

whereU ∈ O(d − 1, R).
The column vectors ofWd,n(U) form a spherical2-design again.
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Both d and n are odd
Assumen ≥ 2d + 1 ≥ 7.

Wd,n(U) =

[

αWd−1,n−d UWd−1,d

βW1,n−d 0

]

whereU ∈ O(d − 1, R).
The column vectors ofWd,n(U) form a spherical2-design again.
This suggests that

there aretoo manyspherical2-designs

when bothd andn are odd andn ≥ 2d + 1 ≥ 7

(observed by Sali, 1993).
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Rigidity (Bannai, 1988)
X = {x1, . . . ,xn}: sphericalt-design inR

d.
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Spherical Designs – p.9/13



Rigidity (Bannai, 1988)
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d.
X is arigid sphericalt-design if ∃ε > 0,
∀X ′ = {x′

1, . . . ,x
′

n}: sphericalt-design with|xi − x
′

i| < ε,
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d.
X is arigid sphericalt-design if ∃ε > 0,
∀X ′ = {x′

1, . . . ,x
′

n}: sphericalt-design with|xi − x
′

i| < ε,
∃U ∈ O(d, R); UX = X ′.
Theorem (Sali, 1994).
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Rigidity (Bannai, 1988)
X = {x1, . . . ,xn}: sphericalt-design inR

d.
X is arigid sphericalt-design if ∃ε > 0,
∀X ′ = {x′

1, . . . ,x
′

n}: sphericalt-design with|xi − x
′

i| < ε,
∃U ∈ O(d, R); UX = X ′.
Theorem (Sali, 1994).

W =

[

X1

∣

∣

∣

∣

∣

Y

a1
T

]

}m
}d − m
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Rigidity (Bannai, 1988)
X = {x1, . . . ,xn}: sphericalt-design inR

d.
X is arigid sphericalt-design if ∃ε > 0,
∀X ′ = {x′

1, . . . ,x
′

n}: sphericalt-design with|xi − x
′

i| < ε,
∃U ∈ O(d, R); UX = X ′.
Theorem (Sali, 1994).

W =

[

X1

∣

∣

∣

∣

∣

Y

a1
T

]

}m
}d − m

a =







am+1

...

ad






1 =







1
...

1






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Rigidity (Bannai, 1988)
X = {x1, . . . ,xn}: sphericalt-design inR

d.
X is arigid sphericalt-design if ∃ε > 0,
∀X ′ = {x′

1, . . . ,x
′

n}: sphericalt-design with|xi − x
′

i| < ε,
∃U ∈ O(d, R); UX = X ′.
Theorem (Sali, 1994).

W =

[

X1

∣

∣

∣

∣

∣

Y

a1
T

]

}m
}d − m

a1
T =







am+1 · · · am+1

...
...

ad · · · ad






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Rigidity (Bannai, 1988)
X = {x1, . . . ,xn}: sphericalt-design inR

d.
X is arigid sphericalt-design if ∃ε > 0,
∀X ′ = {x′

1, . . . ,x
′

n}: sphericalt-design with|xi − x
′

i| < ε,
∃U ∈ O(d, R); UX = X ′.
Theorem (Sali, 1994).

W =

[

X1

∣

∣

∣

∣

∣

Y

a1
T

]

}m
}d − m

a1
T =







am+1 · · · am+1

...
...

ad · · · ad







W : sphericalt-design inR
d,

Y : sphericalt-design inR
m, m ≥ 2,
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Rigidity (Bannai, 1988)
X = {x1, . . . ,xn}: sphericalt-design inR

d.
X is arigid sphericalt-design if ∃ε > 0,
∀X ′ = {x′

1, . . . ,x
′

n}: sphericalt-design with|xi − x
′

i| < ε,
∃U ∈ O(d, R); UX = X ′.
Theorem (Sali, 1994).

W =

[

X1

∣

∣

∣

∣

∣

Y

a1
T

]

}m
}d − m

a1
T =







am+1 · · · am+1

...
...

ad · · · ad







W : sphericalt-design inR
d,

Y : sphericalt-design inR
m, m ≥ 2,

rankX1 = d,
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Rigidity (Bannai, 1988)
X = {x1, . . . ,xn}: sphericalt-design inR

d.
X is arigid sphericalt-design if ∃ε > 0,
∀X ′ = {x′

1, . . . ,x
′

n}: sphericalt-design with|xi − x
′

i| < ε,
∃U ∈ O(d, R); UX = X ′.
Theorem (Sali, 1994).

W =

[

X1

∣

∣

∣

∣

∣

Y

a1
T

]

}m
}d − m

a1
T =







am+1 · · · am+1

...
...

ad · · · ad







W : sphericalt-design inR
d,

Y : sphericalt-design inR
m, m ≥ 2,

rankX1 = d,
thenW is not rigid.
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Rigidity (Bannai, 1988)
X = {x1, . . . ,xn}: sphericalt-design inR

d.
X is arigid sphericalt-design if ∃ε > 0,
∀X ′ = {x′

1, . . . ,x
′

n}: sphericalt-design with|xi − x
′

i| < ε,
∃U ∈ O(d, R); UX = X ′.
Theorem (Sali, 1994).

W =

[

X1

∣

∣

∣

∣

∣

Y

a1
T

]

}m
}d − m

a1
T =







am+1 · · · am+1

...
...

ad · · · ad







W : sphericalt-design inR
d,

Y : sphericalt-design inR
m, m ≥ 2,

rankX1 = d,
thenW is not rigid.
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Rigidity
Theorem.

W =

[

X ′ Y

X ′′
a1

T

]

}m
}d − m
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Rigidity
Theorem.

W =

[

X ′ Y

X ′′
a1

T

]

}m
}d − m

W : sphericalt-design inR
d,

Y : sphericalt-design inR
m,
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Rigidity
Theorem.

W =

[

X ′ Y

X ′′
a1

T

]

}m
}d − m

W : sphericalt-design inR
d,

Y : sphericalt-design inR
m,

suppose there exists a column vector

x =

[

x
′

x
′′

]

of

[

X ′

X ′′

]

such thatx′ 6= 0
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′

x
′′

]
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such thatx′ 6= 0

thenW is not rigid.
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Rigidity
Theorem.

W =

[

X ′ Y

X ′′
a1

T

]

}m
}d − m

W : sphericalt-design inR
d,

Y : sphericalt-design inR
m,

suppose there exists a column vector

x =

[

x
′

x
′′

]

of

[

X ′

X ′′

]

such thatx′ 6= 0

thenW is not rigid.

(much weaker than requiringrank

[

X ′

X ′′

]

= d)
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Proof

W (U) =

[

X ′ UY

X ′′
a1

T

]

U ∈ SO(m, R)
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W (U) =

[

X ′ UY

X ′′
a1

T

]

U ∈ SO(m, R)

Want to show:
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]

U ∈ SO(m, R)

Want to show: ∀ε > 0 , ∃W (U): ε-close toW ,
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Proof

W (U) =

[

X ′ UY

X ′′
a1

T

]

U ∈ SO(m, R)

Want to show: ∀ε > 0 , ∃W (U): ε-close toW ,
yetW (U) 6∼= W (underSO(d, R))
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Proof

W (U) =

[

X ′ UY

X ′′
a1

T

]

U ∈ SO(m, R)

Want to show: ∀ε > 0 , ∃W (U): ε-close toW ,
yetW (U) 6∼= W ⇐= A(W ) 6= A(W (U))

A(W ) = {(u,v) | u,v ∈ W, u 6= v}.
is the“angle set”of W .
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A(W ) = {(u,v) | u,v ∈ W, u 6= v}.
is the“angle set”of W .
Fix a column vectory of Y ,
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Proof

W (U) =

[

X ′ UY

X ′′
a1

T

]

U ∈ SO(m, R)

Want to show: ∀ε > 0 , ∃W (U): ε-close toW ,
yetW (U) 6∼= W ⇐= A(W ) 6= A(W (U))

A(W ) = {(u,v) | u,v ∈ W, u 6= v}.
is the“angle set”of W .
Fix a column vectory of Y , (y 6= 0 sinceY is a spherical design)
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Proof

W (U) =

[

X ′ UY

X ′′
a1

T

]

U ∈ SO(m, R)

Want to show: ∀ε > 0 , ∃W (U): ε-close toW ,
yetW (U) 6∼= W ⇐= A(W ) 6= A(W (U))

A(W ) = {(u,v) | u,v ∈ W, u 6= v}.
is the“angle set”of W .
Fix a column vectory of Y , (y 6= 0 sinceY is a spherical design)

x
T

[

y

a

]

∈ A(W )
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Proof

W (U) =

[

X ′ UY

X ′′
a1

T

]

U ∈ SO(m, R)
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Proof

W (U) =

[

X ′ UY

X ′′
a1

T

]

U ∈ SO(m, R)

φ : SO(m, R) → R

U 7→ x
T

[

Uy

a

]
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Proof
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X ′ UY
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T

]

U ∈ SO(m, R)

φ : SO(m, R) → R

U 7→ x
T

[

Uy

a

]

∈ A(W (U))
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Proof

W (U) =

[

X ′ UY

X ′′
a1

T

]

U ∈ SO(m, R)

φ : SO(m, R) → R

U 7→ x
T

[

Uy

a

]

∈ A(W (U))

Sinceφ is an open mapping,∀ε > 0,

A(W ) ∋ φ(I) ∈ φ({U ∈ SO(m, R) | ‖U − I‖ < ε}) : open inR

open neighborhood ofI in SO(m, R)

Spherical Designs – p.12/13



Proof
SO(m, R)

φ

R

b

b
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Proof
SO(m, R)

φ

R

bI
ε

φ(I)

b

b
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Proof
SO(m, R)

φ

R

bI
ε

A(W ) A(W ) A(W ) A(W )φ(I)
∈ A(W )

b

b
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Proof
SO(m, R)

φ

R

bI
ε

A(W ) A(W ) A(W ) A(W )φ(I)
∈ A(W )

δ δ

b

b
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Proof
SO(m, R)

φ

R

b

b

I
ε

U

φ(U)A(W ) A(W ) A(W ) A(W )φ(I)
∈ A(W )

δ δ

∃U ∈ SO(m, R)

Spherical Designs – p.13/13



Proof
SO(m, R)

φ

R

b

b

I
ε

U

φ(U)A(W ) A(W ) A(W ) A(W )φ(I)
∈ A(W )

δ δ

∃U ∈ SO(m, R)

‖U − I‖ < ε

A(W ) 6∋ φ(U)

Spherical Designs – p.13/13



Proof
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φ

R

b

b

I
ε

U

φ(U)A(W ) A(W ) A(W ) A(W )φ(I)
∈ A(W )

δ δ

∃U ∈ SO(m, R)

‖U − I‖ < ε

A(W ) 6∋ φ(U)

=⇒ W (U) is ε-close toW

∈ A(W (U))
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Proof
SO(m, R)

φ

R

b

b

I
ε

U

φ(U)A(W ) A(W ) A(W ) A(W )φ(I)
∈ A(W )

δ δ

∃U ∈ SO(m, R)

‖U − I‖ < ε

A(W ) 6∋ φ(U)

=⇒ W (U) is ε-close toW

∈ A(W (U))

soA(W ) 6= A(W (U)), and henceW 6∼= W (U).
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Proof
SO(m, R)

φ

R

b

b

I
ε

U

φ(U)A(W ) A(W ) A(W ) A(W )φ(I)
∈ A(W )

δ δ

∃U ∈ SO(m, R)

‖U − I‖ < ε

A(W ) 6∋ φ(U)

=⇒ W (U) is ε-close toW

∈ A(W (U))

soA(W ) 6= A(W (U)), and henceW 6∼= W (U).

THE END.
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