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Definitions

A sphericak-designis a finite nonempty subséf of R¢ of constant
norm p, satisfying

1
[ J€d = S s
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A sphericak-designis a finite nonempty subséf of R¢ of constant
norm p, satisfying
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for all polynomial functionsf, deg f < t,
S%1(p) = sphere of radiug with centero,
d¢ = normalized invariant measure 8t~ (p).

Spherical Designs — p.2



Definitions

A sphericak-designis a finite nonempty subséf of R¢ of constant
norm p, satisfying

/S RIGIE Z fa

a:EX

for all polynomial functionsf, deg f < t,
S%1(p) = sphere of radiug with centero,
d¢ = normalized invariant measure 8t~ (p).

Example. Regular polygon ifR?.
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Y. Mimura, 1990

A spherical2-design ofn points inR*™:
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A spherical2-design ofn points inR*™:
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Y. Mimura, 1990

A spherical2-design ofn points inR*™:

! : n
Pickintegerd < j; < jo < -+ < jip < 5
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A spherical2-design ofn points inR*™:
Pick integerd < j; < jp < ---

Y. Mimura, 1990
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Y. Mimura, 1990

A spherical2-design ofn points inR*™:

Pickintegerd < j; < jo < -+ < jip < 5
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m =1 = aregulam-gon inR=.

n=2m+1 = aregulaRm-simplex inR",
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Y. Mimura, 1990

Sphericak-designs of: points inR*" "1, n even
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Y. Mimura, 1990

Sphericak-designs of: points inR*" "1, n even
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Y. Mimura, 1990

Sphericak-designs of: points inR*" "1, n even
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Y. Mimura, 1990

Sphericak-designs of: points inR*" "1, n even

27t 7 27171 -2
217 )
cos £&2 cog )22
2t 2, 2
cos Z&Hm  cos —”nf”
sin 281 sin%
sin 282 gjp 2722
n n
.2 . 2i .2
sin £&&m gip £8m
B n n
1
— |1 -1 1 -—1
V2

COS

COS

COS

S11

2791 ]

2T )M

271N

2T 92N

Spherical Designs — p.4



Y. Mimura, 1990

Sphericak-designs of: points inR*" "1, n even
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Sphericak-designs of: points inR*" "1, n even

where

Y. Mimura, 1990

W2m,n
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Y. Mimura, 1990

Sphericak-designs of: points inR*" "1, n even

W2m,n
Win

where
Win=—=|1 =1 1 =1 --- 1 —1}

n = 2m + 2 = aregulan2m + 1)-simplex inR*"*!,
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Y. Mimura, 1990

Sphericak-designs of: points inR*" "1, n even

W2m,n
Win

where
Win=—=|1 =1 1 =1 --- 1 —1}

n = 2m + 2 = aregulan2m + 1)-simplex inR*"*!,
What if bothd andn areodd?
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Both d and n are odd
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Then

Both d and n are odd

Theorem. Let n, d beoddpositive integers satisfying > 2d +1 > 7.

Wan =

oWa_i1n—a Wa-1a

| ﬁWLn—d

0
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Both d and n are odd

Theorem. Let n, d beoddpositive integers satisfying > 2d +1 > 7.

Then
Wd,n —

| 5W1,n—d

oWa_i1n—a Wa-1a

0

is a sphericaR-design ofn points inR¢, for somea, 3 # 0 (unique up

to sign).
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Both d and n are odd

Theorem. Let n, d beoddpositive integers satisfying > 2d +1 > 7.

Then
Wd,n —

| 5W1,n—d

oWa_i1n—a Wa-1a

0

is a sphericaR-design ofn points inR¢, for somea, 3 # 0 (unique up

to sign). Simpler than the original one given by Mimura, 1990
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Existence of sphericak-designs

A spherical2-design ofn points inR? exists if:
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Existence of sphericak-designs

A spherical2-design ofn points inR? exists if:

2|3
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d| 4 S}
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Existence of sphericak-designs

A spherical2-design ofn points inR? exists if:
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Existence of sphericak-designs

A spherical2-design ofn points inR? exists if:

n
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Existence of sphericak-designs

A spherical2-design ofn points inR? exists if:

n

6 /7 8 9 10 11

S
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X X X X X W
X X X X B
X X X 01 X
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Both d and n are odd
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Both d and n are odd

Assumen > 2d +1 > 7.
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Both d and n are odd

Assumen > 2d +1 > 7.

aWi_1n—a Wi_14

Wd,n —
L 6W1,n—d 0
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Both d and n are odd

Assumen > 2d+1 > 7.
Wyn(U) =

whereU € O(d — 1, R).

C%Wd—1,n—d UWd—l,d

L 6W1,n—d 0
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Both d and n are odd

Assumen > 2d +1 > 7.

@Wd—1,n—d UWd—l,d

Wan(U) =
* ( ) L 6W1,n—d 0

whereU € O(d — 1, R).
The column vectors dfl’; ,,(U) form a spherica?-design again.
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Both d and n are odd

Assumen > 2d +1 > 7.

@Wd—m—d UWd—l,d

Wan(U) =
* ( ) L 6W1,n—d 0

whereU € O(d — 1, R).
The column vectors dfl’; ,,(U) form a spherica?-design again.
This suggests that

there are sphericabk-designs
when bothd andn are odd andh > 2d +1 > 7

(observed by Sali, 1993).
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Rigidity (Bannal, 1988)

X ={x,,...,x,}: sphericak-design inR<.
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Rigidity (Bannal, 1988)
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Spherical Designs — p.9



Rigidity (Bannal, 1988)

X ={x,...,z,}: sphericak-design inR*.

X Is arigid sphericak-design if de > 0,

VX' ={x), ..., a2 }: sphericak-design with|z; — x}| < ¢,
U € O(d,R); UX = X".

Spherical Designs — p.9



Rigidity (Bannal, 1988)

X ={x,...,z,}: sphericak-design inR*.

X Is arigid sphericak-design if de > 0,

VX' ={x), ..., a2 }: sphericak-design with|z; — x}| < ¢,
U € O(d,R); UX = X".

Theorem (Sali, 1994).

Spherical Designs — p.9



Rigidity (Bannal, 1988)

X ={x,...,z,}: sphericak-design inR*.

X Is arigid sphericak-design if de > 0,

VX' ={x), ..., a2 }: sphericak-design with|z; — x}| < ¢,
U € O(d,R); UX = X".

Theorem (Sali, 1994).

Y
W=| X
Pl al”

Spherical Designs — p.9



Rigidity (Bannal, 1988)

X ={x,...,z,}: sphericak-design inR*.

X Is arigid sphericak-design if de > 0,

VX' ={x), ..., a2 }: sphericak-design with|z; — x}| < ¢,
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Theorem (Sali, 1994).
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Rigidity (Bannal, 1988)

X ={x,...,z,}: sphericak-design inR*.

X Is arigid sphericak-design if de > 0,

VX' ={x), ..., a2 }: sphericak-design with|z; — x}| < ¢,
U € O(d,R); UX = X".

Theorem (Sali, 1994).

Y
W= X al’l =
bl a1t
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Rigidity (Bannal, 1988)

X ={x,...,z,}: sphericak-design inR*.

X Is arigid sphericak-design if de > 0,

VX' ={x), ..., a2 }: sphericak-design with|z; — x}| < ¢,
U € O(d,R); UX = X".

Theorem (Sali, 1994).

r 7 am—l—l
Y

b al?

W spherical-design inR¢,
Y. sphericak-design InR™, m > 2,
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Rigidity (Bannal, 1988)

X ={x,...,z,}: sphericak-design inR*.

X Is arigid sphericak-design if de > 0,
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Theorem (Sali, 1994).
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Rigidity (Bannal, 1988)

X ={x,...,z,}: sphericak-design inR*.

X Is arigid sphericak-design if de > 0,

VX' ={x), ..., a2 }: sphericak-design with|z; — x}| < ¢,
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Rigidity

Theorem.

- X,
X//

all
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Rigidity

Theorem.

W:

W spherical-design inR",
Y. sphericak-design inR ",

X/
X//
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all
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Rigidity
Theorem.

W:

X/
X//

W spherical-design inR",
Y. sphericak-design inR ",
suppose there exists a column vector

wl

w//

of

Y

all

_X,
X//

such thate’ # 0
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Rigidity
Theorem.

W:

X/
X//

W spherical-design inR",
Y. sphericak-design inR ",
suppose there exists a column vector

wl

w//

thenW is not rigid.
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all

_X,
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Rigidity
Theorem.

W:

W spherical-design inR",
Y. sphericak-design inR ",
suppose there exists a column vector

- - o
T = w” of o such thate’ # 0
£r
thenW is not rigid.
i X'
(much weaker than requiringunk | = )
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U e SO(m,R)
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Proof

W (U)

Want to show:

X/
X//

UY
all

U e SO(m,R)
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Proof

W (U) =

Want to show: Ve > 0

X/
X//

UY
all

U e SO(m,R)

, AW (U): e-close tolV,
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Proof

W (U) =

Want to show: Ve > 0

X' | Uy |

X//

all

U e SO(m,R)

, AW (U): e-close tolV,
yetW (U) 2 W (underSO(d,R))
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Proof

W (U) =

Want to show: Ve > 0

X/
X//

yetW(U) 2 W <«— AW

)

Uy
all

W(U): e-close tolV,

AW(U))

U e SO(m

R)
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Proof

X' | vy
W) =1 | gr U € SO(m,R)

Want to show: Ve >0 ,3W(U): e-close tolV,
yetW(U) #W = A(W) # A(W(U))

AW) ={(w,v) |u,v € W, u # v}.

IS the“angle set”of V.
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Proof

X' | vy
W) =1 | gr U € SO(m,R)

Want to show: Ve >0 ,3W(U): e-close tolV,
yetW(U) #W = A(W) # A(W(U))

AW) ={(w,v) |u,v € W, u # v}.

IS the“angle set”of V.
Fix a column vectow of Y, (y # 0 sinceY is a spherical design)

27 |7 c A(W)

a
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U e SO(m,R)
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U — x

U e SO(m,R)
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U — x

U e SO(m,R)
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x| Uy
W)= | o1 U € SO(m,R)

: SO(m,R) — R

r Uy
a
Sinceg is an open mappingys > 0,

U — x

A(W) 3 ¢(I) € ({U € SO(m,R) | |U = I|| < }) : open inR

open neighborhood afin SO(m, R)
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Proof
SO(m,R)
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Proof

SO(m,R)
¢
I 5 5
e S N X%
A(W) AW) o(1) AW)  AW)
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Proof

SO(m,R)
¢
R 0
XL i X
A(W) AW) o(U) o(I) AW)  AW)
JU € SO(m,R) c A(W)
| U —1|| <€

A(W) Z o(U)
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