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A0 = I, A1, A2, . . . , Ad: pairwise commuting symmetric
(0,1)-matrices,
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diagonalize

P = the (first) eigenmatrix.

P0 is called theprincipal part.
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Consider, more generally, GF(q)× = 〈α〉 ⊃ 〈αe〉.
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GF(q)× = 〈α〉 ⊃ 〈αe〉, e|q − 1, S ⊂ Ze = {0,1, . . . , e − 1}.
ΓS = Cay( GF(q),

⋃

i∈S α
i〈αe〉).

Clebsch: q = 16,e = 3,Γ{0},Γ{1,2}.
Cyclotomic scheme: require 2e|q(q − 1) (symmetric).
Set f = (q − 1)/e.

A0 A1 · · · Ae

l l · · · l

∅ Γ{0} · · · Γ{e−1}

mult.= 1 1 f · · · f
mult.= f 1

...
... P0: circulant

mult.= f 1 e × e
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Recall Clebsch:q = 16,e = 3.
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Bannai (1991), Muzychuk (1987): subscheme, fusion
scheme, fusing relations.
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⇐⇒ ∀S ⊂ {0,1, . . . , e − 1},
⋃

i∈S Γ{i}: SRG.
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⇐⇒ ∀S ⊂ {0,1, . . . , e − 1},
⋃

i∈S Γ{i}: SRG.
⇐⇒ q = p2m, e|pm′ + 1, m′|m. Baumert–Mills–Ward(1982),
Brouwer–Wilson–Xiang(1999).
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⇐⇒ ∀S ⊂ {0,1, . . . , e − 1},
⋃

i∈S Γ{i}: SRG.
⇐⇒ q = p2m, e|pm′ + 1, m′|m. Baumert–Mills–Ward(1982),
Brouwer–Wilson–Xiang(1999).
An association scheme (A0 = I, A1, . . . , Ad) is amorphousif

∀∅ , S ⊂ {1, . . . , d},
∑

i∈S

Ai is SRG.

van Dam–Muzychuk(preprint)
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q = 212, e = 45, Γ{0} = Cay(GF(q), 〈αe〉): notSRG,
eigenvalues 91, 19, 11, 3,−5, −13
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q = 212, e = 45, Γ{0} = Cay(GF(q), 〈αe〉): notSRG,
eigenvalues Γ{0} 91, 19, 11, 3, −5, −13. . .

Γ{5} 91, 3, −5, −5, 11, 3 . . .
Γ{10} 91, −5, 11, −13, 11, −5 . . .
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Γ{5} 91, 3, −5, −5, 11, 3 . . .
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Γ{0,5,10}: SRG (de Lange1995), eigenvalues 273,17,−15.
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Γ{0,5,10}+3i (i = 0, . . . ,14).
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A0 A1 · · · Ad

mult.= 1 1 f · · · f
mult.= f 1

...
... P0

mult.= f 1 (d × d)

(pseudocyclic scheme)
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A0 A1 · · · Ad

mult.= 1 1 f · · · f
mult.= f 1

...
... P0

mult.= f 1 (d × d)

(pseudocyclic scheme)

Theorem.If P0 has 2 distinct entriesr ands, thenP0 is an
(r, s)-incidence matrix of asymmetric design(possibly
P0 ∈ 〈I, J〉).
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■ q = 212, e = 45→ d = 15,P0 : PG(3,2)
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■ q = 220, e = 75→ d = 15,P0 : PG(3,2)
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mult.= f 1
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mult.= f 1 (d × d)

(pseudocyclic scheme)

Theorem.If P0 has 2 distinct entriesr ands, thenP0 is an
(r, s)-incidence matrix of asymmetric design(possibly
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Proofis immediate from the orthogonality relations.
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■ q = 221, e = 49→ d = 7, P0 : PG(2,2)
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A0 A1 · · · Aq+1 · · · Ad

mult.= 1 1 f · · · f · · · f
mult.= f 1

...
... P0 : PG(m, q)

mult.= f 1 d × d

d =
qm+1 − 1

q − 1
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A0 A1 · · · Aq+1 · · · Ad

mult.= 1 1 f · · · f · · · f
mult.= f 1

...
... P0 : PG(m, q)

mult.= f 1 d × d

d =
qm+1 − 1

q − 1
.

A1, . . . , Aq+1: points on aline of PG(m, q).
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Similar on

{

220 points PG(3,2)
221 points PG(2,2)

}
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{

220 points PG(3,2)
221 points PG(2,2)
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classq + 2 = 4
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P0: (r, s)-incidence matrix of PG(3, q).
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P0: (r, s)-incidence matrix of PG(3, q).
points of PG(3, q) = L1 ∪ L2 ∪ · · · ∪ Lq2+1: spread
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P0: (r, s)-incidence matrix of PG(3, q).
points of PG(3, q) = L1 ∪ L2 ∪ · · · ∪ Lq2+1: spread

A0 = I,
∑

i∈L1

Ai,
∑

i∈L2

Ai, · · · ,
∑

i∈Lq2+1

Ai
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form anamorphousassociation scheme.
Example.Cyclotomic scheme on GF(212), e = 45→ d = 15.
points of PG(3,2)↔ {0,5,10} + 3i (i = 0, . . . ,14)
A spread

{0,5,10, . . . }, {1,6,11, . . . }, {2,7, . . . }, {3,8, . . . }, {4,9, . . . }.

leads to theamorphousclass 5cyclotomic scheme.
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A0 = I,
∑
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Ai,
∑
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Ai, · · · ,
∑
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Ai

form anamorphousassociation scheme.
Example.Cyclotomic scheme on GF(212), e = 45→ d = 15.
points of PG(3,2)↔ {0,5,10} + 3i (i = 0, . . . ,14)
A spread

{0,5,10, . . . }, {1,6,11, . . . }, {2,7, . . . }, {3,8, . . . }, {4,9, . . . }.

leads to theamorphousclass 5cyclotomic scheme.
∃ another spread,(although spreads are equivalent under
GL(4,2)) the resulting SRG (hence amorphous scheme) is not
isomorphic to the abovecyclotomicexample.



Cyclotomic SRG

Association Schemes

Clebsh Graph

Cyclotomic Schemes

Uniform Cyclotomy

GF(212)

Symmetric Designs

PG(m, q)

Spreads in PG(3, q)

Cyclotomic SRG

Akihiro Munemasa Tohoku University – 10/ 10

GF(q)× = 〈α〉 ⊃ 〈αe〉, e|q − 1.
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AssumeΓ{0}: SRG. Then, forq < 108, either

■ amorphous: (q = p2m, e|pm′ + 1, m′|m, P0 ∈ 〈I, J〉), or
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GF(q)× = 〈α〉 ⊃ 〈αe〉, e|q − 1.
Γ{0} = Cay(GF(q), 〈αe〉),
AssumeΓ{0}: SRG. Then, forq < 108, either

■ amorphous: (q = p2m, e|pm′ + 1, m′|m, P0 ∈ 〈I, J〉), or

■

field design eigenvalues
GF(35) (11,5,2) 22, 4, −5
GF(312) (35,17,8) 15184, 118, −125
GF(59) (19,9,4) 1953125, 296, −329
GF(79) (37,9,2) 1090638, 584, −1817
GF(117) (43,21,10) 453190, 650, −681
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GF(q)× = 〈α〉 ⊃ 〈αe〉, e|q − 1.
Γ{0} = Cay(GF(q), 〈αe〉),
AssumeΓ{0}: SRG. Then, forq < 108, either

■ amorphous: (q = p2m, e|pm′ + 1, m′|m, P0 ∈ 〈I, J〉), or

■

field design eigenvalues
GF(35) (11,5,2) 22, 4, −5
GF(312) (35,17,8) 15184, 118, −125
GF(59) (19,9,4) 1953125, 296, −329
GF(79) (37,9,2) 1090638, 584, −1817
GF(117) (43,21,10) 453190, 650, −681

GF(35): Berlekamp–van Lint–Seidel (1973), Delsarte (1973),
van Lint–Schrijver (1981).Coset graph of the ternary Golay
code
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