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@ e: a positive integer,
e V: a (2e + 1)-dimensional vector space over GF(q).

o for a subset W of V' closed under multiplication by the elements
of GF(g), denote by [I/] the set of 1-dimensional subspaces
(projective points) contained in W,

o for a vector space W, denote by ['} ] the set of k-dimensional
subspaces of W,

The geometric design PG.(2e¢, ¢) has [V] as the set of points, and
{W]| W e LXJ} as the set of blocks. The block graph of this
design, where two blocks [W3], [W>] are adjacent whenever

dim Wy NW, = e, is the Grassmann graph J,(2e + 1, e + 1) which is
isomorphic to the Grassmann graph J,(2e + 1, ¢).
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Twisted Grassmann graph

Let H be a fixed hyperplane of V. The twisted Grassmann graph has
the set of vertices A4 U B, where

Vv
A=iWe L—i—l

b= Lljl}

The adjacency is defined as follows:

1w m,

dileﬂW2:€ ileeA, WQEA,
Wi~W, <— Wi o> W, ifW]_E.A,W2EB,
dmWiNnWy, =e—2 ifW1€B, W, € B.
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The design constructed by Jungnickel-Tonchev

Let 0 be a polarity of H.
The pseudo-geometric design constructed by Jungnickel and Tonchev
has [V] as the set of points, and A" U B’ as the set of blocks, where

A =A{le(WnH)UW\H)] | W e A},

B’:{[W]|WG{H }.

e+ 1}
The incidence structure ([V], A" U B’) is a 2-(v, k, ) design, where
2e+1 1 qe+1 -1

2e—1 _ R =S
v==4__—= 7k=—,)\:(q - (g 1).
q—1 q—1 (¢t =1)---(¢—1)
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The isomorphism

The twisted Grassmann graph is isomorphic to the block graph of the
design ([V],. A" U B’), where two blocks are adjacent if and only if
their intersection has size (¢° — 1)/(q — 1).

Proof. We define a mapping f: AUB — A" UB by

[o(WAH)YUW\H)] if WeA

fmq:hqwn if W € B.

Then we show:

Wi~ Wy = |f(W1) N f(Ws)| =
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