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Triply Even Codes

ZZTWS code &dF. ZITE Fy = {0,1} £ED n RITN7T ~NILZEMR
Fy OIRFERDZERED Z ETH D, ZITHRIED T binary code & LVS
CEBHHBDo n%e. D code D £ £W D,

reFy XU T

supp(e) ={i |1 <i<n, z; =1}
wt(a) = | supp(z)]

Def. Code D 7' triply even & & (Code D 7' doubly even & &
Vr € D, wt(x) =0 (mod 4))
Ve € D, wt(x) =0 (mod 8) (Code D 1 even & &
Ex. Ve € D, wt(x) =0 (mod 2))

D = span{(1111111100000000),
(0000111111110000),
(1100110011001100)}



BEZE (Triply Even Code ICBIE L TR M >/l &)

Lh—> v A VTEEERZAREICE TS Virasoro frame OARZEE &
LTRSS 48 @ triply even code D' IEN S Z EDM o h > TLW B,

o triply even code (3 divisible code DFIHKFIGE & U THRITH
NP5 THole (LHOUARL WERIE?)

o K& 48 D triply even code D ¥EIFTRUHER. T L 2

o R 48 2 trlply even code O EEERICTFENADHD (T &

o T, I L TWI=T)L—TI3 triply even ODEEM (FFRFH T T
divisible code %ﬁf%‘ib?b\f:?\\)b—jﬁ T10 %Eggfdﬁ,ltnmn
LTV &S

o Ty &Z®D subcode N5, &L C.H. Lam [CX > THEE =N/
#1 L LY VOA (& Schellekens (1993) IC K> THEEMNFEEINT
WEWLK DD CFT [T 25D TH > 1c




D: triply even &L v e D, wt(x) =0 (mod 8)

e H. Ward (1981): Divisible codes

e H. Ward (2001): Divisible codes, a survey

e X. Liu (2010): Binary divisible codes of maximum dimension
r,y € F2 XU T, zxy = (2191, Toya, . .., Tplypn) E TR

Lemma. D =span(S) CF} &92&. D D triply even <—

wt(x) =0 (mod 8)
wt(xxy) =0 (mod 4)
wt(xxy*x2z) =0 (mod 2)

(V,y,z € 5)



Triply Even Code D4l

Dong—Griess—Hohn (1998) (FA—> Y v 4 VIERIEBRAREZHAN
TRD triply even code Z1S§/c, Miyamoto (2004) (F#(C Z D
code ZAWTL—Y Y v A VIERIERARZRAK V' OFRALGEBREE
5’2_7—&—_0

10000111
01001011 )
H=\g 010110 1] »=0L. ek
00011110
'H H H H H H]
s 0 0 1g 0 0
D=span |0 13 0 0 13 0| CF}®
0 0 13 0 0 1g
15 15 15 0 0 0

dimD = 7.



L(5,0) & Code VOA

e L(5,0) [& VOA (3%, EDINTDRRIFTEM T, B
POEE(E L(Ye,0),  L(,1k), L(Y2,the) @32 UHRW,

o L(15,0)%" & VOA [C785,
L(l/Qahl) ®®L(1/27hn) (h17°'°7hn S {071/2})

(FBEHD L(L,0)%" IBEICR D, INBEZSFELKFEHBDEENE
5 VOA IC13 5

7

w |

o EfE. C % even code £ F 5 &

D rLohDye-wLih D

(al ..... Oén)EC

& VOA (C72% (Miyamoto’s code VOA),



Lattice & Lattice VOA

Lattice L &ld. R* O L =77, BEgtEl7EE (K/fzld. L [d R* OFE
EZxz&5%)

e Lattice L »' even &(E Ve € L, (x,x) € 2Z.

—f%IC. even lattice L N5 VOA V; ZEZAEMNA SN TWS,
Vi & L hS51ES T lattice VOA &R

o /CL = V., CV;

o Vigr = VL@V

Ex. R! D 27,

Vaz, = (L(1/2,0) © L(12,0)) © (L(Y2,"2) @ L(/2,/2))



J. McKay IC & % Leech lattice DR

Def. Hadamard matrix of order n & (IR HY £1 DIEHT1TH H T
HH" =nl Z2HicTHD

n=12 D&E. H+ H' = -2] 7= #7139 Hadamard matrix  H'1F
ELU. DI NTD Hadamard matrix (2D H C "[RHE} TdH S,

C 1224 C R*

A = —spany, 0 47 5

75

%z Leech lattice &R (McKay, 1972)

Ao L AT 4H-1] o7 2(H — 1)
o PPz A7 | T sPaNz | o7

— span, 21 = 27°**.

Va D (Vaz)®* = ((L(2,0) @ L(,0)) ® (L2, o) @ L(a, f2)))**
D L(1/27 O)®48



Lh—=r2v A VIERTEAZRNAEK

Leech lattice A [CXF U T lattice VOA V, ZfED. Zhlc
Zo-orbifold & KN SEEAEIT CETHESNDV,, & VI EEE,
Lh—> v VIERIERAZRAE & &3,

Zo-orbifold & (&, V, % subalgebra & ZDINEEDBEMICHEEL.
subalgebra I[FZDXX%EL T, XD DFIE twist LICHDTES
Wz 5, EWDIEETH S,

L(Y,0)%* (3729 77D subalgebra [CA>TWHDT
L(l/Qa O)®48 C Van XN/A C ‘N/A — /4

DFD, V) IZIFTHEL VI framed VOA



Framed VOA

Framed VOA & (&, simple VOA T > T Virasoro JTZHEF I 3
subalgebra F' = L(15,0)*" ZH 25D (VI UL TIE n=48)s &
D&EEF Z V @D Virasoro frame &WLWD

e VV & F-module & U TEMN

> @D mnLOh )@ © Ll h)

hi,....;hn€{0,1/2,1/16}

mhl _____ ho, Ci3|5§\*z§§ﬁ

e fusion rule, weight DEIENS my,

(hi,... hy) ICEIRD I B0 45

w0 EBB

.....

Y hi€Z = |{i|h =1he}| =0 (mod 8)
1=1



Structure Code of a Framed VOA

VO FINEEUVTOEMDHEZEBERDTTEEDT

V = B Vi(hi,... hy),

.....

(hi,....,hn)€{0,1/2,1/16}"
{i|hs=1/16}=supp(c)

D={aeF]|V*#£0}
EHEL, 2D D %Z Virasoro frame F' @ structure code & UL\ D,
EFRIE V HY holomorphic EIRE U CIHZEDRELMN, T I T

V=V OBEICULHEZRBRVNWDTINTEWL, V=Vi(= V:
holomorphic) =— C = D+, D & triply even.



y¥2: Structure Code [ Virasoro Frame [C{&KTF

Leech Lattice VOA Y% ®D Z,-orbifold T%H 3 V, = V! |C Virasoro
frame L(15,0)%" DNHHDIE. HEICEL &

27 C A = L(14,0% c VNV,

EIRBD. CNIFEFEDNNETH D, CORICHITD Cc OEAIEE
Al 8L TWAEISTH D, IELLIE

I =F C A = L(l/z, O)®48§F(f) C Van ‘N/A
EEINE,

—RRICIE A DRIC 2Z* =2 F ZimlcJ sublattice F (F7c< S A
Do UDMU Aut(A) — Aut(Vy) DMEN S DT, Aut(A) DIEATRME
& F,F =227°* 585N 5 Virasoro frame F(F), F(F') I&
AU.t(VA) Aut(VA) T:HE L 7&%0



Leech Lattice ® Frame 55 Virasoro Frame

Lattice L @ sublattice 7 T F 227" (m =rank L) ZH7c T HD
Z L @ frame &W\D,
#%(C L = A: Leech lattice (XU <.

{frames of A}/Aut(A) — {Virasoro frames of V"} /Aut(V")
EWDSEBRMNTESD, —7F. structure code & &
{Virasoro frames of %}/ Aut(V*) — {triply even codes of length 48}
INS52DODERZEHRT 5 L.

{frames of A}/ Aut(A) — {triply even codes of length 48}

HIFP VOA & IFERERICAD, RGERNTEDIET



Lattice ® Frame D5 Z,-code, 7272 U Zy = Z/4AZ

L % (even) lattice &5 &=, ZD frame [& Aut(L) DIEAZFR
WTHE—RICIFTES T AH B, frame DRIEFEZECIRT ZDH
Z.,-code T Do

RS m @ Zs,-code & Z7 DEAMEFED I EZWD, 2DDRSE n
D 7Z4-code HEE & I, 375% monomial matrix (F{T&YIC £1 B
1 DFRTEF 3 > THElE 0) DIERRTRE S EESZ WD,

LOF=@P L, 2fi=27" £9d&. FICRHULTRS m D Zs-code
| — 1
L/]::{(:Izl,...,xn)EZT\ZZ@-]‘}EL} (fCLCZ]:)

ZXIhSEDE. ZOXITICKD

{frames of L}/ Aut(L) - {&SE m D Zs-codes}/ = (FEH]



Leech lattice DFFEIT (T & type Il codes

Thm. Leech lattice (F/L— b Z H /R WE—OD rank 24 @ even
unimodular lattice Td %,

D E=ESE
{frames of A}/ Aut(A) — { &< 24 O Z,-codes}/ =
DRIVRETE %o
C C 2" D type Il code & &, BENAKBICEALTC=C THD
Ve € C, wt(x) =0 (mod 8)

122U wi(z) & 2=0,1,2,3 0T 0,1,4,1 &L
wt(x) => " wt(x;) EEZET S (Euclidean weight), ZD &S

{frames of A}/ Aut(A) —«{ &< 24 D type Il Z,-code C T
min{wt(x) |0 #x € C} =16}/ =



Z.4,-Code @ Binary Residue Code & Structure Code

CzZzRE m @ Zscode £EF 5 &=,
Cmod2={xmod2|xecC}CFy %ZC D binary residue code &
LY, Res(C) £E<5

L Z even unimodular lattice of rank m, L D F %Z frame & U.
C=ANF &< &

o F(F) & F ICXIN9 % V, @ Virasoro frame &35 & F(F)
@D structure code (X

Res(C) Res(C)]

o F(F) % F [T % V, @ Virasoro frame &3 % & F(F)
@D structure code (X

[Reli(f) Re%(C)]



Binary Doubly Even Code C' @ Extended Doubling D(C)

o F(F) % F [CXIEYF B V), D Virasoro frame &9 % & F(F)
M structure code (I

[R‘ff) Re%(c)] (7272L C = A/F)

Z D code DIED F% extended doubling &\W\5, IG5

Def. C' = span(A) Z&= S m D binary code £ F5&=, C D
extended doubling Z X TEEY %,

D(C) = span, |1

1,, O

C 7 doubly even T 8m &5 D(C) IF&RSE 2m D triply even
code [C78%, BWLWHUTHNIE. HEH ED Dong—Griess—Hohn,
Miyamoto H' V* DB ICHAW/z code H extended doubling T
D Do




V2% @ Virasoro Frame OO ¥EAN[E T T

& A

i& Leech lattice, V = V1=V, &9 3%,

{frames of A}/ Aut(A) — {Virasoro frames of ?}/ Aut(V9)

{Virasoro frames of V%}/ Aut(V?) = {triply even codes of length 48}
EWD3 2DDERNTE TW,

Virasoro frame O structure code ZFJHT % & Miyamoto
involution & WS Aut(VH) =M OTLZED I ENTED, WBWS
%% Virasoro frame N5 (. WA W37 M OTTEED EMNTET

e (KICZDEDE) DBHOSHNCKRS I EDHHFTE 5,

M DE£

D2 DODDE®RE{FES>T VI D Virasoro frame Z 058U 1L\,

5. Virasoro frame ORZEEX5Z 5 str DIREZRE LT\,



Frames of A — Virasoro Frames of V/*

{Virasoro frames of 1/} str { triply even D }

ZNDEID F= L - EX =48 145€ D
extended
I DMZ [ doubling

N\

{frames of A} Resﬁ}/‘) { doubly even C

53224, ]_24€C)

CORRKIEAHE, IRTEREEST. TNEFNOESICIZEARGEIE
BERMNHD., AEEOEENSDEBRNFZTEINDS,

DMZ=Dong—Mason—Zhu (1994)



Doubly Even Codes of Length 24

Z Z & Pless—Sloane (1975) (C &5
{C C F3* | C doubly even, dimC =12}/ &
DREZ=RAWNS, £80TIEH %,

£ED doubly even 72 C' C F FINS 9D S ED ENHIITIE
(FMEZBRWT) EFEN5DT. 9ED 12 *XJT code @ subcode %
IANRTHFEITNIE KL,

(RERICIEPS5BLTHITICT—IRN—XHH )
http://www.rlmiller.org/de codes/



Triply Even Codes of Length 48

Thm (Betsumiya-M.). D Z& < 48 O maximal triply even code &
95, CDEE, RS 24 DH S doubly even codes C;,Cy, EFEH
FHRIZER [ : C1/R1 — Oy/Ry NFELT

Ri={xec (C;+xC)"|wt(x)=0 (mod 8)
wt(x xy) =0 (mod 4)(Vy € C;)}CC; (i =1,2),

T € Cl, xo + Ry € f(wl + Rl) — Wt(iBl) = Wt(ibg) (mod 8),
D= {(331 .’,UQ) ‘ r € Cl, Lo + RQ - f(il?l -+ Rl)}

o = 48 @ triply even code (&. maximal 7% triply even code
LT EENDIIS. PFEIFHEE maximal BHDICIRBESI NS,

o C1,Cy DAIEEEIF T TICHZFELTH>TDT, H &K f DAIEE
72 RE T NIX KW



~

Triangular Graph D55 515 Triply Even Code

m >4 ZBEEL. (7) x (7)) 175 A ZRTEERT %, 17. &
liv,is} € {1,2,...,m} T index 1L TWT,

y 1 if i i N gL g2t = 1
b sl = 0 gtherwise

ZDTHITEES () mEDT T 7% triangular graph &L\,

Thm. m =2 (mod 4) @ & & spany, A (& maximal triply even code
TARITIE m — 2.

m=10 DEZ. K 45 @ maximal triply even code N'1§ 51 3,

RS 48 [T B7Ic 0 Z3D2MNIFMAL. 145 ZEBIML TRITZ 1 15
Y9 E. S 48 @ maximal triply even code T} (TR 5,



& 48 @ Maximal Triply Even Codes D348

Thm (Betsumiya—M.). ;=& 48 D maximal triply even code (XD
W3 hh

o 1 NEEATEE/RRE 24 D doubly even self-dual (dim C = 12)
code C (7f&@) ZAWTDIC) £EITS

e K 8 @ doubly even self-dual code C (11&) ZFHWT
D(C) & D(C) & D(C) £EF3

o & 8 D doubly even self-dual code C & RZ& 16 D DHEAA]
B27% doubly even self-dual code ¢/ (11&) ZFHEWT
D(C) & D) B3

L JMAT



Lam-Yamauchi OEIE & Triangular Graph 58 5115 Code

Tio 1FERE 48 @ maximal triply even code T#% %,

Thm (Lam-Yamauchi). 16|n, 1, € D C Fy, D (X triply even &5
IE. %5 framed VOA V & %@ Virasoro frame FF WEELU T F
ICBd9 5 structure code ¥ D 735,

Ty I& Vi @ Virasoro frame @ structure code T DEBHRWT &
NERZIChhEH. Lam—Yamauchi DFEEICK D, AISHD
framed VOA H'C @D structure code Z= 6 D,

. Lam (2010) (& T3y & Z D subcode % structure code % D
#TLU WL VOA ZHEE L. ZNh Schellekens (1993) DFRICH 5LV <
DHD CFT &XInT A &EZRULTWS,




Betsumiya’s Database of Triply Even Codes of Length 48

R 48 @ maximal triply even codes W ETE/=DT. #FN5D
subcode ZINTZEZZ 52 ET. &S 48 @ triply even codes N9
NTCTETE S,

FOERIFT—IRN—E LU TR TWS,

http://www.st.hirosaki-u.ac. jp/ "betsumi/triply-even/



Frames of A — Virasoro Frames of V/*

/ ‘ doubly even C' ) \

| kS =24
s
{Virasoro frames of 1'%} str D | 4 1, €C

CNHEDD f= Ly \ \ minCJ‘ZZL
U{ 2 EET8E }

extended
I DMZ D doubling
‘ doubly even C )
Res(A/) . RS =24
14 € C
min C+ > 4

{frames of A}

\ /

CORRKIEAHE, IRTEREEST. TNEFNOESICIZEARLGEIE
BEREMNHD., AEEOEENSDEBRNFZEINDS,




str DRIF—EHRE TS/

TZE NI str({Virasoro frames of VV'}) £2FZRELLWVWDIEH. ..
Thm (Lam—Harada-M.).

/ ‘ doubly even C ) \
RS =24
1,y € C

\ \ min C+ > 4

= D({Res(A/F) | F I& Leech lattice ® frame})

str({Virasoro frames of V*}) N D | «

' D({Res(A/F) | F I& Leech lattice @ frame})/=|
= |[{Res(A/F) | F & Leech lattice @ frame} /=
= 149



Frames of A — Virasoro Frames of V7 (F#8)

/ ( doubly even C' ) \

| kS =24
s
{Virasoro frames of 1'%} str D | 4 1, €C

ZNHYEID fz Ly \ \ min O > 4
U{ 7 EERIRE } — 7

extended
[ DMz I'D doubling
" doubly even C )
Res(A/) < RS =24
15, € C
min C+ > 4

{frames of A}

\ /

CORRKIEAHE, IRTEREEST. TNEFNOESICIZEARLGEIE
BEREMNHD., AEEOEENSDEBRNFZEINDS,




F > Res(A/F) DElFoh - f=hSisiid ?

doubly even C' )
RS =24
1oy € C
min C+ > 4

(F|F & A O frame) =874

\

DRI (AMEZFRWT) 149@7EH, BEH TR,

Ex.
(H H H
]_8 O O —_ Y
C' = span 0 1. 0 ICDWTIE JIF, Res(A/F) = C.
8
0 0 1s

Ex. C' = extended binary Golay code (dim C' = 12) [ DWTI&
Rains (1999) IC&D [{F | Res(A/F) = C}/ = | =13.



F i Res(A/F) I & 2881 ?

(F|F & AOD frame} 07

\

doubly even C' )

RS =24
1,y € C
min C+ > 4

» > C

/

— 6<dimC <12 THOH, 6 <dimC <10 [CDWVWTIZE
{F|Res(AJF) = CY = [EREFH. LML AMC = 11,12 [FFE

TETLVERL

y

{F|Res(A/JF)=C}/ == <{C| C:

\

Res(C) = C

type Il Z,-code > | =
min. Euclidean wt =16 |

HC | IC{e:S(C) =~ }‘ _ o(k=2)(k+1)/2 (k = dim O).

type Il



Rains (1999) (C &% Aut(C) @ 2-Modular &I&

Thm (Rains (1999)). 8|m, C =& m @ doubly even binary code
EU. 1,eC &TB, CDES. Fy LOHBXRT MNIVER W &,
R Aut(C) — AGL(W) BEEL T

{C|C IZ type Il, Res(C) = C}/ ~
SEAW £D Aut(C) B3E )

Ex. C' % extended binary Golay code (& 24) &7 5% &,
dim W = 44, | Aut(C)| = | My,| = 244823040

44
B DR A < & B [‘ ;4 ﬂ _ 71857
24

2% D, minimum Euclidean weight = 16 & \» 9 &2 D) 2T U,
D7 &H 71857 D type Il code C 23 Res(C) =C ZH7T, ZD
75T D 1347217 A3 minimum Euclidean weight = 16 & 72> T
Leech lattice @ frame IZXIT %,
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