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Notation

q: a prime power, F = Fq = GF(q).

F× = F \ {0} = 〈α〉.
e, k ∈ Z, e, k ≥ 2, ek = q − 1.

Ci = 〈αe〉αi (i = 0, 1, . . . , e− 1).

Then
C0 = {xe | x ∈ F×} = {y ∈ F | yk = 1}.

F× =
e−1⋃
i=0

Ci.

Example: q = 7, e = 2.

F× = {1, 2, 3, 4, 5, 6} = C0 ∪ C1.

C0 = {1, 2, 4}, C1 = {3, 5, 6}.
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Example: q = 7, e = 2

F× = {1, 2, 3, 4, 5, 6} = C0 ∪ C1.

C0 = {1, 2, 4}, C1 = {3, 5, 6}.

C0 is a (7, 3, 1)-difference set.

C0 − C0 = {x− y | x, y ∈ C0}
= {0, 0, 0, 1, 2, 3, 4, 5, 6}.

x− y = 1 ⇐⇒ y + 1 = x.

|(C0 + 1) ∩ C0| = 1.
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Definition

F = Fq = GF(q), F× = F \ {0} = 〈α〉.
e, k ∈ Z, e, k ≥ 2, ek = q − 1.

Ci = 〈αe〉αi (i = 0, 1, . . . , e− 1).

F× =
⋃e−1

i=0 Ci.

Cyclotomic numbers are:

(i, j) = |(Ci + 1) ∩ Cj| (i, j ∈ {0, 1, . . . , e− 1}).

Clearly (i, j) ≤ |Cj| = k.
Their average is:

1

e2

e−1∑
i,j=0

(i, j) =
1

e2
|(

e−1⋃
i=0

Ci + 1) ∩ (
e−1⋃
j=0

Cj)|

=
1

e2
|(F× + 1) ∩ F×| = q − 2

e2
=

k

e
− 1

e2
.
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C0 = {x ∈ F | xk = 1} = {αej | 0 ≤ j < k}
C0 is the set of eigenvalues of the k × k matrix

T =


1

. . .

1
1

 .

(T + I)k − I has eigenvalues (x + 1)k − 1 (x ∈ C0).

Since (x + 1)k − 1 = 0 ⇐⇒ x + 1 ∈ C0,

the cyclotomic number (0, 0) = |(C0 + 1) ∩ C0|

counts the multiplicity of 0 as an eigenvalue of (T + I)k − I,
i.e.,

(0, 0) = k − rank((T + I)k − I).
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(0, 0) = k − rank((T + I)k − I). Assume k = 2m.

T =


1

. . .

1
1

 , (T + I)k − I =
2m−1∑
i=0

(
2m

i

)
T i

=



(
2m
0

)
· · · · · ·

(
2m
m

)
· · ·

(
2m

2m−1

)(
2m

2m−1

) . . .
...

. . .
...

...
. . .

(
2m
0

) (
2m
1

)
· · ·

(
2m
m

)(
2m
0

) ...
. . .

...


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Krattenthaler (1999)

det


(
2m
m

)
· · ·

(
2m

2m−1

)
...

. . .
...(

2m
1

)
· · ·

(
2m
m

)
 =

m−1∏
i=0

i!(2m + i)!

((m + i)!)2
.

If q is a power of a large prime p, then det 6= 0, so
rank((T + I)k − I) ≥ k

2
, so (0, 0) ≤ k

2
.

Theorem (Betsumiya–Hirasaka–Komatsu–M.)

Suppose that q is a power of a prime p.

1 (0, 0) ≤ dk
2
e − 1 if p > 3k

2
.

2 (i, j) ≤ dk
2
e if p > 3k

2
− 1.
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Wilson’s bijection

average:

1

e2

e−1∑
i,j=0

(i, j) =
k

e
− 1

e2
.

variance:

1

e2

e−1∑
i,j=0

(
(i, j)− (

k

e
− 1

e2
)

)2

=
1

e2
((k−1)(k−2)+q−2−(q − 2)2

e2
).

{(x, y) ∈ (F \ {0, 1})2 | x

y
,
x− 1

y − 1
∈ C0, x 6= y}

→ {(u, v) ∈ (C0 \ {1})2 | u 6= v}

bijective.
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(k − 1)(k − 2)

= |{(u, v) ∈ (C0 \ {1})2 | u 6= v}|
Wilson
= |{(x, y) ∈ (F \ {0, 1})2 | x

y
,
x− 1

y − 1
∈ C0, x 6= y}|

= |{(x, y) ∈ (F \ {0, 1})2 | x

y
,
x− 1

y − 1
∈ C0}| − (q − 2)

= |{(x, y) ∈ (F \ {0, 1})2 | ∃i, x− 1, y − 1 ∈ Ci,
∃j, x, y ∈ Cj

}| − (q − 2)

=

∣∣∣∣∣
e−1⋃
i,j=0

((Ci + 1) ∩ Cj)
2

∣∣∣∣∣− (q − 2)

=
e−1∑
i,j=0

(i, j)2 − (q − 2).
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Asymptotic behavior

average:

1

e2

e−1∑
i,j=0

(i, j) =
k

e
− 1

e2
.

variance:

1

e2

e−1∑
i,j=0

(
(i, j)− (

k

e
− 1

e2
)

)2

=
1

e2
((k−1)(k−2)+q−2−(q − 2)2

e2
).

These imply

(i, j) =
k

e
+ O(

√
k)

if e is fixed and k →∞.
No conclusion if k is fixed and e →∞, while our result shows

(i, j) ≤
⌈

k

2

⌉
.
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