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Notation.

W
[ } the set of all i-dimensional subspaces of a vector space W over F,

(9 - _qj+1)...<qm_qf+f1>=q”<m_ij70>
= ><ZO>

(y1,...,y;) : the linear span of yq,...,y; € V

Let V' be an n-dimensional vector space over F,, and fix X € [‘ﬂ

L Count {(Yyyn,--, i) | Y = (y1,-..,5) € [7]} to derive #[7] = [}].

2. Count {(Y,y1,...,%:) | Y = (y1,...,u) € [[], XNY = 0} to derive
#HY e[V 1 XnY =0} =q9["7].

3. Count {(Yayj+17-"7yi) | Y = <X,yj+1,...,yi> c [‘ﬂ, X C Y} to
derive #{Y € [Y] | X C Y} = [?:ﬂ

4. Count {(Y, W, ymits--s4) | Y = W ¥mits--5 ) € [1], xXny =
W e [X]} to derive #{Y € [V] | X NY € [1]} = gi=mU=m [J]["7].

m. 1—m

Definition. Let n > 2d. The Grassmann graph J,(n, d) is the graph with
vertex set [‘ﬂ, where V' is a vector space of dimension n over F,, and two
vertices X, Y are adjacent whenever dim X NY =d — 1.

Let X\Y, Z € [‘(;] and assume dimY N Z =d — 1. Then

dmXNY >dimXNYynZz
=dimXNZ+dmYNZ—-dim(XNZ+YNZ)
>dimXNZ+dmY NZ—-dimZ
=dimXnNZ-1. (1)

Thus dim X NY =dmXNZ—1implies XNY CZ=XNZ+YNZ.
Fori=0,1,...,d, we claim

the distance between X and Y =d —-dim X NY.

Indeed, if dim X NY = d — ¢, then one can explicitly construct a path of
length 7 from X to Y, so the distance between X and Y is at most i. The
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reverse inequality can be proved by induction on the distance. Suppose X
and Y are at distance ¢ > 2. Choose Z at distance i —1 from X, and distance
1 from Y. Then by induction, dim X N Z > d — (i — 1). The inequality then
follows from (1).

Define

R ={(X,Y)| X,Y € m dim X NY = d—i}.

5. GL(V) acts transitively on R; for each ¢ =0,1,...,d.
6. ki =#{Y | (X,Y) € Ri} =" []["}9]

(2

Suppose (X,Y) € R;, (X,Z) € Ri_1, (Z,Y) € Ry. Then there is a
bijection from {Z | (X, Z) € Ri_1, (Z,Y) € Ry} to the set

X Y
XYY | XnycX Xnycy
defined by
6: 72— (XNZYNZ), ¥:(X,Y)> X +Y".
Indeed, 1) o ¢ = id since equality holds in (1). To show ¢ o 1) = id, we need
XNX'4+Y) =X and Y N (X' +Y’) =Y whenever X NY C X’ and
XNnY cY'. Ife =24y € XN(X'+Y’), theny' € (X+X)NY' = XNY' C
XNY C X' sox =124y € X'. This proves X N (X'+Y"’) C X', while the
reverse containment is obvious. Similarly, one obtains Y N (X' +Y’) =Y".
Now

C; = #{Z | (X, Z) e R;_1, (Z, Y) € Rl}

/ ! / X / Y
=#{(X )Y | XNnYCX e [d_z_JrJ,XﬂYcY € Ll—l]}

!/ X / / Y !
=#{X € {d_iﬂ} | XNY C X'} x#{Y € Ll—l} | XNy CcY'}
AT i
H|

Z-2
-1
Finally,

Ci—l—lki—‘rl 241 d—1i|l|ln—d—1
b = —— = .
ki K [ 1 1



