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About this talk

Part I:
e Hadamard's inequality
@ Hadamard matrices and generalizations
@ Constructions of Hadamard matrices
@ Quaternions and Lagrange's identity
@ Yang's generalization of Lagrange's identity
@ Yang's theorem
Part II:
@ Complementary sequences
@ A Laurent polynomial associated to a sequence
@ A two-variable Laurent polynomial associated to a matrix

@ A new proof of Yang's theorem using matrices
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Hadamard matrices

A matrix H € {—1,1}"*" is called a Hadamard matrix if
HH'" = nl.

Examples (Sylvester matrices):

1], E _11] E _ﬂ@ﬁ _11}

If a Hadamard matrix of order m exists, then n = 1,2 or 4 | n.
Conversely,

4 | n = 3JHadamard matrix of order n.
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Goethals-Seidel (1970)

Let A, B, C, D be circulant matrices of order n, and

A BR CR DR 1

g_ | BR A —-D"R C"R B .

~ |-CR D'R A —BTR|’ -

—-DR -C"™R B'R A 1
AAT + BBT +CCT +DD" = 4nl,
then
HH'" = 4nl,

because

R'=R", XR=RX'", XY =YX
for X,Y € {A,B,C,D}.
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AAT + BBT +CC" + DD" = 4nI

{n X m Circulant matrices with entries in Z}
= Group algebra of the cyclic group C,, over Z
= Z[z]/(z"™ — 1) «+ Z[x,x" ]

If A is the circulant matrix with first row

n—1

a=(ag,Q1y...,a, 1) € {£1}", A~ Z a;x' = f,(x)

1=0
Then AT <+ f.(x™1), so

AA"T <= fi(x)f.(x7') mod (z" — 1)
— fo(x)falz™h).

A. Munemasa A matrix approach Il G2M2, July 25, 2017 5/23



AAT + BBT +CC" + DD" = 4nI

Given a, b, c,d € {£1}", form circulant matrices A, B, C, D
with first row a, b, c, d, respectively. Then

AA" + BB"T +CC" +DD" = 4nI
is equivalent to

fa(@)fa(x™) + fo(@) fo(277) + fe(@) fe(z ™) + fa(®) falz™")
=4n (mod (z" — 1))

which will follow if
fa(@) £ (x) + fo(@) [y (x) + fe(@) F7 (@) + fa() f3 (@) = 4n,
where f*(xz) = f(z~?) for f(x) € Z[x, z71].
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Complementary sequences

A quadruple (a, b, ¢, d) of sequences of integers is said to be
complementary if

fa(@) 5 () + fo(x) £y (@) + fe(x) £2(x) + fa(zx)f () € L

We do not assume, a, b, c, d have the same length, nor entries are in

{£1}. Butif a,b,c,d € {£1}", then the constant term of the
left-hand side is 4n.

Example (base seq. and non-periodic complementary seq.):

BS(m,n) C {£1}" x{£1}" x {£1}" x{£1}",
NCS(n) C ({£1}™M)*

Recall NC'S(n) # @ = 3Hadamard matrix of order 4n
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From BS to NCS

C.H. Yang (Proc. A.M.S., 1989), Theorem 4, states

BS(m+1,m)#0, BS(n+1,n) #0
= NCS(2m+1)(2n+1)) #0
( = THadamard matrix).

Conjecture BS(n + 1,n) # 0 for all n.

In this talk: a matrix approach to prove this theorem.

Is the proof difficult?

The proof is constructive but it has no explanation. We expanded the
original proof (9 lines) to a 9 page paper (arXiv:1705.05062v2),
which | now explain in detail.
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Yang Multiplication Theorem

(a,b,c,d) € BS(m + 1, m)

C {1} x {F1} T x {£1}™ x {£1}7,
(fyg,h,e) € BS(n+ 1,n)

C {F1}" x {£1}"H x {£1}" x {£1}7,

(a/,b,c,d) € ({0,£1}* )4,
(f'sg’s W e’) € ({0, £1} T4
Our matrix approach:
(Q,R,S,T) € ({ + 1}@ntDx(Emt1)ya
(g,7,5,t) € NCS((2m + 1)(2n + 1)),
Q=1""d+g"d -V +n"d.
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Lagrange identity

Let R be a commutative ring with involutive automorphism *. Let
a,b,c,d, f,g,h,e € R. Set

q=af*+cg— b*e+ dh,

r=>bf*+dg* + a*e — ch”,

s =ag* —cf —bh — d*e,

t =bg — df + ah™ + c"e.
Then

qq” + rr* + ss* + tt*
= (aa™ 4+ bb* + cc* + dd*)(ee” + ff* + gg* + hh™).
We use this with

R =Zx,y], x:z— 7!, y— y L.
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The polynomials f,(x) and 1, ()

Fora = (agy...,an_1) € Z™.
recall

n—1
fo(x) = Z a;x".
i=0
It is more convenient to use
Ya(x) = ' 7" fo(2?).
Example: a = (ao, a1, asz,as), b = (bo, by, b2)

fa(T) = ao + a1z + axx?® + aszz?®,
Ya(x) = apx™ > + arx™ ' + azx’ + azx®,
fo(x) = bo + by + bex?,

Yp(z) = box ™ ? + byx’ + bax®.
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Yang Multiplication Theorem (C.H. Yang, 1989)

(a’7b,c,d) e BS(m+17m)7 (f’g9h’e) E BS(n—i_l?n)'
Then 3(q,7,8,t) € NCS((2m + 1)(2n + 1)).
Yang's approach: produce a sequence g with
Fo(®) = fa(@®) f-(2®FmHD) £ xfo(@?) fo (D)
— & fie (27) fe(2?7)

+ 222 fo(27) fi (22 7D).

Our matrix approach: produce a matrix @ with (see the next slide for
definition of ¥g)

Ya(x, y) = Ya(@)P;(Y) + Pe(x)hg(y)
— Yy (x)Ye(y) + Ya(x)Yn(y).
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Yo(x,y) for an n X m matrix Q

Let gg, . . ., qn_1 denote the row vector of Q:

qo
Q= qi1
dn—-1
Define
n—1
Yo(z,y) = Y y* ", (x) € Zlzt, y*').
=0

Example: Let Q@ = (gi;j) be a 3 X 4 matrix. Then ¥g(x,y) is

oo’y ? qoix 'y ? qoex'y? qosx’y?
E of | gz ®y’  quaz 'y’  quaz'y®  quzz®y’
3,,2

g20x y?  guxT'y®  gux'y® qusziy
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wa(w) and ",bQ(w, y)

For sequences a, b regarded as row vectors,

Vyra(T, Y) = Ya(T)p(y)-

For a matrix @, denote by seq(Q) the sequence obtained by
concatenating the rows of Q.

If Q has m columns, then

Vseq(@) () = Pz, x™).
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Our approach

Recall that our matrix approach was:

V(T y) = Ya(x)P;(y) + Ye() g (y)
— Yy ()Y (y) + Ya(x)Yn(y)-

This is achieved by defining
Q — f*Ta + ch
—e'b*+h'd,
where b* denotes the reverse of b.  Note 9, () = 1p-(x).

Vsea(@) (%) = Ya(T)P3(2™) + Ye(@)thg(2™)
— Yy (@) Pe(x™) + Ya(T)Pn(z™).
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Complementary sequences
fa(@®) £ (%) = Ya(z)¥)(2). \

Thus

a, b, c,d: complementary
< fof, + Tofy + fef+ fafj €L
< Y, + Ypby + Y. +Yatp; €L
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Recall the Lagrange identity

Let a,b,c,d, f,g,h,e € Z[zT', y*!]. Set

qg=af*+ cg— b*e + dh,
r=bf"+dg* + a*e — ch*,
s =ag” —cf — bh — d"e,
t = bg — df + ah™ + c"e.
Then

qq” + rr* + ss* + tt*
= (aa® 4+ bb* + cc* + dd*)(ee* + ff* + gg* + hh™).
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The Lagrange identity (consequence)

Let a,b,c,d € Z™, f,g,h,e € Z™,
Q = f*a + g'c — e'b* + h'd,
R = f*tb—l—g*td— eta* _ h*tc,
S = g**a — f'c — h'b + e'd*,
T = g'b — f'd — h**a + e'c*.
Then Q, R, S, T € 7Z™*™,

(PG + YrYR + Vs + Yryr) (T, y)
= (Yot + Yoy, + Y + Patp)) (x)
X (Yl + Ppib; + g + bnthy) (y).
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The Lagrange identity (consequence)

Let a,b,c,d € Z™, f,g,h,e € Z™,
Q = f*a + g'c — e'b* + h'd,
R = f*tb—l—g*td— eta* _ h*tc,
S = g**a — f'c — h'b + e'd*,
T = g'b — f'd — h**a + e'c*.
Then for g = seq(Q), 7 = seq(R), s = seq(S), t = seq(T),

(Yg) + brp + PPl + Pitp)) ()
= (Yol + Yo; + Yk + Yarp}) ()
X (Yetpl + Y0} + Pt + Ynipp) (™).
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Interleaving

Fora = (agy...,@m_1), define

a/0 = (ap,0,a1,0,...,0,a,,—1) (length 2m — 1),
0/a = (0,a0,0,...,0,am_1,0) (length 2m + 1).

¢a/0(m) = "abO/a(m) = ¢a(w2)'

A. Munemasa A matrix approach Il G2M2, July 25, 2017 20 / 23



Yang's Theorem

Let (a,b,c,d) € BS(m + 1,m), (f,g,h,e) € BS(n+ 1,n).
Then there exists (q,7,s,t) € NCS((2n + 1)(2m + 1)).
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Construction of the matrices Q, R, S, T

Let (a,b,c,d) € BS(m + 1,m), (f,g9,h,e) € BS(n + 1,n).
Then

a,b € {1} e,d € {1}, f,g € {£1}"T h,e € {£1}".
Set
a =a/0, b’ =b/0, ¢ =0/c, d =0/d € {0,£1}*"",
f'=7r/0, g =g/0, ¥ =0/h, & =0/e € {0, £1}*""
Define (2n 4+ 1) X (2m + 1) matrices with entries in {£1}:
Q _ fl*ta/ _|_ g/tc/ _ eltbl* _|_ hltd/
- 9
R _ f/*tb/ + gl*td/ _ e/tal* _ h/*tcl
- 9
S _ gl*tal _ fltcl _ hltbl + eltdl*
- 9
T — gltbl _ fltdl _ h/*ta/ _|_ eltcl*.
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(a7b7c7d)? (f9g7h’e) — (Q7R9S’T) —

Set ¢ = seq(Q), r = seq(R), s = seq(S), t = seq(T"). Then

(Yqbs + ot + Path’ + hetpy) ()
= (Yo pls + Yo b + Yol + Yathly) ()

X (Yertpl + Y} + Yyl + uapy,) ()
= (Yat’ + Yoiby + Yeip? + Yatpl) (z?)

X (el + Py + ] + ntpyy) (G )
€ 7.

Thus (g, 7,s,t) € NCS((2m + 1)(2n + 1)). This proves
Yang's theorem (see arXiv:1705.05062 for details).
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