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Grassmann graphs
Twisted Grassmann graphs
Godsil-McKay switching

Grassmann graph Jy(n, k).
e V: n-dim. vector space over GF(q)
« Projective geometry U;_, "]
« Vertices: [}]
e Wi~Wy <= dimWiNWy=k—1.

Wang-Qiu-Hu switching

For the twisted Grassmann graph, take
Strongly regular graph from polar spaces

ok

n=2d+1, k=d+ 1

Then
In the Grassmann graph J,(2d + 1,d + 1): oo 1% H] c
o V: (2d + 1)-dim. vector space over GF(q) o ld+1 \ d+1| UUH v
« Vertices: [, ] €la]
o Wi~ Wy «<— dimWiNWy=d. where

Fix H € [,,]. Then [ ] = C'U D, where

C‘LKJ\LTJ’

D_LfJ

Cb:{we[dKJ

Observe, for W € D,

|\WNH=U}.

W' eCy, W~W
— WDU
= YW eCy, W~W.

Fix a polarity L of H. Redefine edges between

C and D by changing For W € D, W is adjacent to

allofCyUCy. W DU+U*t
allofCy W DU

W ~W (YW € CywithU CW)

to none ofCy. it W 2 U+
W~W' (VW' e CyiwithU CW) none ofCy UCy. W 2U, W 2 U+
for W e D. “All,” “Half,” or “None.”

In general, U # U+. In this case Cy N Cy. = 0.
The resulting graph is the twisted Grassmann
graph J,(2d +1,d+1).

The operation is to switch adjacency when
“Half” takes place.



Definition of Godsil-McKay switching (1982).
V() =CUD,C=J,C;. Assume

1
Vi, Vo € D, |F(l’) ﬂC’i| = \Cl|§|CZ|70

Build a new graph T by redefine I'(x) by
[() = G\ T(x),

provided .
[P(z) N Cil = 5(Cl.
block graph
PGy(2d,q) —28% J(2d+1,d+1)
distortl GM switchingl

lock h =
new design M} J,(2d+1,d+1)

Block graph = graph with blocks as vertices,
adjacent iff intersect at maximal size.

« The original definition of J,(2d + 1,d + 1)
does not use a polarity.

o Both distorting and GM switching rely on a
polarity.

Let m = |C|, and consider the trivial coherent
algebra (I, J) € M,,(C). It has primitive
idempotents

1 1
EO = 7!]7 El =1- 7(]'7 E»LE] = 6’0]E7
m m
Then (E, — E1)* = 1. We claim

EQ*El 0 EO*El 0 A’
SR TR

where the rows and columns are indexed by
CuUD.

Theorem (Godsil-McKay, 1982)

If {C;}; is equitable, then the resulting graph is
cospectral with the original.

Equitable: Vi, Vz € C;,Vy € C;, V7,
IT(z) N Cj = [T(y) N Cjl.
2005 twisted Grassmann graphs of Van
Dam—Koolen

2009 distorted geometric design,
Jungnickel-Tonchev

2011 equivalence of these two, M.—Tonchev
2017 distorted<«»Godsil-McKay switching

Why cospectral?

A = adjacency matrix of I'
A" = adjacency matrix of the switched graph

Then there exists @ € Oy (Q) such that
Q7 1AQ = A

To describe @ explicitly, consider the case

C = Cy,and Vx € D is adjacent to all, half, or
none of C.

Indeed,

A An
A =
l:A21 A22}

Since the subgraph induced on C' is regular
(equitable), of valency k, A;; commutes with J,
hence also with £y, — E;. Thus

(Eo — E1)An(Ey — Er) = A

How about Ay (Ey — E4)?



Ay consists of three kinds of row vectors,
all-one 1, half-one (say u), zero.

1(Ey— Ey) =1Ey =1,
’LL(E() — El) = ’LL(QEO — [) = Q(LLEU) —Uu
1
2(51)711: 1—u,
0(E, — Ey) = 0.

This realizes Godsil-McKay switching.
It is straightforward to generalize to the case
C =, C; consists of more than one Cj’s.

Suppose V(I') = C1 U Cy U D, m = |Cy] = |Cy.
This time we use the matrix

Fy Ey O

Q= |Ey B 0| € Oy (Q).
0 0 I

The fact that this is an orthogonal matrix comes

from E;E; = 6, E;.

In order for Q AQ to become an adjacency

matrix of a graph, we need to assume some

properties of the partition, as in Godsil-McKay

switching.

Consider a polar space of rank at least 3, for
example, U(6, ¢)-space. All subspaces are
considered as a set of projective points.

V(T') = the set of isotropic points, and two
points are adjacent if they are orthogonal. It has
an isotropic plane P. Let Ly, L, C P be distinct
lines, and set

Cl = Ll\LQ, Cg = LQ\Ll, D= V(F)\(ClLJCz)

This partition satisfies the hypotheses of WQH
switching.

Ferdinand lhringer and | came up with a
variation of Godsil-McKay switching, but after
presenting it in a conference, | was notified by
Wei Wang that his group independently
discovered it (and published it very recently,
gave a talk in the same conference two days
later).

Theorem (WQH switching)
LetT" be a graph whose vertex set is partitioned
as C, UCyU D. Assume that |C4| = |Cs| and that
C1 U Cy is an equitable partition of the induced
subgraph on Cy U Cy, and that all x € D satisfy
one of the following:

1. T(x)NCy| = |T'(z)NCyf, or

2. F(T) n (C1 U Cg) S {01, CQ}
Construct a graph T from T’ by modifying the
edges between C, U Cy and D as follows:

CLifT(z) N (CyUCy) = Cy,
f(l) n (Cl U CQ) = Cy IfF(I N (Cl U CQ) = (Y,
I'(z) N (Cy U Cy) otherwise,

Indeed, C; U Cs is a complete subgraph since it
is contained in an isotropic plane P. Thus

C1 U Cy is an equitable partition.

Letz € D.

If z € Pt thenC,UC, C PC zt,sozis
adjacent to all of C; U Cs.

Otherwise, ' NP = Lis aline. If L = L, then
x is adjacent to all of C, none of C,. Similar for
L = L.

If L 7& Ly, Lo, then |Lﬁ Ll‘ = |Lﬁ L2| =1,s0z
has the same number (= 1) of neighbors in C;
and in Cs.



