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Association schemes

X : afinite set.
d

X x X =|JR; (disjoint),
=0
A, = adjacency matrix of R;,
A = linear span of Ag, Ay,..., Ag,
Commutative association scheme:
Ay =1,
A = commutative subalgebra of M,,(C)
closed under transposition

d
AiA; = Zp?jAk’ Eio Ej = |X| Zng

k=0
Krein parameters:gf; which are nonnegative.
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Association schemes

X : afinite set.
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X x X =|JR; (disjoint),
=0
A, = adjacency matrix of R;,
A = linear span of Ag, Ay,..., Ag,
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closed under transposition

d
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k=0
Krein parameters:q; ?
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Coherent configuration

d
X x X =|JR; (disjoint),

1=0

A; = adjacency matrix of R;,

A = linear span of Ay, Ay,..., Ag,

Coherent configuration:

Ay = I not assumed,

A = subalgebra of M,,(C)
closed under transposition

d
A,,;Aj = Z p?jAk.

k=0

Akihiro Munemasa Tohoku University Bled, 2019 3/10
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Coherent configuration

d
X x X =|JR; (disjoint),
1=0
A; = adjacency matrix of R;,
A = linear span of Ay, Ay,..., Ay,
Coherent configuration:

Ay = I not assumed,
A = subalgebra of M,,(C)
closed under transposition

d
A,,;Aj = pr]Ak.
k=0
Krein parameters? Theory is analogous for fiber-commutative
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commutative | fiber-commutative
association coherent
scheme configuration
2nd primitive basis of
basis idempotents matrix units
Krein scalars matrices
parameters q;; Q%
unique essentially unique
Krein condition qu >0 ij =0
absolute gk, 0 Tk >k M rank ny
bound < m;m; < m;m;

Akihiro Munemasa

Tohoku University

Bled, 2019

Summary of results
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Coherent algebra

The adjacency algebra of a coherent configuration is called a
coherent algebra, characterized by the properties:

@ closed under ordinary mult., Hadamard mult., transposition,
@ contains I, J.

A | Agg | *
A= Az | Ao | * = @Aaﬁ = @Ik, I, = Mek((c)°
k a,B k

* *
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Coherent algebra

The adjacency algebra of a coherent configuration is called a
coherent algebra, characterized by the properties:

@ closed under ordinary mult., Hadamard mult., transposition,
@ contains I, J.

Al 2

A22

*

All
A= Axn

*

k
* ) =P A =P, T. = M.,(C).
k a,B k

Ao A, C dpraAayu,  Aagis aleft Agg-module.
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Coherent algebra

The adjacency algebra of a coherent configuration is called a
coherent algebra, characterized by the properties:

@ closed under ordinary mult., Hadamard mult., transposition,
@ contains I, J.

Al 2

A22

*

All
A= Axn

*

*
* ) = @Aaﬁ = @Ikn Iy = Mek:((c)
k a,B k

Ao A, C dpraAayu,  Aagis aleft Agg-module.

This implies

.8

Fiber commutative, i.e., all A, are commutative
—> dimZ; N A,z = 0 or 1, by Hobart—Williford (2014).
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Basis of a fiber-comm. coherent algebra

Air | Ao | *
A = Azl Azz * = Aaﬁ = @Ik, Ik & Mek (C)
o, k

* * *
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Basis of a fiber-comm. coherent algebra

Ajq | Az | *
A= A21 Azz * = @Aaﬂ = @Ik:, I, = Mek(C)'

* * | % o8 k

Fix k. Since
I, = P T 0 Aap
a,B
and each summand has dimension 0 or 1, Z,, has a basis {e.z}
where (a, 3) runs through the set

{(a, 8) | dimZ, N Anp = 1}

Akihiro Munemasa Tohoku University Bled, 2019 6/10



Basis of a fiber-comm. coherent algebra

Air | Ao | *
A = Azl Azz * = @Aaﬁ = @Ik, Ik & Mek(C).

* * | % o8 k

Fix k. Since
I, = P T 0 Aap
a,B
and each summand has dimension 0 or 1, Z,, has a basis {e.z}
where (a, 3) runs through the set

{(a,8) | dimZ;, N A = 1}
which is of the form A x A for some index set A, so that
I, = MA(C), i.e., €apBCry — 65)\8,1“.
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Krein parameters

A | Agz
A= | Az | As

* *

*
* ) =P A =P T, T.= M., (C).
* a,B k

Fix k. I, has a basis {eqs | a, B8 € A},
I, = MA((C), i.e., €apBCry — (55)‘6,1“.
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Krein parameters

A | Agz
A= | Az | As

* *

*
* ) =P A =P T, T.= M., (C).
* a,B k

Fix k. I, has a basis {eqs | a, B8 € A},
T, = MA(C), i.e. esger, = 0greapu-
If dim Z, = 1, then |A| = 1, A = {«a}, then writing e = e,a,
eoe = (const.)(g; e+ --+)-
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Krein parameters

A | A | *
A= Agzi | Ago | * = @Aaﬁ = @Ik, I, = Mek((c)'
* a,B k

* 3k
Fix k. I, has a basis {eqs | a, B8 € A},
T, = MA(C), i.e. esger, = 0greapu-
If dim Z, = 1, then |A| = 1, A = {«a}, then writing e = e,a,
eoe = (const.)(g; e+ --+)-
In general, dimZ, = |A|? > 1, so

€aB 0 eqg = (ConSt.)((sz)aﬁeag -+ other Ik')
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Krein parameters
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k k
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Krein parameters

A | A | *
A= Agzi | Ago | * = @Aaﬁ = @Ik, I, = Mek((c)'
* a,B k

* *

Fix k. I, has a basis {eqs | a, B8 € A},
T, = MA(C), i.e. esger, = 0greapu-
If dim Z, = 1, then |A| = 1, A = {«a}, then writing e = e,a,
eoe = (const.)(g; e+ --+)-
In general, dimZ, = |A|? > 1, so
€ap O €ap = (CONst.) ((QF,)aseas + Other Zy)
Qi = (Qgp)aser € Ma(C).

Similarly, we can define ij (matrix of Krein parameters).
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Let P(-) denote the subset of positive semidefinite Hermitian
matrices:
P()={Z€-|Z =0}
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Let P(-) denote the subset of positive semidefinite Hermitian

matrices:
P()={Z € |z =0}

Krein condition (for coherent configurations) asserts
VF € P(L;), VF' € P(Z;), FoF' =0

or equivalently (F' o F’)Ey, € P(Zy) for all k, where
E, : A — T, is the orthogonal projection.
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Let P(-) denote the subset of positive semidefinite Hermitian
matrices:
P()={Z€-|Z =0}

Krein condition (for coherent configurations) asserts
VF € P(L;), VF' € P(Z;), FoF' =0

or equivalently (F' o F’)Ey, € P(Zy) for all k, where
E, : A — T, is the orthogonal projection.
For a fixed k, we have chosen a basis {e,s | o, 8 € A} so that

P(Zi) = {D  2apeas | (zas) € P(MA(C))}.
o3

Akihiro Munemasa Tohoku University Bled, 2019 8/10



Theorem

For a fiber-commutative coherent algebra A = @,, I, where
T, = AE; & My (C) = (ek; | @, 8 € A), Krein condition

(FoF)E, =0 (VF € P(L;), VF' € P(I;))

is equivalent to
Q;; = 0,

ij —
where ij is the “matrix of Krein parameters” defined by

1

@ Jj k k
€ap © €aB = soalar ;(Q"j Jas€ap:

Moreover, ij is essentially unique.
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Theorem

For a fiber-commutative coherent algebra A = @,, I, where
T, = AE; & My (C) = (ek; | @, 8 € A), Krein condition

(FoF)E, =0 (VF € P(L;), VF' € P(I;))

is equivalent to
Q;; = 0,

ij —

where ij is the “matrix of Krein parameters” defined by

1

@ Jj k k
€ap © €aB = soalar ;(Q"j Jas€ap:

Moreover, ij is essentially unique.

If time permits, | will prove the special case;
otherwise, thank you for listening. This is the end.
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Proof forthecaset =53 =k

P(Zi) = {D  2apeas | (zas) € P(MA(C))}.
Recall @ = Q¥F, = (gap) is defined by
(éap © €ap)Ex = qup€as-
(FoF)E, >0 (VF,F' € P(Z))
<= <(Z ZaB€aB) O (Z z;ﬁeag)> E,. >0
(V(zap)s (z55) € P(Ma(C)))
S Z zagz;ﬁ(eaﬁ oens)Er = 0

(V(zap), (z55) € P(Ma(C)))
< ZoZ'oQ*»0 (VZ,Z' € P(MA(CT)))
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Proof forthecaset =53 =k

P(Zi) = {D_ zapeap | (zap) € P(Ma(C))}-
Recall Q@ = Q¥F, = (gap) is defined by
(eap © €ap) Ex, = qapeas-
(FoF)E, =0 (VF,F' € P(L))
= <(Z ZaB€aB) O (Z z;ﬁeag)> E. >0
(V(zap), (259) € P(Ma(C)))
<= Z ZapZop(€ap O €ap) B = 0

(V(2ap)s (24,5) € P(Ma(C)))
& ZoZ'0Q =0 (VZ,Z' € P(Mx(C)))

Akihiro Munemasa Tohoku University Bled, 2019 10/10



Proof forthecaset =53 =k

P(Zi) = {D_ zapeap | (zap) € P(Ma(C))}-
Recall Q@ = Q¥F, = (gap) is defined by
(eap © €ap) Ex, = qapeas-
(FoF)E, =0 (VF,F' € P(L))
= <(Z ZaB€aB) O (Z z;ﬁeag)> E. >0
(V(zap), (259) € P(Ma(C)))
<= Z ZapZop(€ap O €ap) B = 0
(V(zap), (259) € P(Ma(C)))

< ZoZ' oQ*»0 (VZ,Z' € P(MA(C)))
<~ Q >~ 0.
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Proof forthecaset =53 =k

P(Tk) = {D_ 2ap€as | (zap) € P(M4(C))}-
Recall Q = QF, = (gap) is defined by

(ea,B o eaﬁ)Ek = qop€ap-

(FoF)E, =0 (VF,F' € P(Zy))
< ZoZ'oQ =0 (VZ,Z' € P(Ma(C)))
<~ Q >~ 0.
Note J o J o Q = Q. This explains Hobart’s observation:

In our applications ..., we use Z = Z' = ¢s(J),
where J is the all 1s matrix. Other choices do not
produce any new results for these particular examples.

Linear Algebra Appl. 226/228 (1995), p. 502.
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