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o Chapter 11 “Two-Graphs”

o Section 11.8 “The Two-Graph on 276

vertices”

Two-graph = Switching class of graphs
McLaughlin (1969): Sporadic finite simple
group M cL acting on a graph with 275
vertices (McLaughlin graph).
Mz < McL < Co.s; Mathieu (1873),
Conway (1968-1969).



Goethals—Seidel (1975) “The regular
two-graph on 276 vertices”
Godsil-Royle “Algebraic Graph Theory"

o Chapter 11 “Two-Graphs”

e Section 11.8 “The Two-Graph on 276

vertices”

Two-graph = Switching class of graphs
McLaughlin (1969): Sporadic finite simple
group M cL acting on a graph with 275
vertices (McLaughlin graph).
Mz < MecL < Co.g; Mathieu (1873),
Conway (1968-1969).

Switching of ' = (V, E) with respecttoU C V
is TV = (V, EY), where

EY = {{z,y} € E:z,y € U}
U{{m,y}EEWU,yEV\U}
U{{z,y} ¢ E:2€U, ye V\U}

The switching class of T is
{rY:U Cv}.
It consists of 2!V~ graphs, since

rv =rv\v,



Switching of I' = (V,, E) with respecttoU C V'
is TV = (V, EY), where

EY = {{z,y} € E: 2,y € U}
U{{z,y} € E:z,y € V\U}
U{{z,y} ¢ E:z €U, ye V\U}

The switching class of T' is
{tV .U C v}.

2lV|-1

It consists of graphs, since

rv =rVv\v,

Let ' = L(Kg): line graph of Kjg, is strongly
regular with parameters

SRG(28,12,6,4).

V = V(L(Ks))
={eit+ej:1<i<j<8}CRE

Foru,v € V,

u~v <= (u,v) =1

The switching class of I contains K1 USch, where
Sch is the Schlafli graph

SRG(27,16,10,8).



Let T' = L(K3): line graph of Kjg, is strongly

1
regular with parameters r= 5(17 1,1,1,1,1,1,1),

SRG(28,12,6,4). H = {z € R®: (r,x) = 1}.

Then
V = V(L(Ks))
={ei+ej:1<i<j<8 CRE. (r,7) =2,
V={ei+e:1<i<j<8 CH.

For u,v € V,
u~v <= (u,v) =1. In fact, VU {r} is a part of the Ejg root system,
The switching class of I contains K7 USch, where HNEg=VU{r—u:ueV}.

Sch is the Schlafli graph
Write

SRG(27,16,10,8). U=u— %r (u e V).



1
r= 5(131’1’1’ 17 1’ 171)’

H={xcR®: (rz) =1}.
Then

(ryr) =2,
V={e;+e:1<i<j<8CH.

In fact, V.U {r} is a part of the Eg root system,
HNEg=VU{r—u:ueV}

Write 1
H:u_ir (w e V).

{xu:u eV}

gives a set of 28 equiangular lines in H = R7,

(u,v) = {(1) <~ (w,v) = {;_

1
2

The number of equiangular lines in R is bounded
by the absolute bound:

d(d + 1)
=

This bound is known to be achieved for d =
2,3,7,23, and achievability is unknown in gen-
eral for large d.
Delsarte-Goethals—Seidel ~ (1977),
(2003), Bannai-M.-Venkov (2004),
Venkov (2013).

Makhnev
Nebe—



{ftu:u eV}

gives a set of 28 equiangular lines in H = R7.

| NI=

1 _
(U7U):{ <~ (uvv):{ 1

0 2
The number of equiangular lines in R? is bounded
by the absolute bound:

d(d +1)
=

This bound is known to be achieved for d =
2,3,7,23, and achievability is unknown in gen-
eral for large d.
Delsarte-Goethals—Seidel ~ (1977),
(2003), Bannai-M.-Venkov (2004),
Venkov (2013).

Makhnev
Nebe—

A graph G in the unique two-graph on 276 ver-
tices is given in Godsil-Royle, Section 11.8. Its
adjacency matrix A has the smallest eigenvalue

—3 with multiplicity 252.
so 3X € R276X24 jth
XX"T =A+3I

Let
V = {row vectors of X }.
Thenu ~v <= (u,v) =1,
Ir € R?* with
(r,7) =2,
VCH={xecR*: (r,z) =1}.



A graph G in the unique two-graph on 276 ver-
tices is given in Godsil-Royle, Section 11.8. Its
adjacency matrix A has the smallest eigenvalue

—3 with multiplicity 252.
so 3X € R276X24 jith
XX" =A+3I

Let
V' = {row vectors of X }.
Then u ~ v < (u,v) =1,
Ir € R?* with
(ryr) =2,
VCH={xecR**: (r,z) =1}.

Write

Then
{+tu:u eV}

gives a set of 276 equiangular lines in H = R23,

(u,v) = {(1) <~ (w,v) = {;_

1
2

Recall: switching class &2 {2276 choices for £},
it contains the graph K3 U T, where T is the
McLaughlin graph

SRG(275,162,105, 81),

and a large number of (Haemers—Tonchev 1996;
Nozaki, 2009) SRG(276, 135, 78, 54).



Write

Then
{ftu:u eV}

gives a set of 276 equiangular lines in H = R23,

| NI=

(us0) = {(1, = (@9) = {

1
2

Recall: switching class & {2276 choices for £},
it contains the graph K; U I', where T is the
McLaughlin graph

SRG(275,162,105, 81),

and a large number of (Haemers—Tonchev 1996;
Nozaki, 2009) SRG(276, 135, 78, 54).

V = {276 row vectors of X},
(ryr) =2,
VCH={xcR*: (r,z) =1}.

H ‘contains” every graph in the switching class,
since

Vu{r—xz:xze€V}CH.

Let L be the lattice generated by V U {r}. L is
a discrete subgroup of R?4, and a free Z-module
of rank 24.

{zeLl:(z,z) =2} = {£r},
{:EGL:(:L',:B):-?)}
=VU{r—z:xeV}
U(=vVu{—(r—=z):z €V}
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V = {276 row vectors of X},
(ryr) =2,
VCH={xcR*: (r,z) =1}.

H “contains” every graph in the switching class,
since

Vu{r—z:xe€V} CH.

Let L be the lattice generated by V .U {r}. L is
a discrete subgroup of R?4, and a free Z-module
of rank 24.

{reLl: (z,x) =2} ={£r},
{x € L: (x,z) =3}
=Vu{r—z:zeV}
U(=vV)u{—(r—=x):z eV}

Theorem (Koolen—M.)

For a proper sublattice L’ ; L, TFAE:

(1) T = L' N H is a connected graph in the
switching class (hence |L’ N H| = 276),

2)r¢ L, |L:L'|=2.

In this case, I is one of the four graphs

corresponding to three maximal subgroups

L3(4) 8 D12, Moz, 35 : (2 X Ml]_),

and a non-maximal subgroup Us(5) : 2, of
Co.3.

The latter statement is verified by computer by
examining the orbit of Co.3 on L/2L.

None of the four graphs is (strongly) regular.



