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PG (n, q) = n-dim. projective space over GF'(q)
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" = projectiveline
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: " = aset of lines which partition the points of
PG(n, q)

" = “resolution” =“ parallelism” = a set of
spreads which partition the set of lines
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PG (n, q) = n-dim. projective space over GF'(q)
(GF(q)"™ ={0})/ ~

" = projective point
1-dim. vector subspace

" = projective line
2-dim. vector subspace

: " = aset of lines which partition the points of
PG(n,q)

" = “resolution” =“ parallelism” = a set of
spreads which partition the set of lines

1 packing in PG(n,q) = n: odd ( < : open)
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“packing” = “resolution” =* parallelism” = a set of
spreads which partition the set of points

1 packing in PG(n,q) = n: odd
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“packing” = “resolution” =* parallelism” = a set of
spreads which partition the set of points

1 packing in PG(n,q) = n: odd

Question 1. Doesthere exist a partition of the set of
linesof PG( ,q) into spreads of hyperplanes?
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“packing” = “resolution” =* parallelism” = a set of
spreads which partition the set of points

1 packing in PG(n,q) = n: odd

Question 1. Doesthere exist a partition of the set of

linesof PG( ,q) into spreads of hyperplanes?
When the answer to Question 1 is affirmative, we say

that PG (2n, q) is(2n — 1)-partitionable.
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“packing” = “resolution” =* parallelism” = a set of
spreads which partition the set of points

1 packing in PG(n,q) = n: odd

Question 1. Doesthere exist a partition of the set of

linesof PG( ,q) into spreads of hyperplanes?
When the answer to Question 1 is affirmative, we say

that PG (2n, q) is(2n — 1)-partitionable.
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Question 2. Doesthere exist aspread Sy for each
hyperplane H of PG (2n, q), such that

lines of PG(2n,q) = | J Sk (disoint),
H

where H runs through all hyperplanes of PG(2n, q)?
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Question 2. Doesthere exist aspread Sy for each
hyperplane H of PG (2n, q), such that

lines of PG(2n,q) = | J Sk (disoint),
H

where H runs through all hyperplanes of PG(2n, q)?
for (2n,q) = (4,2), (4,3), (6, q), etc.
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Question 2. Doesthere exist aspread Sy for each
hyperplane H of PG (2n, q), such that

lines of PG(2n,q) = | J Sk (disoint),
H

where H runs through all hyperplanes of PG(2n, q)?
for (2n,q) = (4,2), (4,3), (6, q), etc.

LLCESVERNES for (4,4),(4,5),(4,7), etc.
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o = Singer cycle of PG(2n, q)

2n+1 1

= cyclic automorphism of order !

qg— 1
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o = Singer cycle of PG(2n, q)

2n+1 1

= cyclic automorphism of order !

qg— 1

only one orbit on points
only one orbit on hyperplanes

(o) has {
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o = Singer cycle of PG(2n, q)

q2n—1—1 —1

= cyclic automorphism of order .
q —

only one orbit on points
(o) has .

only one orbit on hyperplanes
In PG(2n, q),

H=L,ULyU---ULg: Spread of H
H°=L]ULsU---UL; : spread of H”
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In PG(2n, q),

H=L,ULyU---UL,g: Spread of H
H? =L{ULsU---ULJ: spread of H°

If distinct (o)-orbits — (2n — 1)-partitionable
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In PG(2n, q),

H=L,ULyU---UL,g: Spread of H
H? =L{ULsU---ULJ: spread of H°

If distinct (o)-orbits — (2n — 1)-partitionable

Question 3. Doesthere exist a spread S of a hyperplane
H in PG(2n, q) such that the members of .S belong to
distinct (o)-orbits?
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In PG(2n, q),

H=L,ULyU---UL,g: Spread of H
H? =L{ULsU---ULJ: spread of H°

If distinct (o)-orbits — (2n — 1)-partitionable

Question 3. Doesthere exist a spread S of a hyperplane
H in PG(2n, q) such that the members of .S belong to

distinct (o)-orbits?
Such a spread produces a difference system of sets.
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Suppose that there isa spread .S of a hyperplane H of
PG(2n, q) such that the members of .S belong to
different (o )-orbits.
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Suppose that there isa spread .S of a hyperplane H of
PG(2n, q) such that the members of .S belong to

different (o )-orbits.
Then S becomes a difference system of sets, defined as

follows.
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Suppose that there isa spread .S of a hyperplane H of
PG(2n, q) such that the members of .S belong to

different (o )-orbits.
Then S becomes a difference system of sets, defined as

follows.
Let G be afinite group of order v, let \, m be

positive integers.
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Suppose that there isa spread S of ahyperplane H of
PG(2n, q) such that the members of .S belong to
different (o )-orbits.
Then S becomes a difference system of sets, defined as
follows.

Let G be afinite group of order v, let \, m be
positive integers. A family of m-subsets
{B1,Bs,..., B} of Giscdleda (v, k, \;m)

If the multiset

coincideswith \(G — {1}).
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Indeed, identify (o) with PG (2n, q). Then
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Indeed, identify (o) with PG(2n. q). Then
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Indeed, identify (o) with PG(2n, ¢). Then

{gh™' |ge L, hel;, 1<ij<k, i#j}
{gh™' |ge L, heLj, 1<i,j<k, g#h}

—{gh'|ge L, he L, 1<i<k, g+#h}
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Indeed, identify (o) with PG(2n, ¢). Then

{gh™' |g € Li, he Lj, 1<i,j<k, i+#j}
{gh™'|g€ Ly, he L;j, 1<4,j <k, g#h}

{gh™' |ge L, hc L, 1<i<k, g#h}
{gh™'|ge H, he H, g#h}

_ Uf=1{gh_1 ‘ g = Lia h € L@', g # h}
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Indeed, identify (o) with PG(2n, q). Then

1 i h1<i i<k i#j}
{gh™'|g€ Ly, he L;j, 1<4,j <k, g#h}

{gh™' |ge L, hc L, 1<i<k, g#h}
{gh™' g€ H, he H, g+# h}

_ Uf=1{gh_1 ‘ g = Lia h € L@', g # h}

TG - {1)) - (G- {1)).
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Indeed, identify (o) with PG(2n, q). Then

1 i h1<i i<k i#j}
{gh™'|g€ Ly, he L;j, 1<4,j <k, g#h}
{gh™' |ge L, hc L, 1<i<k, g#h}
{gh™' g€ H, he H, g+# h}

_ Uf=1{gh_1 ‘ g = Lia h € L@', g # h}

TG - {1)) - (G- {1)).

q—
Thus

(q 7q 7q q, —|—1) d.s.s.
g—1 "g—1" ¢g—1



Let H be ahyperplanein PG(4,4). Defineagraph I as
follows.

vertices linesof H
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Let H be ahyperplanein PG(4,4). Defineagraph I as
follows.

vertices linesof H
edges pairs{L, L'} of skew lines such that
L ¢ L),
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Let H be ahyperplanein PG(4,4). Defineagraph I as
follows.

vertices linesof H
edges pairs{L, L'} of skew lines such that
L ¢ L),

Every cliqueof sizeq®> +1 = 17 in I gives a spread such
that its members belong to distinct (o )-orbits.
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Let H be ahyperplanein PG(4,4). Defineagraph I as
follows.

vertices linesof H
edges pairs{L, L'} of skew lines such that
L ¢ L),

Every cliqueof sizeq®> +1 = 17 in I gives a spread such
that its members belong to distinct (o )-orbits.

[' has
357 vertices, 42,976 edges,

and using , we seethat I' has no cligue of size
17.
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When ¢ > 4, the exhaustive search like the case of
PG (4, 4) does not work.
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When ¢ > 4, the exhaustive search like the case of

PG(4,4) doesnot work.  So we try to perform amore
restrictive search, by assuming more symmetry

( )-
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When ¢ > 4, the exhaustive search like the case of

PG(4,4) doesnot work.  So we try to perform amore
restrictive search, by assuming more symmetry

( )
GF(q’) < GF(q)° — PG(4,q)
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When ¢ > 4, the exhaustive search like the case of

PG(4,4) doesnot work.  So we try to perform amore
restrictive search, by assuming more symmetry

( ).
GF(¢’) < GF(q)> — PG(4,q)
(f) = AUtGF ().
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When ¢ > 4, the exhaustive search like the case of

PG(4,4) doesnot work.  So we try to perform amore
restrictive search, by assuming more symmetry

( ).
GF(q’) «» GF(q)> — PG(4,q)
(f) = AUtGF ().
Regard f as an automorphism of PG(4, q).
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When ¢ > 4, the exhaustive search like the case of

PG(4,4) doesnot work.  So we try to perform amore
restrictive search, by assuming more symmetry

( ).
GF(q’) «» GF(q)> — PG(4,q)
(f) = AUtGF ().
Regard f as an automorphism of PG(4, q).

f fixes aunigue hyperplane H, but none of the lines of
H.
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When ¢ > 4, the exhaustive search like the case of

PG(4,4) doesnot work.  So we try to perform amore
restrictive search, by assuming more symmetry

( ).
GF(q’) «» GF(q)> — PG(4,q)
(f) = AUtGF ().
Regard f as an automorphism of PG(4, q).

f fixes aunigue hyperplane H, but none of the lines of
H

Lobk for an f-invariant spread

2 3 4 4
S={Li,L,L{ L, L{,...L, }

5)

of H, such that its members belong to*eigtrmet (s r=ortits:™




In graph theoretic terms again, define agraph I as
follows.

vertices {LY) | L: lineof H}: setsof skew lines
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In graph theoretic terms again, define agraph I as
follows.

vertices {LY) | L: lineof H}: setsof skew lines

edges pairs {L), MV} suchthat L N M = ()

and L' ¢ M7
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In graph theoretic terms again, define agraph I as
follows.

vertices {LY) | L: lineof H}: setsof skew lines

edges pairs {L), MV} suchthat L N M = ()
(o)

and L/ ¢ M.
Every clique of size (¢*> +1)/5 = 13 in T gives an f-
Invariant spread such that its members belong to distinct
(o)-orbits.
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715 vertices, 107,694 edges,

Singer difference sets and difference system of sets— p.12/1



[' has
715 vertices, 107,694 edges,

and using , we seethat " has aclique of size
13.

Singer difference sets and difference system of sets— p.12/1



[' has
715 vertices, 107,694 edges,

and using , we seethat " has aclique of size
13.
PG(4,8) is 3-partitionable.
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[' has
715 vertices, 107,694 edges,

and using , we seethat " has aclique of size
13.

PG(4,8) is 3-partitionable.
Somewhat more complicated analysis shows that
PG(4, q) is 3-partitionable for ¢ = 5, 9.
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[' has
715 vertices, 107,694 edges,

and using , we seethat " has aclique of size

13.

PG(4,8) is 3-partitionable.
Somewhat more complicated analysis shows that
PG(4, q) is 3-partitionable for ¢ = 5, 9.

They give

1, + g q+ 1)

difference system of setsfor ¢ = 5, 8, 9.
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As before let o denote a Singer cyclein PG(6, q).
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Question 4. Does there exist a spread 11 of planes of a
hyperplane H in PG(6, ¢) such that
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Question 4. Doesthere exist a spread I1 of planes of a
hyperplane H in PG(6, ¢) such that
the members of 11 belong to distinct (o )-orbits,
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Question 4. Does there exist a spread 11 of planes of a
hyperplane H in PG(6, ¢) such that

the members of 11 belong to distinct (o )-orbits,

II forms a difference family.

Singer difference sets and difference system of sets— p.13/1



Question 4. Doesthere exist a spread I1 of planes of a
hyperplane H in PG(6, ¢) such that

the members of 11 belong to distinct (o )-orbits,

II forms a difference family.
IfIl = {P, P,...,Ps.,} issuchaspread of planes,
then II forms a

(q7—1 P41 q5—q2,q3—1)
qg—1"° "g—1"¢qg-1

difference system of sets.
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Question 4. Doesthere exist a spread I1 of planes of a
hyperplane H in PG(6, ¢) such that

the members of 11 belong to distinct (o )-orbits,

II forms a difference family.
IfIl = {P, P,...,Ps.,} issuchaspread of planes,
then II forms a

(

difference system of sets.
A difference family whose members belong to distinct
(o)-orbits was constructed for ¢ =2 by Miyakawa—

M u nerna%_Yoml ara 1995 . Singer difference sets and difference system of sets — p.13/1

J—J(ﬁ+1q&—f}ﬁ—1)
qg—1"° "g—1"¢qg-1




