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A packing problem

Q,| = v, 5 C (), a most A-intersecting:

Bell, Bell, B#B" = |BNnB| <A\

Given v, k, A, find the largest possible size of such a subset
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Binary codes

Let C' beabinary linear code with minimum weight /.
If u, v aredistinct codewords of C' of the same weight «//, then

| supp(u) N supp(v)| <

(because u + v € C)
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Linear programming bound

Bc ("), 2k <wv, X apositiveinteger

B,B €B, BB = |[BNB/|<A
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Linear programming bound
Bc (), 2k<wv, Lc{01,....k—1}
B,B'€eB, B#B" — |BNB'|e L

|B| is bounded from the above by

k
maxz a; subject to (ag, ay,...,a)Q > 0,
i=0

CL():l, CL]{_Z:O(ZgéL), CLj >O(\V/])
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Linear programming bound
Bc (), 2k<wv, Lc{01,....k—1}
B,B'€eB, B#B" — |BNB'|e L

|B| is bounded from the above by

k
maxz a; subject to (ag, ay,...,a;)Q > 0, (entrywise)
i=0

apg = 1, ak—izo(iéL)a a ZO(Vj)

- () DB vz

J
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Example
v=062, k=7, L =1{0,1}. |B|isbounded from the above by

maxZai subject to (ag,a,...,a:)Q >0,
i=0

CL():l,CL_i:O(Z'%L), CLJZO(\V/])
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Example
v=062, k=7, L =1{0,1}. |B|isbounded from the above by

maxZai subject to (ag,a,...,a:)Q >0,
i=0

CL():l,CL_i:O(Z'%L), CLJZO(\V/])

maxZai subjectto (1,0,...,0,as,a7)Q > 0,
i=0
Ag 2 0, a Z 0
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Example
v=062, k=7, L =1{0,1}. |B|isbounded from the above by

maxZai subjectto (1,0,...,0,as,a7)Q > 0,
i=0
Ag 20, a ZO
max 1+ a + b subjectto (1,0,...,0,a,b)Q > 0,
a>0 06>0
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Example
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Example
v=062, k=7, L =1{0,1}. |B|isbounded from the above by

max 1+ a + b subjectto (1,0,...,0,a,b)Q) > 0,
a>0 6>0

13a — 496 > —385,
—73a + 49b > —3465
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Example
v=062, k=7, L =1{0,1}. |B|isbounded from the above by

max 1+ a + b subjectto (1,0,...,0,a,b)Q) > 0,
a>0 6>0

130 — 49p > —385, ~ maximized at (a,b) = (22, £52)
_73a + 49b > —3465

a

(0,0
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Binary codes

A binary code is a subset (often a subspace) of the vector space 7.
n 1S called the length of the code.  The support of avector u € F7 is

(w) ={j [1<j<n, u #0},
and the size of the support istheweight () of wu.

An element of acode C is caled acodeword.
The minimum weight of C' isthe minimum of weights of nonzero
codewords.

An [n, k,d| code C'isalinear code of length n, dimension &, and mini-

mum weight d.
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Weight enumer ator

Let y be an indeterminate. For abinary code C' of length n, set
A= H{u e C | wt(u) =i}
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Let y be an indeterminate. For abinary code C' of length n, set
A= H{u e C | wt(u) =i}

We = Z Ay’
i—0
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Weight enumer ator

Let y be an indeterminate. For abinary code C' of length n, set
A= H{u e C | wt(u) =i}

We = Z Ay’
i—0

The polynomial W is called the weight enumerator of C'.

An extremal problem related tobinary singly even self-dual codes— p.7/2



Dual codes

The dual code of alinear code C' Is

C+={u cF}| (u,v)=0foralvecC}
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C: self-dual code — C = C*.
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Dual codes

The dual code of alinear code C' Is

C+={u cF}| (u,v)=0foralvecC}

C: self-dual code — C = C*.
For a self-dual code C,

O < wt(u) =0 (mod 4) forVu € C.
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Dual codes

The dual code of alinear code C' Is

C+={u cF}| (u,v)=0foralvecC}

C: self-dual code — C = C*.
For a self-dual code C,

O < wt(u) =0 (mod 4) forVu € C.

Otherwise C' i1scalled
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Shadows

Conway and Sloane (1990) introduced shadows of
self-dual codes.
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Co={uecC|wt(u)=0 (mod4)}
Is alinear subspace of C' of codimension 1.

There are cosets (', Cs, C5 of C such that
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Welght enumer ator
If C'iIsaseaf-dual code of length n, then

(/8]
Wo =3 a;(1+ 2" (21 — )2y

7=0
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Welght enumer ator
If C'iIsaseaf-dual code of length n, then

[n/8]
Wo =3 a;(1+y")"* (@ (1 = y*)?)
j=0
[n/8] o o o o
WS _ Z aj(_l)an/2—6]yn/2—4j(1 o y4)2]
=0
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Welght enumer ator
If C'iIsaseaf-dual code of length n, then

[n/8]
Wo =" a;(1+9*)"* Y(y2(1 - )Y
j=0
/8 | |
Ws =Y a;(=1)72"2 %y " (1 —y)
j=0
In particular, Vu € S,
n
wt(u) = 3 (mod 4).
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Extremality

The minimum weight d of aself-dual code of length /. is bounded from
the above by

d <

Al /24 +4 1 £22 (mod 24),
400 /24 +6 1 =22 (mod 24).
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Extremality

The minimum weight d of aself-dual code of length /. is bounded from
the above by

{4[ /24 +4 1 #£22 (mod 24),
d <
— | 4]1/24]+6 =22 (mod 24).

A code achieving this bound is called
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Extremality

The minimum weight d of aself-dual code of length /. is bounded from
the above by

{4[ /24 +4 1 #£22 (mod 24),
d <
— | 4]1/24]+6 =22 (mod 24).

A code achieving this bound is called
Equality imposes strong restrictions on the weight enumerator.
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Self-dual |62, 31, 12| code

We =1+ (1860 + 323)y'* + (28055 — 1608)y™* + - - - |
Ws =By’ +12(93 — B)y" + - --
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Self-dual |62, 31, 12| code

We =1+ (1860 + 323)y'* + (28055 — 1608)y™* + - - - |
Ws =By’ +12(93 — B)y" + - --

So 0 <3<
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Self-dual |62, 31, 12| code

We =14 (1860 + 3203)y™* + (28055 — 1603)y"* + - - |
Ws =By’ +12(93 — B)y" + - --

S0 0 < 3 <95 Ontheother hand, there is acombinatorial bound.
If C' has minimum distance d, then
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Self-dual |62, 31, 12| code

We =14 (1860 + 3203)y™* + (28055 — 1603)y"* + - - |
Ws =By’ +12(93 — B)y" + - --

S0 0 < 3 <95 Ontheother hand, there is acombinatorial bound.
If C' has minimum distance d, then

WS — ZBHJT — Br < A(nada T)a

r=0
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Self-dual |62, 31, 12| code

We =14 (1860 + 3203)y™* + (28055 — 1603)y"* + - - |
Ws =By’ +12(93 — B)y" + - --

S0 0 < 3 <95 Ontheother hand, there is acombinatorial bound.
If C' has minimum distance d, then

WS — ZBHJT — Br < A(nada T)a

r=0

where A(n, d,r) isthe maximal possible number of binary vectors of
length n, weight » and Hamming distance at least d apart. This is be-

cause S (which isisometric to C') has minimum distance d.
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Self-dual |62, 31, 12| code

We =1+ (1860 + 328)y™ + (28055 — 1608)y™* + - - -,
Ws=Jy" +12(93 - By +--- (0 < 3 <93).
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Self-dual |62, 31, 12| code

We =1+ (1860 + 328)y™ + (28055 — 1608)y™* + - - -,
Ws=Jy" +12(93 - By +--- (0 < 3 <93).

— B; < A(62,12,7)

Hamming distance at least 12 < at most | -intersecting
We have seen by the linear programming bound that

A(62,12,7) < 90,

0<B<
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Two parts of the shadow

—> al most 1-intersecting
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Two parts of the shadow

Recall that the shadow .S’ consists of two cosets C, C5 of C.

—> al most 1-intersecting
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Two parts of the shadow

—> al most 1-intersecting

Cs C's
wt. 7
Co C
min. Wt. wt. 7
12
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Two parts of the shadow

—> al most 1-intersecting

—> Eachof C; and Cs IS
at 1-intersecting

Cs C's
wt. 7
Co C
min. Wt. wt. 7
12
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Two parts of the shadow

—> al most 1-intersecting

—> Eachof C; and Cs IS
at 1-intersecting

Cy C's
wt. 7
O C, uc(Cl,velCs — u+vel
min. wit. wt. 7
12
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Two parts of the shadow

—> al most 1-intersecting

—> Eachof C; and Cs IS
at 1-intersecting

C C'y
min. Wt. wt. 7

14

O C, uc(Cl,velCs — u+vel
min. Wt. wt. 7

12
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Two parts of the shadow

BY = {supp(u) | u € C;, wh(u) =7} (i=1,3).

B=BYUBY c (962)
7
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B=BYUBY c <Q62)
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Each of B, B®) is (exactly) 1-intersecting, and
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|J B, o®= [] B.

BeB) B’eB®)
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Two parts of the shadow

BY = {supp(u) | u € C;, wh(u) =7} (i=1,3).

B=BYUBY c <Q62>
7

Each of B, B®) is (exactly) 1-intersecting, and

BeBY B eB® — BnB =

|J B, o®= [] B.

BeB) B’eB®)

Then QU N QG =0, QO UQB) ¢ Q.
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Two parts of the shadow

BY = {supp(u) | u € C;, wh(u) =7} (i=1,3).

B=BYUBY c <Q62>
7

Each of B, B®) is (exactly) 1-intersecting, and

BeBY B eB® — BnB =

|J B, o®= [] B.

BeB) B’eB®)

Then QU N QG =0, QO UQB) ¢ Q.

1
B - (Q( ))’ BG) C

An extremal probler related tobinary singly even self-dual codes — p.15/2

7




| mproved upper bound

BY|+ |B®| =|B| =4 < 90.
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inav® = |Q0|-element set
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inav® = |Q0|-element set
<max 1+ a subjectto(1,0,0,0,0,0,a,0)Q >0, a >0
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| mproved upper bound

BY|+ |B®| =|B| =4 < 90.

IBY| < maximal possible size of 1-intersecting family
inav® = |Q0|-element set
<max 1+ a subjectto(1,0,0,0,0,0,a,0)Q >0, a >0

—. M(v®).
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IBY| < maximal possible size of 1-intersecting family
inav® = |Q0|-element set
<max 1+ a subjectto(1,0,0,0,0,0,a,0)Q >0, a >0
—: M(v®).

B < MW) 4+ M(v®)
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inav® = |Q0|-element set
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| mproved upper bound

BY|+ |B®| =|B| =4 < 90.

IBY| < maximal possible size of 1-intersecting family
inav® = |Q0|-element set
<max 1+ a subjectto(1,0,0,0,0,0,a,0)Q >0, a >0
—: M(v®).

B < MW) 4+ M(v®)
< max{M(v)+ M(62—2v)|0<0v <62}

Known realizable values of 5.

An extremal problem related tobinary singly even self-dual codes — p.16/2



| mproved upper bound

BY|+ |B®| =|B| =4 < 90.

IBY| < maximal possible size of 1-intersecting family
inav® = |Q0|-element set
<max 1+ a subjectto(1,0,0,0,0,0,a,0)Q >0, a >0
—: M(v®).

B < MW) 4+ M(v®)
< max{M(v)+ M(62—2v)|0<0v <62}

Known realizablevalues of 3. 0,10,15.
(Dontcheva-Harada, 2002)
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Another example

Every self-dual (42, 21, 8] code C' whose shadow S does not contain a
vector of weight 1 has welght enumerator
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Another example

Every self-dual (42, 21, 8] code C' whose shadow S does not contain a
vector of weight 1 has welght enumerator

We =1+ (84 +803)y® + (1449 — 248)y' + - - - |
Ws = By’ + (896 — 83)y” + - - -
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Two parts of the shadow

(s C5
wt. 5

Co Ch

min. Wit.
wt. 5
8
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Two parts of the shadow

®
o

supports of

vectors of
weight 5

digoint
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| mproved upper bound

BY| + B =8| = 5.
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| mproved upper bound

BY| + B =8| = 5.

IBY| < maximal possible size of 1-intersecting family
inav® = |Q0|-element set
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| mproved upper bound

BY| + B =8| = 5.

IBY| < maximal possible size of 1-intersecting family
inav® = |Q0|-element set
<max 1+ a subjectto(1,0,0,0,0,0,a,0)Q >0, a >0
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| mproved upper bound

BY| + B =8| = 5.

IBY| < maximal possible size of 1-intersecting family
inav® = |Q0|-element set
<max 1+ a subjectto(1,0,0,0,0,0,a,0)Q >0, a >0

= M5(?)(Z))
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| mproved upper bound

BY| + B =8| = 5.

IBY| < maximal possible size of 1-intersecting family
inav® = |Q0|-element set
<max 1+ a subjectto(1,0,0,0,0,0,a,0)Q >0, a >0
=: M5(v?).

B < Ms(vW) 4+ Ms(v®)
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| mproved upper bound

BY| + B =8| = 5.

IBY| < maximal possible size of 1-intersecting family
inav® = |Q0|-element set
<max 1+ a subjectto(1,0,0,0,0,0,a,0)Q >0, a >0
=: M5(v?).

B < Ms(vWM) + Ms(v®)
< maX{M5(v) + M5(42 — U) ‘ 0 S U S 42}
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BY| + B =8| = 5.

IBY| < maximal possible size of 1-intersecting family
inav® = |Q0|-element set
<max 1+ a subjectto(1,0,0,0,0,0,a,0)Q >0, a >0
=: M5(v?).

B < Ms(vWM) + Ms(v®)
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| mproved upper bound

BY| + B =8| = 5.

IBY| < maximal possible size of 1-intersecting family
inav® = |Q0|-element set
<max 1+ a subjectto(1,0,0,0,0,0,a,0)Q >0, a >0
=: M5(v?).

B < Ms(vWM) + Ms(v®)
< maX{M5(v) + M5(42 — U) ‘ 0 S U S 42}

Equality holds only if vV = v(3 = 21 and in this case
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| mproved upper bound

BY| + B =8| = 5.

IBY| < maximal possible size of 1-intersecting family
inav® = |Q0|-element set
<max 1+ a subjectto(1,0,0,0,0,0,a,0)Q >0, a >0
=: M5(v?).

B < Ms(vWM) + Ms(v®)
< maX{M5(v) + M5(42 — U) ‘ 0 S U S 42}

Equality holds only if vV = v(3 = 21 and in this case
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Characterization

Theorem 2. There exists a unique binary self-dual |42, 21, 8] code
with welght enumerator

We =1+ (84+80)y"° + (1449 — 248)y' 0 + - - -,
Ws = By° + (896 — 83)y” + - --

with 6 = 42.
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Characterization

Theorem 1. There exists a unique binary self-dual |42, 21, 8] code
with welght enumerator

We =1+ (84+80)y"° + (1449 — 248)y' 0 + - - -,
Ws = By° + (896 — 88)y” + - --
with 6 = 42.

This theorem was obtained recently, and independently, by Stefka

Buyuklieva.

An extremal problem related tobinary singly even self-dual codes— p.21/2



