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Moti vation

ThebinaryperfectGolaycodeis asetof elementsof
thevectorspace , giving apartitionof into
spheresof volume

radius with respectto theHammingmetric.

TheGolaycode canbemadelinear, anduniqueup
to isometry.
Construction:by quadraticresiduesmodulo .
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SpherePacking Bound

TheHammingdistanceis definedby

if is asetof centersof non-overlappingspheresof
radius .
Uniqueness:ThebinaryperfectGolaycodeis theonly
way to partition into spheresof radius
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RelatedObjects

ThebinaryperfectGolaycode

TheextendedbinaryGolaycode
TheMathieugroup
TheWitt system
TheLeechlattice

Conway’ssimplegroups
TheLayer
TheLayeronahyperplane

Surprisingly, Mathieugroupswerediscoveredfirst.
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Extr emality of configurations in di-
mension

: spherepackingbound

: minimumdistancebound

: minimumnormbound

: sizeboundfor antipodal -distanceset

: -design

: spherical -design,bound

: spherical -design,bound
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General inequalities

Doubly-evenself-dualcodeof length

: ,
, , .

length 8 16 24 32 40 48
4 4 8 8 12
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General inequalities

Evenunimodularlatticeof rank : ,

(or
equivalently, )

, .

rank 8 16 24 32 40 48
2 2 4 4 6
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The Broué-Enguehard map

A doubly-evenself-dualcodeof length hasminimum
weight .

An evenunimodularlatticeof rank hasminimumnorm
.

This coincidencecomesfrom Broué-Enguehard
isomorphismof aninvariantring andthering of
modularforms.
As agradedring, hasPoincaréseries
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The Poincaréseries

ThePoincaréseriesof thegradedring of theinvariant
ring containingtheweightenumeratorpolynomialsof
doubly-evenself-dualcodesis

Roughlyspeaking, is thedegreeof freedomfor

minimumweightbound.
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General inequality for -distanceset

: finite antipodal -distanceset.Then

Equalityholdsif (hexagon), (icosahedron),

(Leech ) (?) (?)
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Dimension48

A doubly-evenself-dualcodecouldhaveminimum
weight

.
An evenunimodularlatticecouldhave minimumnorm

.
An antipodal -distancesetin theunit spherein
couldhave .
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Dimension48 (Results)

A doubly-evenself-dualcodewith minimumweight
is known (theextendedquadraticresiduecode).

Shown
to beunique(by computer).
Houghten–Lam–Thiel–Parker (2003)
Threeevenunimodularlatticewith minimumnorm are
known: . Not known whetherthese
threearetheonly ones.
An antipodal -distancesetin theunit spherein
couldhave , but it wasshown recently
(Bannai–M.–Venkov) thatsuchasetdoesnotexist.
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Construction A

Let bethecanonical
homomorphism.If is aself-dualcode,
thenthelattice

is aunimodularlattice.

Thelattice hasan -frame,i.e.,
s.t. .

Thelattice hasa -frame(henceis not the
Leechlattice).
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Neighbor relations

Two unimodularlattices aresaidto beneighborsif
hasindex in (andalsoin ).

Dimension24:

� � �

Leech

hasmin
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Neighbor relations

Dimension48: (Harada–Kitazume–M.–Venkov)

� QR

�� � � QR

� �

new

Pless
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Neighbor relations

Dimension48:

�
�� � �

DoesNebe’s lattice have a -frame?
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Designs

Sofarwestudiedcodes,latticesand -distancesetsas
extremalconfigurations.

Closelyrelatedconceptof a
configurationis theconceptof designs,definedby
optimizationrequirement.
Assmus–MattsonTheorem:d.e.s.dcode
(combinatorial)design. Witt system arisesin this
wayby takingthesetof supportsof vectorsof minimum
weightin .
Venkov’sTheorem:lattice sphericaldesign. The
layer in theLeechlatticeis aspherical -design.
Delsarte–Goethals–SeidelTheorem:extremal -distance
setin sphericaldesign
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Definition of a design

A spherical -design is afinite subsetof
s.t.

� 	 � 	

holdsfor any polynomial of degree .

A (combinatorial) -design is asubsetof s.t.

holdsfor any polynomial of degree .
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Combinatorial designs

A (combinatorial) -design , or - designis a
subsetof suchthat



�

holdsfor any polynomial of degree , where is a
setof elements, is thesetof all -elementsubsets
of .

Polynomialfunctionsarepolynomialin thefunctions
, with or accordingas or not.

ExtremalConfigurationsin Dimension48– p.19/24



Combinatorial designs

A (combinatorial) -design , or - designis a
subsetof suchthat



�

holdsfor any polynomial of degree , where is a
setof elements, is thesetof all -elementsubsets
of .
Polynomialfunctionsarepolynomialin thefunctions

, with or accordingas or not.

ExtremalConfigurationsin Dimension48– p.19/24



Combinatorial designs



�

Polynomialfunctionsarepolynomialin thefunctions
, with or accordingas or not.

Taking with distinct,wesee
thatthenumberof containing is
independentof thechoiceof . This numberis
denotedby .
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Designsin dimension48

Fromanextremaldoubly-evenself-dualcodeof length
, oneobtains - design.Is suchadesign

unique?

If is a - design,then

vectorof weight in

andthesevectorgeneratea linearcode .
Assuming is self-orthogonal,i.e.,

even

weaim to show that is a (unique)extremal
doubly-evenself-dualcodeof length .

ExtremalConfigurationsin Dimension48– p.21/24



Designsin dimension48

Fromanextremaldoubly-evenself-dualcodeof length
, oneobtains - design.Is suchadesign

unique?
If is a - design,then

vectorof weight in

andthesevectorgeneratea linearcode .

Assuming is self-orthogonal,i.e.,

even

weaim to show that is a (unique)extremal
doubly-evenself-dualcodeof length .

ExtremalConfigurationsin Dimension48– p.21/24



Designsin dimension48

Fromanextremaldoubly-evenself-dualcodeof length
, oneobtains - design.Is suchadesign

unique?
If is a - design,then

vectorof weight in

andthesevectorgeneratea linearcode .
Assuming is self-orthogonal,i.e.,

even

weaim to show that is a (unique)extremal
doubly-evenself-dualcodeof length .

ExtremalConfigurationsin Dimension48– p.21/24



Characterization Method

Suppose , . In the
definingequationof adesign,take to beelementary
symmetricfunctionsof degreeatmost in

	 � .

Then , and

where .
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Designsin dimension48

For aself-orthogonal - design,if ,
then unless . Thereare
unknowns, equations,nosolutions.
Therefore doesnot containavectorof weight .

Similarargumentimplies

Theorem1 (Harada–M.–Tonchev) A self-orthogonal
- design is unique.
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Nonexistence of an extremal -
distanceset

If is a -distancesetof size in , then is a
spherical -design.

generatesanintegral lattice . Let
. With

, ,

giveslinearequationswith unknowns
.

Theorem2 (Bannai–M.–Venkov) There is no
antipodal -distance set of size in .
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