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Lemma 50. With reference to Definition 6, if a,b,x,y € F(X) and tN = yN, then
axbN = aybN.

Proof.

tN =yN — 2 'y €N
— b lalybe N
— DN =ybe N
= axbN = aybN.

O

Lemma 51. With reference to Definition 6, suppose ti,...,t, € X. If there exist i, j with
1 <4 < j < rsuch that

Ly tjatjtj_y---tig1 €N,
then

~

t1"‘trN:t1"'£@'"'tj"'trN,

where the hat denotes omission.

Proof. Setting a = ty---1;, b = tjpq-+-t,, v = landy = t;---t;_1tt;_1 -+ {41 In
Lemma 50 gives the result. ]

Theorem 52. Let A be a simple system in a root system ®. For o, € A, let m(«a, f)
denote the order of s.sg, that is, the least positive integer k such that (s,s5)* = 1 holds.
Then the group W = W (®) has presentation (X | R), where

X ={to | « € A} (a set of formal symbols),
R ={(tats)" " | 0. € A, a # B}

Proof. As in Definition 6, let F'(X) denote the free group generated by the set of involu-
tions X. Let IV be the subgroup generated by the set

{cYr¥lc| ce F(X), r € R). (76)

We need to show that W is isomorphic to F'(X)/N.

Clearly, there is a homomorphism from F'(X) to W mapping ¢, to s, for all « € A.
By Theorem 41, this homomorphism is surjective. Moreover, since the set (76) is mapped
to 1 by this homomorphism, there exists a surjective homomorphism f : F(X)/N — W
satisfying f(t,N) = s, forall « € A. We need to show that f is injective. This will follow
if

t1,...,t, €T, f(ty---t,N)=1 = ty---t, € N. (77)
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We prove this by induction on r. First we note that r is even. Indeed, f(t;---t,N) = 1
implies
sp-csp =1, (78)

where s; = f(t;N) € {s, | @ € A} is areflection. Thus dets; = —1, so (—1)" = 1. This
implies that r is even. Clearly, (77) holds for r = 0. Also, if » = 2, then s;s5, = 1. This
implies s; = s, 80 t; = t5. Thus t1t, =1 € N.

Now assume r = 2¢q, where ¢ > 2. We first prove the special case where

i1 =t3="---=1gg1, o =14 ="+ =t (79)
In this case, let t; = t,, and ¢y = tg. then (78) implies (s,$3)? = 1, which in turn implies

m(«, ) | g. Thus
tl e t2q — ((tatﬁ)m(OCVﬁ))q/m(avﬁ) 6 N

Next we prove another special case where
1<d<3y<2q j—1<q, S1---8;-8; -89 = L. (80)
Indeed, comparing this with (78) yields
Siv 85 = Sip1 Sj_1,

or equivalently,

Since j — 7 < ¢, we can apply the inductive hypothesis to conclude
tietj_qtit;y---tigg € N,
Using Lemma 51, we obtain
t1"~t2qN=t1~~'£¢"'£j"'t2qN- (81)

Together with the assumption of (77), we obtain

The result then follows from (81).
Before proceeding to the general case, observe

S1° 8, =1 & s;---5:51---85.-1=1,
t1--t, €N < t;- -t t1---t;_1 € N.
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Define s,,; = s; for1 < i <randt,,; =t; for1l < i < r. Then the second special case
treated above actually takes care of the case:

1<di<dy<dq, j—1i<q, Sir 8 = Si41° " Sj-1- (82)

Also, since the first special case has already been established, we may assume that there
exists ¢ with 1 < ¢ < 2¢ such that t; # t;,o. Without loss of generality, we may assume

tl 7& t3, SO
S1 7& S3. (83)

Since
SESk+1 ** * Sk+q = Sk+2¢q—1Sk+2¢—2 ' * * Sk4q+1 (1 <k< QQ)a

we have
C(SkSkt1 - Skag) Sq—1< g+ 1.

Theorem 48(iii) implies that there exist ¢, j with k < ¢ < j < k + ¢ such that

A ~

Sksk-i-].”.sk’-i-q:Sk."si...sj”.sk’—i-(p
or equivalently,
Si“'sj :8i+1"'8j71'
Since the second special case includes (82), we may assume k = ¢ and j = k + ¢, that is,
SESk+1 " Skiq = Skt1° " Skig—1 (1 <k < 2q).

In particular, as g > 2,

5182+ Sg41 = S22 Sq, (34)
8283 "+ Sg+2 = S3° " Sq+1,

8384 " 8q4+3 = S4° "+ Sq+2,

or equivalently,

SlSQ"’Sq:SQ"'SqJ,_l,

5283+ Sg41 = 83+ Sg42, (85)
S384 " Sqy2 = S4° " Sq43- (86)

By (85), we have
53(52 s Sq+1)(3q+2 T 54) =L (87)

In particular,
U(s3(s27 7+ 8q11)) Sqg—1<qg+1.

If
S3(S2 -+ Sqr1) = S2+ - Sq, (88)
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then (84) implies s; = s3, contradicting (83). Thus s3(sa -« S441) 7# S2- - -S4, and hence
Theorem 48(iii) implies that we are in the second special case for the relation (87), and
hence

ts(ta - - tgyr)(tgra- - - ts) € N.

This implies
Ly« tgpiloatyrr - t3 € N.

By Lemma 51, we obtain
ty-etogN = tity - tyo- - tayN. (89)
Together with the assumption of (77), we obtain
fltitg - typn--toyN) =1,
which, by the inductive hypothesis, shows
tity - typn---tog € N.

The result then follows from (89). O]
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