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We assume the reader is familiar with linear algebra, for example, finite-dimensional real
vector spaces, the standard inner product, subspaces, direct sums, the matrix representation
of a linear transformation.

Let o € R? be a nonzero vector. The set of vectors orthogonal to a form a line L, and
R? = Ra @ L holds. Given A € R? can be expressed as

A=ca+pu forsomece Randp € L. (1)
Since (p, o) = 0, we have

(co+ p, @)
(@, a)

A
_ o) (by (1)).

(o, q)

The reflection of A with respect to the line L is obtained by negating the («)-component of
Ain (1), that is,

—ca+ pu=\—2cx
2(A
(o)

=AC (o, )

Let s, : R* — R? denote the mapping defined by the above formula, that is,

2(\, )

(@, )

Sa(A) = A — a (AeRY. )

It is clear that s, is a linear transformation of R2. This means that there exists a 2 x 2
matrix S, such that
5a(A) = Sad (A € R?). (3)

To find S,, recall that L is the line orthogonal to «. Let
_|cos®
H= lsing
be a vector of length 1 in L. The vector
P sin 6
| cosf
is orthogonal to x, hence in Ra. This implies that

sa(p) = u,
Sa(V) = —v.



Thus

which implies

[cos®  sin 9 cosf —sinf|
| sin § —cosf| [sinf cosf

- [cosf®  sinf cosf sinf
o |sinf —cosf| |—sinf cosd

| 2sinflcosf  —(cos? — sin?)
~ [cos20  sin26
|sin20 —cos26| "

_ [cos? 6 — sin?6 2sin 6 cos }

This is the matrix representation of a reflection on the plane R2.
We next consider the composition of two reflections. Let s, and S, be as before, and
let s3 be another reflection, with matrix representation

g, — cos2p  sin2¢p
7 sin2p —cos2p|”

Then

g g [cos20  sin20 ] [cos2p  sin2p
G sin20 —cos26| |[sin2¢p —cos2¢p
_ [cos2(0 — p) —sin2(0 — p)
1sin2(0 — ) cos2(0 — ¢)
[c0s2(0 — @) cos(2(0 — ) + )
|sin2(0 — ) sin(2(0 —p) +7) ]

This matrix maps the standard basis vector

- -2

oo -9

meaning that both vectors are rotated 2(6 — ¢). Therefore, the product of two reflection is
a rotation.

We are interested in the case where the resulting rotation is of finite order, that is,
2(0 — ) is a rational multiple of 27. For brevity, write s = s,, ¢t = sz and id = 1. In this
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case, there exists a positive integer m such that (st)”™ = 1. We may assume s # ¢, so that
st # 1. We may choose minimal such m, so that

st, (st)?, ..., (st)™ t #£ 1,

Writing r = st, this implies

1,r,r2, ..., r™ ! are pairwise distinct. 4)
We aim to determine the set (s, t) of all linear transformations expressible as a product of
s,t. We have already seen that this set contains at least m distinct elements (4). Since
s? = t? = 1, possible product of s, t are one of the following four forms:

stst - - - st, 5)
stst - - - sts, (6)
tsts---ts, (7
tsts---tst. (8)

Products of the form (5) are precisely described in (4). Products of the form (6) are
s,rs,r2s, ..., rm s, 9)

and these are distinct by (4). Since ts = t~'s™! = (st)~! = r~!, products of the form (7)
are nothing but those in (4). Finally, since rt = s, products of the form (8) are then those in
(9). Therefore, (s,t) consists of 2m elements described in (4) and (9). To show that these
2m elements are distinct, it suffices to show that there is no common element in (4) and
(9), which follows immediately from the fact that det » = 1 and det s = —1.

It is important to note that this last part of reasoning, except the distinctness, follows
only from the transformation rule

sf=1?=1, (st)"=1. (10

Setting r = st, we have ™ = 1 and srs = r—!. Written in terms of 7 and s, we can also
say that the determination of all elements in (s, ¢) follows only from the transformation rule

sP=r"=1, sr=rls. (11)

Indeed, one can always rewrite sr to 7™ s, so every element in (s, ) is of the form r*s/
with0 < k <mand j € {0,1}.

In the next lecture, we will discuss a rigorous way of dealing with words in formal
symbol subject to relations such as (10) and (11). In addition to this formal aspect, we will

discuss explicit realizations of these symbols as linear transformation.

Definition 1. A linear transformation s : R™ — R" is called a reflection if there exists a
nonzero vector « such that s(a) = —« and s(h) = h for all h € (Ra)*.



Note that, since R" = Ra @ (Ra)*t, the linear transformation is determined uniquely
by the conditions s(o) = —« and s(h) = h for all h € (Ra)*, so we denote this reflection
by s,. Moreover, any nonzero scalar multiple of « defines the same reflection, that is,
Sq = Seq for any ¢ € R with ¢ # 0.

Lemma 2. Let s : R" — R" be a reflection. Then the matrix representation S of s is
diagonalizable by an orthogonal matrix:

-1
PSP =
1

for some orthogonal matrix P. Conversely, if the matrix representation of s is of this form
for some orthogonal matrix P, then s is a reflection.

Proof. Let s = s,. We may assume without loss of generality (o, ) = 1. Let 5a, ..., (3,
be an orthonormal basis of (Ra)*. Then «, B3, . . ., 3, is an orthonormal basis of R". Let

P=[a B B

Then P is an orthogonal matrix, and

-1
1
SP =P
1
To prove the converse, let o be the first column of P. Then clearly s(or) = —a and
s(h) = h forany h € (Ra)*. Thus s = s,. O
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Lemma 2 shows that S itself is also an orthogonal matrix. It is well known that this is
equivalent to s being an orthogonal transformation, that is,

(s(A)s(w)) = M) (A, € RT). (12)

This can be directly verified as follows. First, let s = s, with a # 0 and set

T(A) =X —

Then (7(A\), ) = 0, so
_ (ha)

(@, a)

is the representation of \ as an element of Ra & (Ra)*. By the definition of a reflection,
we obtain

a+7m(A)

(50050l = (= 2 = T2
_ C2ma) v 20a) 20 a) 2pa)
= (\ p) o) (A ) (a.0) (1, ) + (o) (OW)( Q)
_ 2 a)(me) 200 a)(pa) | AN @) (s @)
=(\ 1) (@) . + @ o)
= (A, ).

Therefore, s, is an orthogonal transformation.

For a real vector space V' with an inner product, the set of orthogonal transformation
is denoted by O(V). Thus, every reflection in V' is an element of O(V'). It is necessary to
consider a more general vector space V' than just R", since we sometimes need to consider
linear transformation defined on a subspace of R".

Let us recall how the transformation rule (10) was used to derive every word in (s, t)
is one of the 2m possible forms. We now formalize this by ignoring the fact that s, ¢ are
reflections. Instead we only assume s> = t*> = 1. In order to facilitate this, we consider
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a set of formal symbols X and consider the set of all words of length n. This is the set of
sequence of length n, so it can be regarded as the cartesian product

X"ZQ(XXX~~~><X.

n

Then we can form a disjoint union

X* = G X",
n=0

where X° consists of a single element called the empty word, denoted by 1.

A word z = (x1,29,...,x,) € X™is said to be reduced if x; # x;;1 for 1 < i < n.
By definition, the word 1 of length 0 is reduced, and every word of length 1 is reduced. For
brevity, we write © = x125 - - -z, € X" instead of z = (21,2, ...,x,) € X™. We denote
the set of all reduced words by F'(X).

We can define a binary operation p : F'(X) x F(X) — F(X) as follows.

p(la) = p(z, 1) =z (z € F(X)), (13)

andforz =z, z, e X"NEF(X)andy =y, -+ -y, € X" N F(X) withm,n > 1, we
define

ey Yy, € XM if ,
u(x,y)z{““ fmry if & 7 41 (14)

p(@1 - L1, Y2 Yn) otherwise.

This is a recursive definition. Note that if x,, # yi, then x1---x,,y;1 - - - ¥, is a reduced
word. Note also that there is no guarantee that z; - - - x,,,_1Y2 - - - ¥, 1s a reduced word. If it
is not, then z,,_1 = ys, so we define this to be p(xy - zp_2,93 - - yn). Since the length
is finite, we eventually reach the case where the last symbol of x is different from the first
symbol of y, or one of x, ¥y is 1.

Definition 3. A set G with binary operation x : G X G — G 1is said to be a group if
(i) p is associative, that is, p(p(a,b), c) = u(a, u(b, c)) for all a, b, c € G,
(ii) there exists an element 1 € G such that u(1,a) = p(a,1) = aforall a € G,
(iii) for each a € G, there exists an element ¢’ € G such that p(a,a’) = p(a’,a) = 1.
The element 1 is called the identity of GG, and ' is called the inverse of a.

Theorem 4. The set of reduced words F'(X) forms a group under the binary operation [
defined by (13)—(14).

Proof. Clearly, the empty word 1 is the identity in F'(X), i.e.,

p(la) = pa,1) =a (o€ F(X)). (15)
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Next we prove associativity (i), by a series of steps.
Step 1.
u(ula,2), p(x,b) = pla.b) (a,be F(X), o € X). (16)

Indeed, denote by a_; the last entry of a, and by b, the first entry of b. Write

a=adzx ifa_; =z,
b= xb if by = x.
Since
ar € F(X) ifa_; # z,
zb € F(X) if by # @,
we have
pld, o) ifay=x,b =,
a', xb ifa_i1=x,0 z,
i, 2), ) = AT = b7
plax, ') ifa_y #x,b ==,
plaz,xb) ifa_y #x, by #x
= p(a,b)
Step 2.
p(z, p(z,c) =c (ce F(X), z € X). (17)
Indeed,
w(z, p(z, c)) = p(p(l, x), p(z, c)) (by (13))
= u(1,¢) (by (16))
=c (by (13)).
Step 3.
p(x, w(b, c)) = p(p(z,b),¢) (byce F(X), z € X). (18)

Assume b € X™. We prove (18) by induction on m. If m = 0, then b = 1, so

pu(z, p(b, ¢)) = p(z, p(1, c))
= u(z,c) (by (15))
= p(p(x,1),c) (by (15))
= p(p(z,0),c

= u(z, plx, u(V', c))) (by induction)



(¥, )
(u(z,b), ).

L
I

If b = by and c = yc for some O/, ¢’ € F(X) and y € X, then

(by (17))

(by (14))
(by induction)

(by (16))

(by induction)

Finally, if b; # x and b_; # ¢;, then p(x,b) = xb and (b, ¢) = be, and xbe € F(X). Thus

pu(z, (b, ) = p(x, be)
= zbc
= /L(:L’b, C)
= U(ﬂ<x7 b)’ C)'

This completes the proof of (18).
Now we prove

/j,(CL, M<b7 C)) = M(M(av b)? C)

(a,b,c € F(X)). (19)

by induction on n, where a € X". The cases n = 0 is trivial because of (15). Assume

a=ax,where a’ € F(X)and x € X. Then

Therefore, we have proved associativity.

(by induction)
(by (18))

(by induction)
(by induction)

Ifa=xz -z, € F(X)NX", then the reversed word @' = z,, - - - x; € F(X)N X" is

the inverse of a.

]

We call F'(X) the free group generated by the set of involutions X . From now on, we
omit y to denote the binary operation in F'(X) by juxtaposition. So we write ab instead of
p(a,b) for a,b € F(X). Also, fora = x;---x, € F(X) N X", its inverse x,, - - - 1 will

be denoted by a .



Let s and ¢ be the linear transformation of R? represented by the matrices

1 0 cos 2= gin 2
and : 2T;Lr m27r 9
0 —1 sin 2 —cos L
m m

respectively. Let G = (s, t) be the set of all linear transformation expressible as a product
of s and ¢. We know

G={(st) |0<j<m}u{(st)Y!s|0<j<m}.

and |G| = 2m. The product of linear transformations defines a binary operation on G, and
G forms a group under this operation. This group is called the dihedral group of order 2m.
In order to connect the dihedral group with a free group, we make a definition.

Definition 5. Let G; and G5 be groups. A mapping f : Gy — G is called a homomor-
phism if
flab) = f(a)f(b) (Va,be Gy), (20)

where the product ab is computed under the binary operation in GG, the product f(a)f(b)
is computed under the binary operation in G2. A bijective homomorphism is called an iso-
morphism. The groups GG; and GG, are said to be isomorphic if there exists an isomorphism
from G to Ga.

Let X = {z,y} be a set of two distinct formal symbols. Clearly, there is a homomor-
phism f : F(X) — G with f(x) = s and f(y) = t, where G = (s, t) is the dihedral group
of order 2m defined above. Note that f((xy)™) = (st)™ = 1, but (zy)™ € F(X) is not the
identity. This suggests introducing another transformation rule (zy)™ = 1, in addition to
r? = y? = 1 as we adopted when constructing the group F'(X). We do this by introducing
an equivalence relation on F'(X). Let a,b € F(X). If there exists ¢ € F'(X) such that
a = bc(zy)™c, then f(a) = f(b) holds. So we write a ~ b if there is a finite sequence
a = ag,ai,...,a, = b € F(X) such that for each i € {1,2,...,n}, a; is obtained by
multiplying a;_; by an element of the form ¢~ !(zy)™c for some ¢ € F(X). Then ~ is
an equivalence relation, since a = bc™!(zy)™c implies b = a(zc) ! (zy)™(xzc). Clearly,
a ~ bimplies f(a) = f(b). In other words, f induces a mapping from the set of equiva-
lence classes to . In fact, the set of equivalence classes forms a group under the binary
operation inherited from F'(X ). We can now make this more precise.



May 2, 2016

Definition 6. Let X be a set of formal symbols, and let F'(X) be the free group generated
by the set of involutions X. Let R C F(X). Let N be the subgroup generated by the set

{cYr*lc| ce F(X), r € R}). (21)

In other words, N is the set of elements of F'(X) expressible as a product of elements in
the set (21). The set
F(X)/N={aN |a € F(X)},

where aN = {ab | b € N} for a € F(X), forms a group under the binary operation

F(X)/N x F(X)/N — F(X)/N
(aN,bN) +— abN

and it is called the group with presentation (X | R).

In view of Definition 6, we show that the dihedral group G of order 2m is isomorphic
to the the group with presentation (z,y | (xy)™). Indeed, we have seen that there is a
homomorphism f : F(X) — G with f(z) = sand f(y) = t. In our case, R = {(zy)™}
which is mapped to 1 under f. So f is constant on each equivalence class, and hence f
induces a mapping f : F(X)/N — G defined by f(aN) = f(a) (a € F(X)). This
mapping f is a homomorphism since

Moreover, it is clear that both f and f are surjective, since G = (s, t) = (f(z), f(y)). The
most important part of the proof is injectivity of f. The argument on the transformation
rule defined by (zy)™ shows

F(X)/N = {(zy)’N [0 < j <m}U{(zy)'zN |0 < j <m}.

In particular, |F/(X)/N| < 2m = |G|. Since f is surjective, equality and injectivity of f
are forced.

Definition 7. Let V be a finite-dimensional vector space over R with positive definite inner
product. The set O(V') of orthogonal linear transformations of 1V forms a group under
composition. We call O(V) the orthogonal group of V.

Definition 8. Let V' be a finite-dimensional vector space over R with positive definite inner
product. A subgroup W of the group O(V) is said to be a finite reflection group if

1) W £ {idy },
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(i1) W is finite,
(iii)) W is generated by a set of reflections.

For example, the dihedral group GG of order 2m is a finite reflection group, since G C
O(R?), |G| = 2m is neither 1 nor infinite, and G is generated by two reflections. We have
seen that GG has presentation (s, t | (st)™). One of the goal of these lectures is to show that
every finite reflection group has presentation (s1, ..., s, | R), where R C F({s1,...,Sn})
is of the form {(s;s;)™7 | 1 <i,j <n}.

Let n > 2 be an integer, and let §,, denote the symmetric group of degree n. In other
words, S, consists of all permutations of the set {1,2,...,n}. Since permutations are
bijections from {1, 2, ...,n} to itself, S,, forms a group under composition. Let ¢y, ..., &,
denote the standard basis of R"™. For each o € S,,, we define g, € O(R") by setting

9. cig) = it
=1 i=1

and set
Gn=A{9, |0 €S}

It is easy to verify that G, is a subgroup of O(V') and, the mapping S,, — G,, defined by
0 — g, 1s an isomorphism. We claim that g, is a reflection if ¢ is a transposition; more
precisely,

Jo = S¢,—e; ifo=(i]). (22)

Indeed, for k € {1,2,...,n},
2(ex, €0 — €5)

Se.—e:\Ek) =€ — Ei — &
& 5]( k) k (81_8‘7762_6])( 1 .7)

= er — (er&i —&5)(e — &)
(81'—(81'—83') lf/{ZIZ,
=i+ (e, —¢j) ifk=y,

L Ek otherwise
(e; ifk =4,

= £ if ]{7 = j,
(€1 otherwise

= Eo(k)

=90 (5k>

It is well known that S,, is generated by its set of transposition. Via the isomorphism
o — ¢,, we see that (G, is generated by the set of reflections

{8ci—c, |1 < i< j <n}.
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Therefore, G,, is a finite reflection group.

Observe that G3 has order 6, and we know another finite reflection group of order 6,
namely, the dihedral group of order 6. Although G3 C O(R?) while the dihedral group is
a subgroup of O(R?), these two groups are isomorphic. In order to see their connection,
we make a definition.

Definition 9. Let V' be a finite-dimensional vector space over R with positive definite inner
product. Let W C O(V') be a finite reflection group. We say that W is not essential if there
exists a nonzero vector A € V such that t\ = A for all £ € W. Otherwise, we say that W
is essential.

For example, the dihedral group G of order 2m > 6 is essential. Indeed, G contains a
rotation ¢ whose matrix representation is

21 s 27
COS ooy Sin ooy (23)
1 2T 2
Sin — COS —
m m

There exists no nonzero vector A € V' such that t\ = ) since the matrix (23) does not have
1 as an eigenvalue:

27 s 2
cosZL -1 —sin< 2m
My or ™| =2(1 —cos—) #0.
sin <% cos <% — 1 m

On the other hand, the group G,, which is isomorphic to §,, is not essential. Indeed,
the vector A = Y, &, is fixed by every ¢ € G,,. In order to find connections between the
dihedral group of order 6 and the group (G35, we need a method to produce an essential finite
reflection group from non-essential one.

Given a finite reflection group W C O(V), let

U={AeV|VteW, tA=2A}

It is easy to see that U is a subspace of V. Let U’ be the orthogonal complement of U in V.
Since tU = U for all t € W, we have tU’ = U’ for all t € W. This allows to construct the
restriction homomorphism W — O(U’) defined by ¢ — t|y.

Exercise 10. Show that the above restriction homomorphism is injective, and the image
W |y is an essential finite reflection group in O(U").

For the group G5, we have

U= R(€1 + &9 + 63),
U' =R(e; —e2) + R(eg — &3)

- Rnl + RT]Q?
where
1
= 5(51 - 52);
1
T2 = %(81 —+ Eg — 253)

is an orthonormal basis of U’.

12



Exercise 11. Compute the matrix representations of g(; 2y and g, 3) with respect to the
basis {7, 72}. Show that they are reflections whose lines of symmetry form an angle 7 /3.

As a consequence of Exercise 10, we see that the group G, restricted to the subspace
U’ so that it becomes essential, is nothing but the dihedral group of order 6.

13
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For today’s lecture, we let V' be a finite-dimensional vector space over R, with positive-
definite inner product. Recall that for 0 # « € V, s, € O(V') denotes the reflection

2\ o)
(o, @)

Sa(A) = A a (AeV). (24)

Lemma 12. Fort € O(V) and 0 # a € V, we have ts,t ™' = s4,.

Proof. For A € V', we have

tsq(N) =t ()\ - 2(2\:0? a)
2(\, @)
(o, @)
2(tA, ta)ta
(ta, ta)

= Sia(tN).

(by (24))

=tA— ta

=1\ —

This implies ts, = s:,t, and the result follows. L]

For example, if s, is a reflection in a dihedral group GG, and ¢ € G is a rotation, then s,
and ¢ are not necessarily commutative, but rotating before reflecting can be compensated
by reflecting with respect to another line afterwards.

Proposition 13. Ler W C O(V') be a finite reflection group, and let 0 # « € V. If
w,Sq € W, then s, € W.

Proof. By Lemma 12, we have s,,, = ws,w™ € W. O

Definition 14. Let ® be a nonempty finite set of nonzero vectors in V. We say that ¢ is a
root system if

R1) PNRa = {a,—a} foralla € P,

R2) s, =P forall « € P.

Proposition 15. Let © be a root system in V. Then the subgroup
W(P) = (sa | @ € D)

of O(V') is a finite reflection group. Moreover, W (®) is essential if and only if  spans V.
Conversely, for every finite reflection group W C O(V'), there exists a root system ® C V
such that W = W (®).

14



Proof. Since ® # (), the group W (®) contains at least one reflection. In particular,
W(®) # {idy}. By construction, IV is generated by reflections. In order to show that
W is finite, let U be the subspace of V' spanned by ®. Since U+ C (Ra)* for all a € &,
we have s,()\) = A forall &« € ® and A\ € U~. This implies that

U}|UL = idUL (w € W) (25)

In particular, W leaves U~ invariant. Since W C O(V), W also leaves U invariant.
We can form the restriction homomorphism W — O(U) which is injective. Indeed, if
an element w € W is in the kernel of the restriction homomorphism, then w|y = idy.
Together with (25), we see w = idy. By (R2), W permutes the finite set ¢, hence there is
a homomorphism f from W to the symmetric group on ¢. An element w € Ker f fixes
every element of @, in particular, a basis of U. This implies that w is in the kernel of the
restriction homomorphism, and hence w = idy,. We have shown that f is an injection from
W to the symmetric group of ® which is finite. Therefore W is finite. This completes the
proof of the first part.

Moreover, W (®) is not essential if and only if there exists a nonzero vector A € V' such
that t\ = A for all ¢ € W(®). Since W (®) is generated by {s, | o € D},

tA=X(Vt e W(D)) <= s, A=A\ (Va € D)
— (M a)=0Vaecd)
= \e U™
Thus, W (®) is not essential if and only if U+ # 0, or equivalently, ® does not span V.

Conversely, let W C O(V) be a finite reflection group, and let S be the set of all
reflections of W. By Definition 8(iii), W is generated by .S. Define

b={acV]|s, €S8, |a =1} (26)
Observe
S ={sq | acd} 27)

We claim that ® is a root system. First, since W # {idy }, we have ® # (). Let o« € ®.
Since s, = s_, and ||af| = || — «]|, we see that ® satisfies (R1). For § € ®, we have
s (B)]| = [|18]| = 1, and s, (5 € W by Proposition 13, since s,, sz € W. This implies
Sq(B) € ®, and hence s,(P) = ®. Therefore, ® is a root system. It remains to show that

W = W(®). But this follows immediately from (27) since W = (5). O
Example 16. We have seen that the group G, generated by reflections
{8ei—c, | 1 < i < j <n}, (28)
where 1, . . ., &, is the standard basis of R", is a finite reflection group which is abstractly
isomorphic to the symmetric group of degree n. The set
¢ ={£(e;—¢;)|1<i<j<n} (29)

is a root system. Indeed, ® clearly satisfies (R1). It is also clear that g,® = ® for all
o € S, so in particular, (R2) holds.
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Exercise 17. Show that (28) is precisely the set of reflections in G,,. In other words, show
that g, is a reflection if and only if o is a transposition.

Definition 18. A rotal ordering of V' is a transitive relation on V' (denoted <) satisfying
the following axioms.

(i) For each pair A\, u € V, exactly one of A < p, A = p, o < A holds.
(i) Forall \,u,v € V, u < vimplies A + p < A + v.
(iii) Let y < vandc € R. If ¢ > 0 then cp < cv, and if ¢ < 0 then cv < cp.

For convenience, we write A > p if p < A. By (i), A > 0 implies 0 > —A\. Thus

V=V, u{0}UV_ (disjoint), (30)

where
Vi={ eV |A>0}, €29
Vo={AeV]|A<0}. (32)

We say that A € V/, is positive, and A € V_ is negative.

Example 19. Let )\, ..., )\, be a basis of V. Define the lexicographic ordering of V' with
respect to Ay, ..., A\, by

n

Zai)\i <sz/\z <— dk e {1,2,...,71}, a1 =by,...,ap_1 = br_1,ar < by.

i=1 =1

Clearly, this is a total ordering of V. Note that \; > O foralli € {1,...,n}. Forn = 2, we
have
V+ = {Cl)\l + 02)\2 | c1 > O, Co € R} U {02)\2 | Coy > 0}

Lemma 20. Let < be a total ordering of V, and let A\, € V.
1) If A\, > 0, then A\ + > 0.
(i) IfA>0,ce Randc > 0, then cA > 0.
(i) If A >0, ce Rand c < 0, then cA < 0. In particular, —\ < 0.

Proof. (i) By Definition 18(ii), we have A + . > A > 0.

(ii) By Definition 18(iii), we have cA > c¢- 0 = 0.

(iii) By Definition 18(iii), we have cA < ¢ -0 = 0. Taking ¢ = —1 gives the second
statement. O]

Definition 21. Let ® be a root system in V. A subset II of ® is called a positive system if
there exists a total ordering < of V' such that

I={aed|a>0}. (33)
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Since a total ordering of V' always exists by Example 19, and every total ordering of
V' defines a positive system of a root system ¢ in V', according to Definition 21, there are
many positive systems in P.

Example 22. Continuing Example 16, let < be the total ordering defined by the basis
€1,...,En. Theng; > g; if ¢ < j. Thus, according to (33),

M={e—e|1<i<j<n}.

Lemma 23. If I1 is a positive system in a root system ®, then & = 11 U (—1II) (disjoint),

where
—I={—-a|aell}. (34)

In particular,

—I={aecd|a<0}. (35)
Proof. We have

N (—I) =10 (by Lemma 20(iii)),
IHco (by Definition 21),
—11ce (by Definition 14(R1)).

Thus, it remains to show ® C [T U (—II). Suppose o € & \ II. Then

adll = a0 (by (33))
= a<0 (since 0 ¢ P)
— 0< —« (by Definition 18(ii)
— —acll (by (33))
— a € —II (by (34)).

This proves ® \ II C (—II), proving & C TTU (—II).
Since ® = [T U (—II) (disjoint) and 0 ¢ @, (33) implies (35). O

Definition 24. Let II be a positive system in a root system ®. We call —II defined by (34)
the negative system in ® with respect to II.

Definition 25. Let A be a subset of a root system ®. We call A a simple system if A is a
basis of the subspace spanned by ®, and if moreover each o € @ is a linear combination of
A with coefficients all of the same sign (all nonnegative or all nonpositive). In other words,

b C RZ()A U RS()A, (36)

where
RooA ={) caor|ca >0 (a € A)}.

aEA

If A is a simple system, we call its elements simple roots.
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Example 26. Continuing Example 22,
A:{81—8i+1‘1§’i<n} (37)

is a simple system. Indeed, for ¢; — ¢; € ®, we have

(e —era1) €RsoA ifi< g,
&&= i—1 :
> —i(—(ej —€j11)) € ReoA  otherwise.
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May 16, 2016

For today’s lecture, we let V' be a finite-dimensional vector space over R, with positive-
definite inner product.
Recall that a total ordering < of V' partitions V' into three parts

V=V, Uu{0}u(=V,),
such that

Vi+V, CV, (38)
R0V, C V, U{0}. (39)

Lemma 27. Let A be a finite set of nonzero vectors in V. If (o, 8) < 0 for any distinct
a, B € A, then A consists of linearly independent vectors.

Proof. Let
D aaa =0, (40)
aEA
and define
o= tp0
a€cA
aa>0
Then
0 < (0,0)
= (D 10, ) ae =} agh)
a€cA acA BeA
Qo> ap<0
= () e, = Y agh) (by (40))
aEA BeEA
aq>0 a6<0
==Y aaas(a, B)
a€EA BeEA
aa>0a5<0
<0.

This forces o = 0, so there is no a € A with a,, > 0. Similarly, we can show that there is
no « € A with a,, < 0. Therefore, a, = 0 for all « € A. O

Lemma 28. Let A C V. be a subset, and let o, € A be linearly independent. If
o € R>OB + RZ()A, then a € REO(A \ {a})

Proof. Since

o€ R>05 + RZOA
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= R>06 + RZQOJ + Rzoﬁ + ]RZO(A \ {Ck, ﬂ})
= Rzoa + R>Oﬁ + REO(A \ {a> 5})
C RZ()CY + V+ N RZO(A \ {Oé}),

there exists a € R such that

a€aa+ViNRso(AN\ {a}). 41)
Thus
(1—a)aeVy, (42)
(1 —a)a € Rxo(A\{a}). (43)
By (42), we have 1 — a > 0. The result then follows from (43). O

For a root system ® in V', we denote by P(®) and S(®P), the set of positive systems and
that of simple systems, respectively, in ®. More specifically,

P(P) ={{a € ®|a>0}|“>"isatotal ordering of V' },
S(@)={ACP|PCR>0AURA, Aislinearly independent}.

It is clear that P(®) is non-empty, since V' can be given a total ordering. We show that
S(P) is non-empty by establishing a bijection between S(®) and P(®P), which is defined
by

m:8(®) — P(P)

Lemma 29. Let ® be a root system in V. If A is a simple system contained in a positive
system 11, then

(i) I=dNR>0A,
(i) A ={aecll|a¢Rxo(l\{a})}
Proof. (i) Since A is a simple system, we have
® C R>0A URA. (45)

Since A C I C V, for some total ordering of V', we have

RooA €V, U {0}, (46)
RooA C V_U{0}. (47)
Thus
H = q) N V+
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=dNR>ANV, (by (47))
= ® N (RxoA \ {0}) (by (46))
== CI) N RZOA‘

() If o € IT\ A, then A C IT\ {a}, so R>o(IT\ {a}) D R>0A > «. This proves
AD{acll|ag R\ {a})}.

Conversely, suppose o € IT and o« € R>o(II \ {«}). Then there exists 5 € II \ {a}
such that

a € Ry + Rxo(IT\ {a, B})
C R>05 + RZOH
=R.o8 + Rx0A (by (1)).

Since 8 € IT\ {a} C R>0A \ Rxoa, there exists 6 € A\ {a} such that
B € Ropd + RoA.
Thus o € R>g0+R>pA, and hence {a}UA is linearly dependent. This implies o« ¢ A. [
Recall that for 0 # « € V, s, € O(V') denotes the reflection

B 2()\,04)a
A o)

Theorem 30. Let ¢ be a root system in V. Then the mapping © : S(®) — P(P) defined
by (44) is a bijection whose inverse is given by

Sa(N) = (AeV). (48)

7 P(®) - S(P) 49)
II — {Oé eIl | o ¢ Rzo(H\{O{})}

Moreover,
(i) for every simple system A in ®, w(A) is the unique positive system containing A,

(i) for every positive system Il in ®, 7=1(II) is the unique simple system contained in I1.

Proof. 1If A € S(®), then A is a basis of the subspace spanned by ®, so there exists a basis
A of V' containing A. By Example 19, there exists a total ordering < of V' such that o > 0
for all « € A. Then

W(A) =dN RZ()A
=dN (R0 AURA) NV,
- q) ﬂ V+

is a positive system containing A.
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Next we show that 7 is injective. Suppose A, A" € S(®) and 7(A) = w(A’). Then
both A and A’ are simple system contained in IT = 7(A). By Lemma 29(ii), we have

A={aell|a¢Rxo(Il\{a})} = A"
Therefore, 7 is injective. Note that this shows
(1) € {{a €| a ¢ Reo(IT\ {a})}}. (50)
Next we show that 7 is surjective. Suppose IT € P(®). Define D by
D={ACII|IIC RsAl. (51)

Since @ is a finite set, so are II and D. Since II € D, D is non-empty. Thus, there exists a
minimal member A of D. This means

I C RxoA, (52)
Va € A, T ¢ Ruo(A\ {a}). (53)

Since 11 is a positive system, there exists a total ordering of V' such that I[I = ® N V,. In
particular, A C V. We claim

(cr, B) < 0 for all pairs o # [ in A. (54)

Indeed, suppose, to the contrary, («, 3) > 0 for some distinct v, 3 € A. Since £5,(5) €
® = ITU (—II), in view of (48), we may assume without loss of generality &« € R+ +
R>oA. Then by Lemma 28, we obtain o € R>o(A \ {a}). Now

R>o(A\ {a}) = Rooa + Rxo(A\ {a})
= RZOA
D I,

contradicting (53). This proves (54). Now, by Lemma 27, A consists of linearly indepen-
dent vectors. We have shown that A is a simple system, and by construction, A C II.
Lemma 29(i) then implies I[I = 7(A). Therefore, 7 is surjective. This also implies that
equality holds in (50), which shows that the inverse 7! is given by (49).

Finally, (i) follows from Lemma 29(i), while (ii) follows from Lemma 29(ii). O]
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May 30, 2016

For today’s lecture, we let V' be a finite-dimensional vector space over R, with positive-
definite inner product. We also let ® be a root system in V. Recall that P(®) and S(®)
denote the set of positive systems and that of simple systems, respectively, in ®. Define

7:S8(®) — P(P)
A — @ﬂRzoA

Theorem 30 is proved in an awkward manner, in the sense that 7! (IT) € S(®) for II €
P(®) is not explicitly shown. Lemma 29(ii) shows that the existence of a simple system
in IT does imply 7= *(IT) € S(®), but showing the existence of a simple system in II is a
separate problem. Here is how one can show 7! (II) € S(®) directly. We need a lemma.

Lemma 31. Suppose that V' is given a total ordering, let A C V., be a subset, a1, . .., ay, €
Vi,and p € Vo \ U, Ro. If
o; € Rzo(A @) {ﬁ}), (55)
B € R20<Au{a17"'7an})7 (56)

then aq,...,ap, 3 € RZ()A.

Proof. Let A = R5pA, A, = A\ {0}. By the assumption, we have A, C V. Then it
suffices to show

peA (57)

only, since «; € A follows immediately from (55) and (57).
By (55), there exist b; € R>¢ and \; € A such that

a; = b + A (58)
Since 8 ¢ Ra;, we have \; # 0, i.e.,
Ni € Ay (59)
By (56), there exist ay, . . ., a, € R>¢ such that
BED ao+ A (60)
i=1

If a; = O for all 7, then (57) holds, so we may assume a; > 0 for some . Then (59) implies

Z Cli>\i S A+. (61)
i=1
By (58) and (60), we obtain
BeED aibif+ )+ A
i=1

23



=1 =1

C Y abif+ A, (by (61))

=1
= abf+VinA
=1

This implies

(1 — Zaibz) BeV,, (62)
=1

(1 — Zain-) Se A (63)
=1

By (62), we have 1 — Zz;l a;b; > 0. Then (57) follows from (63). O
Proposition 32. Let IT € P(P), and set
A={aecll|a¢Rxo(II\{a})}.
Then
(1) (o, B) < Oforalla # Bin A,
(i1) A is a simple system in P.

Proof. (i) Suppose, to the contrary, («, 5) > 0 for some distinct o, 5 € A. Since £5,(0) €
® = [T U (—II), in view of (48), we may assume without loss of generality « € R~/ +
R lIl. By Lemma 28, we obtain o € R>o(IT \ {a}), which contradicts o € A.

(i1) By (i) and Lemma 27, A consists of linearly independent vectors. It remains to
show II C R>¢A. We consider the set

Forall « € IT\ A, we have a € R>o(IT \ {«}). Thus {«} € B, and hence B # (.

Let B = {a,...,a,} be a maximal member of B. Suppose B C II \ A. Then there
exists 5 € I\ (BUA). Set A =11\ (B U{f}). Then (55) holds since B € B, while
(56) holds since 5 ¢ A. Lemma 31 then implies o, ..., ay,, f € Rso(IT\ (BU{S}). This
implies BU {5} € B, contradicting maximality of B. Therefore, B = I\ A. This implies
IT\ A € B, which in turn implies IT \ A C R>(A. Since A C R>(A holds trivially, we
obtain II C R>¢A. This completes the proof of (ii). L]

Recall
W(P) = (sq | @ € D).
By Definition 14(R2), we have

wd =0 (weW(D)). (64)
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Lemma 33. Let w € W(®). Then
(i) wA € §(®) and m(wA) = wr(A) forall A € S(P),
(i) wIl € P(®) and 7~ (wll) = wr~ (1) for all I € P(P).

Proof. (1) Clear from (64) and (44).
(i) For I € P(®), let A = 7 (1) € S(P). Then wll = wr(A) = 7(wA) €
7(S(®)) = P(®) by (i). Also, 7~ H(wll) = wA = wr(I). O

Lemma 34. Let v € A € §(P) and 11 = w(A). Then s,(I1\ {a}) =11\ {a}.

Proof. Let 3 € I\ {a}, and write 3 =}, ¢,7. Then
Iy e A\ {a}, ¢, > 0. (65)
Set
_ 28,0
C= )
(a, )
so that
saff = P — ca
= Z CyY — Cco
vEA
= Z cyY + (co — ).
veA\{a}

Since 5,5 € & C R>pA URA, (65) implies s, € & N R5pA = 7(A) = II. Since
€l # —a, we have  # —a = s,a. Thus s, # a. Therefore, s, € 11\ {a}. ]

Definition 35. Let GG be a group, and let €2 be a set. We say that G acts on (2 if there is a

mapping
GxQ — Q

(g.0) = ga (ge G, ae)

such that
(1) L.a=aforall a € €,

(i) g.(h.a) = (gh).aforall g,h € G and o € Q.

We say that G acts transitively on €2, or the action of G is transitive, if
Vo, €8, dg € G, g.a = [.

Observe, by Lemma 23,

1
1] = ;le[ (L€ P(2)). (66)

25



Theorem 36. The group W (®) acts transitively on both P(®) and S(P).
Proof. First we show that
VILII' € P(®), Jw € W(®P), wll =1T' (67)

by induction on r = |II N (—II")|. If » = 0, then II C II’, and we obtain IT = II' by (66).

If r > 0, then IT # IT". Let A = 7~ '(II). Then A # 7~ (I'), so A is not contained
in IT" by Theorem 30(ii). This implies A N (—II') # @ since ® = IT' U (—II'). Choose
a € AN (=IT"). Then

—a ¢ 1T (68)
Since
II = so({a} U(IT\ {a}))
= {sa0} U (so(IT\ {a}))
={—a}Us.(II'\{a})
={—a} U I\ {a}) (by Lemma 34),
we have

[soI1 N (=I1)| = [({=a} U (IT\ {a})) N (=1T')]

= |(IT\ {a}) N (-1T')| (by (68))
= [ITN (1) \ {a}
=r—1.

Since s,I1 € P(®) by Lemma 33(ii), the inductive hypothesis applied to the pair s,II, II’
implies that there exists w € W (®) such that ws,II = II'. Therefore, we have proved (67),
which implies that W (®) acts transitively on P(®). The transitivity of W (®) on S(®)
now follows immediately from Lemma 33 using the fact that 7 is a bijection from S(®) to
P(D). O

Definition 37. Let A € S(®). For 8 = Y .\ cax € @, the height of /3 relative to A,
denoted ht([3), is defined as
= E Ca-

a€A

Example 38. Continuing Example 26, let
A:{€Z‘—€Z’+1 | 1 §Z<TL}ES(®),

where

Then for i < j,

<.
|
—

ht(e; —ej) =ht(» (ex —epy1)) =7 — 1.

i

i
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June 6, 2016

For today’s lecture, we let V' be a finite-dimensional vector space over R, with positive-
definite inner product. We also let ® be a root system in V', and fix a simple system A in
®. Let II = & N R>(A be the unique positive system containing A. Recall

W(®) = (s, | @ € D),
which we denote by IV for brevity.
Lemma 39. If § € II\ A, then there exists o € A such that s, € Il and ht(5) > ht(s.f).

Proof. Write # = ) A cav, Where ¢, € R for a € A. Since

2
_ 2 p) >0
(o, @)

Since

Sa = B — ca

= Z cyY + (ca — €y,
yeA\{a}

we have ht(s,/) = ht(5) — ¢ < ht(5). Since g € 11\ A C IT \ {a}, Lemma 34 implies
sof € 11 H
Lemma 40. If 3 € D, then there exists a sequence o, . . ., a,, of elements in /A such that

Say "'socmﬁ € A.

Proof. We first prove the assertion for § € II. Suppose there exists § € II such that
the assertion does not hold. Then clearly 5 ¢ A. We may assume that S has minimal
height among such elements. By Lemma 39, there exists &« € A such that s,0 € II
and ht(f) > ht(s,). By the minimality of ht(3), there exists a sequence «, ..., q,, of
elements of A such that s,, - - - s,,, (S/3) € A. This is a contradiction.

If 5 € —II, then —f € 1II, so there exist a, aq, . . ., a,, € A such that

A= Say* Sap, (— )

Then
SaSal e Samﬁ - _SOLSQI e Sam(_/B)
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= —S,(

e A.

Theorem 41. If A is a simple system in a root system ®, then W = (s, | « € A).

Proof. Let $ € ®. By Lemma 40, there exist o, o, ..., € Asuchthat sy, -« 5,,,0 =
. Then

Sg = 8(801...5am)—1a0

- (Sal T Sam)_lsaosal Sa, (by Lemma 12)
= Sam " Sa1SapSar T Sam
€ (54 | @ € A).

Definition 42. For w € W, we define the length of w, denoted /(w), to be
lw)=min{r € Z|r >0, Jaq,...,0p € A, W =54, " Sq, }
By convention, /(1) = 0.

Clearly, /(w) = 1 if and only if w = s, for some o € A. It is also clear that ¢(w) =
l(w™h).

Lemma 43. For w € W, det(w) = (—1)*™).
Proof. Since det(s,) = —1 for all a € P, the result follows immediately. O
Lemma 44. Forw € W and o € A, l(sqw) = l(w) + 1 or {(w) — 1.

Proof. 1t is clear from the definition that ¢(s,w) < ¢(w) + 1. Switching the role of w and
Sqw, we obtain £(s,w) > (w) — 1. Thus

lU(sqw) € {l(w) — 1,0(w), {(w) + 1}.

Since
(—1)%=®) = det(sqw) (by Lemma 43)
= —detw
= —(—1)"™ (by Lemma 43).
This implies /(s,w) # £(w). O
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Notation 45. For w € W, we write

n(w) = [ Nw (=1
Lemma 46. For w € W, n(w™') = n(w).
Proof.

n(w™") = [ITNw(-1I)

= |w™ ' N (—1I)]
= Jw (=) N 1I|
= n(w).

Lemma 47. For w € W and o € A, the following statements hold:

(i) wa >0 = n(ws,) =n(w) + 1.
(i) wa <0 = n(ws,) = n(w) —
(iii) wla >0 = n(saw) = n(w) +

n(
(iv) wla <0 = n(s,w) =n(w) —

Proof. (i) Since wa € 11, we have o € w~II. Thus

« §é wil(_H)a
and
o= —S,Q
€ —s w I
= sqw ' (—TI)
Thus

n(wsy) = [TIN (wsy) (—1T)|

= [T N sqw™ ! (~T1)|
= [(IT\ {a}) N sqw™ (~1T)| +1 (by (70))

= |so(IT\ {a}) N sqw ™ (~=1D)| + 1 (by Lemma 34)
— |0\ fa}) w0+ 1
= [INw™ ' (~1T)] +1 (by (69))
=n(w) + 1.

29

(69)

(70)



(i1) Since wa € —II, we have

a € w (1), (71)
and o ¢ w I, so
o= —S,0
¢ —sow I
= sqw ' (—TI) (72)
Thus
n(wsy) = [ITN (wsy) H(—1I)|
= [N sew™ ! (~TI)|
= |(IT\ {a}) N sqw™ (~1D)] (by (72))
= [so(IT\ {a}) N sqw ™ (—IT)| (by Lemma 34)
= I\ {e}) Nw™ ' (-1D)]
= [MNw™'(-1T)] -1 (by (71))
=n(w) — 1.
(iii) and (iv)
n(sqw) = n((sqw) ™) (by Lemma 46)
=n(w 'sy)
a4+ 1 ifwla >0,
Cnw ) =1 ifwla<0
1 ifw™!
= n(w) + 1 wa>0, (by Lemma 46).
n(w)—1 ifwla<0
O
Theorem 48. Let A be a simple system in a root system ®. Let aq,...,a, € A and

w=S8---5 €W, where s; = so, for 1 <i <r. Ifn(w) < r, then there exist i, j with

1 <1 < j < rsatisfying the following conditions:
(1) a; =841 Sj—10,
(i1) Si418i42- " Sj = SiSi+1 " Sj—1»
(i) w =81 S_1Si41""" Sj—18j41 """ Sp

In particular, n(w) > £(w).
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Proof. (i) Setting w = 1 in Lemma 47(i), we find n(s,) = 1 for every o € A. This implies

that, if » = 1, then n(w) = 1. Therefore, we may assume r > 2.

We claim that there exists j with 2 < j < r such that s; ---s;_1a; < 0. Suppose, to

the contrary,
1 8j—10¢5 > 0

(73)

for all j with 2 < 5 < r. Since a; > 0, (73) holds also for j = 1. By Lemma 47(i),
we obtain n(sy - -+ sj) = n(sy---sj_1) + 1 for 1 < j < r. By using induction, we obtain

n(w) = r, contrary to our hypothesis.
Since a; > 0, there exists ¢ with 1 <4 < j such that
Sit1 " Sj—10¢; > 0,

S§iSi+1 - Sj—10 < 0.
Thus

$iSiq1 - Sj—1a € sl N (—II)
= Sa, ((IT\ {}) U {e}) N (=1I)
= (M\ {ew}) U{~a;}) N (-1) (by Lemma 34)
= {—o}
= {si(a)}.

This 1mphes Si41 0 Sj—105 = Q.

(i1)
37;+1 e Sj — Si—i—l . Sj—lsaj(Si—&—l . Sj—1>_1(si+1 e Sj—l)
= Sspips;ray (Sig1 - 8j-1) (by Lemma 12)
= S0, (Sip1° - 5j-1) (by (1))

= 8iSi41 " Sj-1-
(ii1)
W= 81" S
= 81 . .S’L’71(S’L' . .ijl)sj .. .ST‘

:81"'Si—l(si-f—l”'Sj)sj”'sT’ (by(ll))

=818 18i41 " 8j 18541 S
In particular, n(w) < r implies r # ¢(w). Thus n(w) > {(w).

Corollary 49. If w € W, then n(w) = {(w).

Proof. From the last part of Theorem 48, it suffices to prove

n(w) < l(w) (weW).
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By the definition of ¢(w), there exists as, ..., ) € A such that w = s,, -

.. Saz(u))‘

We

prove (74) by induction on m = f(w). If m = 0, then w = 1, and n(w) = 0 = {(w).

Assume the result holds for up to m — 1. Then

(Sar *** Sagy 1)

l
l(w) — 1.

n(sal PN So‘é(w)—l)

IA A

n(w) =n((sq, - sa£<w)71)sag(w))
< (8o Sagiyy,) T 1 (by Lemma 47(i),(ii))
< {(w) (by (75)).
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June 13, 2016

Lemma 50. With reference to Definition 6, if a,b,x,y € F(X) and tN = yN, then
axbN = aybN.

Proof.

tN =yN — 2 'y €N
— b lalybe N
— 2bN = ybN
= axbN = aybN.

O

Lemma 51. With reference to Definition 6, suppose ti,...,t, € X. If there exist i, j with
1 <4 < j < rsuch that

Ly tjatjtj_y---tig1 €N,
then

~

t1"‘trN:t1"'£@'"'tj"'trN,

where the hat denotes omission.

Proof. Setting a = ty---1;, b = tjpq-+-t,, v = landy = t;---t;_1tt;_1 -+ {41 In
Lemma 50 gives the result. ]

Theorem 52. Let A be a simple system in a root system ®. For o, € A, let m(«a, f)
denote the order of s.sg, that is, the least positive integer k such that (s,s5)* = 1 holds.
Then the group W = W (®) has presentation (X | R), where

X ={to | « € A} (a set of formal symbols),
R ={(tats)" " | 0. p € A, a # B}

Proof. As in Definition 6, let F'(X) denote the free group generated by the set of involu-
tions X. Let IV be the subgroup generated by the set

{cYr¥lc| ce F(X), r € R). (76)

We need to show that W is isomorphic to F'(X)/N.

Clearly, there is a homomorphism from F'(X) to W mapping ¢, to s, for all « € A.
By Theorem 41, this homomorphism is surjective. Moreover, since the set (76) is mapped
to 1 by this homomorphism, there exists a surjective homomorphism f : F(X)/N — W
satisfying f(t,N) = s, forall « € A. We need to show that f is injective. This will follow
if

t1,...,t, €T, f(ty---t,N)=1 = ty---t, € N. (77)
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We prove this by induction on r. First we note that r is even. Indeed, f(t;---t,N) = 1
implies
sp-csp =1, (78)

where s; = f(t;N) € {s, | @ € A} is areflection. Thus dets; = —1, so (—1)" = 1. This
implies that r is even. Clearly, (77) holds for r = 0. Also, if » = 2, then s;s5, = 1. This
implies s; = s, 80 t; = t5. Thus t1t, =1 € N.

Now assume r = 2¢q, where ¢ > 2. We first prove the special case where

i1 =t3="---=1gg1, o =14 ="+ =t (79)
In this case, let t; = t,, and ¢y = tg. then (78) implies (s,$3)? = 1, which in turn implies

m(«, ) | g. Thus
tl e t2q — ((tatﬁ)m(OCVﬁ))q/m(avﬁ) 6 N

Next we prove another special case where
1<d<3y<2q j—1<q, S1---8;-8; 59 = L. (80)
Indeed, comparing this with (78) yields
Siv 85 = Sip1 Sj_1,

or equivalently,

Since j — 7 < ¢, we can apply the inductive hypothesis to conclude
tietj_qtit;y---tigg € N,
Using Lemma 51, we obtain
t1"~t2qN=t1~~'£¢"'£j"'t2qN- (81)

Together with the assumption of (77), we obtain

The result then follows from (81).
Before proceeding to the general case, observe

S1° 8, =1 & s;---5:51---85.-1=1,
t1--t, €N < t;- -t t1---t;_1 € N.
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Define s,,; = s; for1 < i <randt,,; =t; for1l < i < r. Then the second special case
treated above actually takes care of the case:

1<di<dy<dq, j—1i<q, Sir 8 = Si41° " Sj-1- (82)

Also, since the first special case has already been established, we may assume that there
exists ¢ with 1 < ¢ < 2¢ such that t; # t;,o. Without loss of generality, we may assume

tl 7& t3, SO
S1 7& S3. (83)

Since
SESk+1 ** * Sk+q = Sk+2¢q—1Sk+2¢—2 ' * * Sk4q+1 (1 <k< QQ)a

we have
C(SkSkt1 - Skag) Sq—1< g+ 1.

Theorem 48(iii) implies that there exist ¢, j with k < ¢ < j < k + ¢ such that

A ~

Sksk-i-].”.sk’-i-q:Sk."si...sj”.sk’—i-(p
or equivalently,
Si“'sj :8i+1"'8j71'
Since the second special case includes (82), we may assume k = ¢ and j = k + ¢, that is,
SESk+1 " Skiq = Skt1° " Skig—1 (1 <k < 2q).

In particular, as g > 2,

5182+ Sg41 = S22 Sq, (34)
8283 "+ Sg+2 = S3° " Sq+1,

8384 " 8q4+3 = S4° "+ Sq+2,

or equivalently,

SlSQ"’Sq:SQ"'SqJ,_l,

5283+ Sg41 = 83+ Sg42, (85)
S384 " Sqy2 = S4° " Sq43- (86)

By (85), we have
53(52 s Sq+1)(3q+2 T 54) =1L (87)

In particular,
U(s3(s27 7+ 8q11)) Sqg—1<qg+1.

If
S3(S2 -+ Sqr1) = S2+ - Sq, (88)
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then (84) implies s; = s3, contradicting (83). Thus s3(sa -« S441) 7# S2- - -S4, and hence
Theorem 48(iii) implies that we are in the second special case for the relation (87), and
hence

ts(ta - - tgyr)(tgra- - - ts) € N.

This implies
Ly« tgpiloatyrr - t3 € N.

By Lemma 51, we obtain
ty-etogN = tity - tyo- - tayN. (89)
Together with the assumption of (77), we obtain
fltitg - tyyn--toyN) =1,
which, by the inductive hypothesis, shows
tity - typn---tog € N.

The result then follows from (89). O]
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June 20, 2016

Definition 53. Let G be a group acting on a set ). We say that GG acts simply transitively
on 2 if

(i) G acts transitively on (2,

(ii) for every pair «, 3 of elements in €2, there exists a unique element g € G such that
g.a = [3.

Lemma 54. Let G be a finite group acting transitively on a set (). Let G, denote the
stabilizer of o in G, that is,
Go={9€G|ga=a}.
Then the following are equivalent:
(1) G acts simply transitively on (),
(ii) for every a € Q, G, = {1},
(iii) for some a € Q, G, = {1},
i) 1G] = 2.
Proof. (i) = (ii): Immediate from Definition 53(ii) by setting o = [3.
(i1) = (iii): Trivial.
(iii) = (iv): The mapping ¢ : G — €2 defined by g — g.« is a bijection. Indeed, ¢ is
surjective since G is transitive. If ¢(g) = ¢(h), then g.a = h.a, hence g~'h € G, = {1}.

This implies g = h. Thus ¢ is injective.
(iv) = (i): Let a € (). Then

Gl =19

:Zl

BeN

<N HgeGlga=5}

BeN

—1UtgeGlga=pY

BEN
=HgeG|gacQ}
= |G

This forces
HgeGlga=3}=1 (VBe€Q).

Since « € 2 was arbitrary, we obtain (i). O
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For the remainder of today’s lecture, we let ¢ be a root system.
Theorem 55. The group W (®) acts simply transitively on P(®) and S(P).

Proof. By Theorem 36, W (®) acts transitively on P(®) and S(P). Let w € W (®) and
IT € P(®), and suppose wll = II. Let A be the unique simple system contained in II.
Then by Corollary 49 and Notation 45,

{(w) = n(w)
= TN w™(-1I)]
= IIN (—w )|
= [T (=1T)]
= (0]
=0.

Thus w = 1. Therefore, W (®) acts simply transitively on P(®P).
Next suppose wA = A. Then by Lemma 33(i), we obtain wIl = II, and hence w = 1.
Therefore, W (®) acts simply transitively on S(®P). O

In what follows, we fix a simple system A € S(®). Let II = ® N R>(A be the unique
positive system in ® containing A.

Notation 56. Let S = {s, | « € A}. For I C S, we define

Wr = (),
Ar={a€A|s, €},
Vi=RAp,

O =NV,

I, =1INVj.

Lemma 57. Forw € (s, | a € ®1), we have
1) wVr =V,
(i) w(II\ II;) = [T\ IL;.

Proof. It suffices to show (i) and (ii) for w = s, with @ € ®;. Let a € D;.

(1) For 8 € A; C Vp, so8 € Ra+ Rp C V;. Thus s,A; C V;, and this implies
s Vi =Vr.

(ii) Let 8 € IT \ TI;. Then 5 ¢ V; = RA/, so there exists v € A \ A; such that

ﬁ S R>0’)/ + RZ()A.
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Since o € &; C V; = RA,, we have

=50

S R>0’7 + RZQA + Ra
- R>0’Y + RZOA + RA[

Since v ¢ Ay, the coefficient of v in the expansion of s,/ is positive. This implies s, €
® NR>oA =1II. Since § € IT \ II; was arbitrary, we obtain s, (II \ II;) C II. Since

so(TT\TI7) NV = so(TT\ V1) NV}
= s,(IT\ V1) N'sa Vs (by (1))
= Sa((H \ VVI) N ‘/])
=0,

we have s, (IT\ II;) C IT\ V; = IT\ I1;. Since s, is a bijection, we conclude s, (IT\ II;) =
I\ I,. O

Proposition 58. Let I C S.
(1) ®; is a root system with simple system A;.
(i1) II; is the unique positive system of ®; containing the simple system Aj.
(iii) W(®;) = W

(iv) Let { be the length function of W with respect to A. Then the restriction of { to Wy
coincides with the length function {; of Wy with respect to the simple system Aj.

Proof. (i) Fora € ®; C V7,

Rand®;=(Ran®)NnV;
= {Oé, _Oé}ﬂ‘/f
= {a, —a}.

Since

$a®r = s, PN s,V
=dNV; (by Lemma 57(1))
= ®;.

we see that ®; is a root system. Since A is linearly independent, so is A;. Since

b, =dNV;
C (R>0)AUR<A)NRA;
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= (R=0ANRA)) U (RxANRA))
— (RzoAI) U (RSOAI)7

we see that A; is a simple system in @;.
(i1) Since
II; =1IINnV;
=PdNR- ANV,
=0dNViNR>0)ANRA;
=&, NR>pAy,

the result follows from Lemma 29(i).
(iii)
W(P;) = (sa | @ € Af) (by Theorem 41)
= (1)
- W[.
(iv) Let w € W; = W (®). Then by Lemma 57(i), we have
wd; = ;. (90)

and by Lemma 57(ii), we have w(IT\II;) = II\II; C II. This implies w(II\II;)N(-II) =
(0. Thus
wll N (=1I) = w(Il; U (IT\ I1;)) N (—II)
= (U)H[ U U}(H \ H])) N (—H)
= (w(Il;) N (=11) U (w(IT\ 1) N (=11))
= w(ll;) N (1)
=w(INVy) N (-1
=wllNwV; NV N (-1II)
=w(INV)N(-IInNnVp)

= w(I;) N (=1L) (by (90)). 2y
Therefore,
{(w) = [ITNw (-] (by Corollary 49)
= |wIln (=1D)]
= [w(Il;) N (=11;)] (by O1))
= [I; Nw™ ! (~11)|
=l (w) (by Corollary 49).
[
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June 27, 2016

For today’s lecture, we let V' be a finite-dimensional vector space over R, with positive-
definite inner product. Let ® be a root system in V' with simple system A. Let W =
W(®) = (so | @ € ). Recall Notation 56.

Lemma 59. Let [ C S. Ifu € W satisfies
l(u) = min{l(z) | € uW;},

then
l(uv) =L(u) +L(v) (Yve Wp).

Proof. Let ¢ = {(u). Then there exist s, ..., s, € S such that
U= 51" 5.

Let v € W;. Then by Proposition 58(iv), we have ¢(v) = ¢;(v). This implies that there
exist Sg41,. .., Sq+r € I such that

U:Sq+1"'3q+r7

where r = {(v). Then uv = s7 - - - S4,, hence l(uv) < g+ r.
Suppose {(w) < g + r. Then by Theorem 48, there exist ¢, j with 1 <i < j < qg+r
such that

If: < j <gq,then

~

hence u = sy ---§;---§;-- -5, contradicting ¢(u) = ¢. Similarly, if ¢ + 1 < i < j, then
u'U:usq+1...si...sj...5q+r7

~

hence v = 5441+ 5+ --

~

§; -+ Sq4r, contradicting ¢(v) = r. Thus
Il<i<qg<j=<q+r

Setting

we have v/t = uv, and hence v/ = wvv'~" € uW;. But {(u') < ¢ = £(u), contrary to the
minimality of ¢(u). Therefore, we conclude ¢(w) = g +r = £(u) + £(v). O

Notation 60. For I C S, we define

W!={weW|{(ws)>l(w)forall s € [}.
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Lemma 61. Let [ C S andw € W. If uy € wWj satisfies
O(ug) = min{l(z) | v € wW;},
and u; € W 0 wWy, then ug = uy. In particular,
() W N wW;j consists of a single element,
(i) min{l(z) | x € wW;} is achieved by a unique element,
and the elements described in (1) and (i1) coincide.

Proof. Since u; € wW; = ugWi, there exists v € Wy such that u; = ugv. Suppose v # 1.
Then there exists s € [ such that /(vs) < ¢(v). This implies

l(uys) = L(ugs)

(
= l(ug) + L(vs) (by Lemma 59)
< L(uo) + £(v)
= ((ugv) (by Lemma 59)
= ().

This contradicts u; € W. Thus, we conclude v = 1, or equivalently, u; = wug. The rest of
the statements are immediate. ]

Lemma 62. Let [ C S. The mapping ¢ : W! x W; — W defined by ¢(u,v) = uv is a
bijection, and it satisfies

Up(u,v)) = L(u) +L(v) (ueW! veW).

Proof. Let w € W. Choose ug = u; € W! N wW;j as in Lemma 61. Then there exists
v € Wy such that ug = wv. Then w = ¢(ug, v—'). Thus ¢ is surjective.

Suppose (u,v), (u',0v") € W x WI and ¢(u,v) = ¢(u',v"). Then uv = u'v’. Thus
w, v € WInuWwy, Wthh forces u = v’ by Lemma 61(i). Then we also have v = v'. Thus
@ is injective.

Finally, for u € W', we have u € W/ NuW;, so Lemma 61 implies ¢(u) = min{/(z) |
x € uW;}. Then by Lemma 59, we have ¢(uv) = £(u) + ¢(v) for all v € W7. O

Notation 63. Let ¢ be an indeterminate over Q, or in other words, consider the polynomial
ring Q[¢] (or its field of fractions Q(t)). For a subset X of W, write

X(t) =)

weX

Definition 64. The Poincaré polynomial W (t) of W is defined as

t)=> .

weW
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We remark that 1/ (¢) is independent of the choice of a simple system, even though the
length function ¢ does depend on it. Indeed, let A’ be another simple system. Then there
exists z € W such that A’ = zA by Theorem 36. Let

S ={sa|a€ A},
S'={sa | € A}

Then

= {5.q | v € A} (by Lemma 12)

={sa | @ € zA}

={s, | a e A’}

=9
If we denote by the length function with respect to A and A’ by /A and ¢, respectively,
then /a(w) = €ar(zwz"1) for all w € . Thus

Z téA(w) _ Z tlfA/(zwz’l) _ Z tZA/(w).
weWw weWw weW

Lemma 65. For [ C S,
W(t) = WIt)Wi(t).

Proof. By Lemma 62,

Wty => ¢

weWw

— Y et

(u,v)EWIXxW;

_ Z Z tf(u)Jr@('u)

uweWl veWry

_ Z tﬂ(u) Z 7ff(v)

ueW! veW;

= WHt)W;(t).

Lemma 66. Let 11 be the unique positive system containing A. For w € W, set
K(w)={s e S| lws)>l(w)}.
Then the following are equivalent:

() K(w) =0,
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(i) wll = —II,

(iii) £(w) = [T1].
Moreover, there exists a unique w € W satisfying these conditions.
Proof. Equivalence of (ii) and (iii) follows from Corollary 49.

(i) < l(ws) <l(w) (VseS)

— wA C —1II (by Lemma 47)
<— wll C —II
<~ (ii).

The uniqueness of w follows from Theorem 55.
Proposition 67. Then

S = S = o

IcS IcS

Proof. The first equality follows immediately from Lemma 65. For [ C .S, we have
weW! <= K(w)>I

Thus
SR WD W
Ics Ics weW!
SIDNEIT
weW ICS
wew!
- > e
weW ICK(w)
|K(w
Ty T
weW =0 ICK
[|=i
IK(W)\
(1K (w)]
= ey (] )
weW g
S ORCE WL
\K( )| 0 IK( )|>1
ML
weW
K(w)=0
—_—
by Lemma 66.

44



July 4, 2016

For today’s lecture, we let V' be a finite-dimensional vector space over R, with positive-
definite inner product. Let ® be a root system in V' with simple system A, and let W =
W(®) = (so | @ € ®). Let II = & N R>oA be the unique positive system in ¢ containing
A.

Recall Notation 56 and Proposition 67:

(—1)l (1)l
; Wit W) ©2)

Continuing Example 16 with n = 4, write W = Gy, s; = s,
S = {s1, $2, s3}. Then

for: = 1,2, 3, so that

—E&i+1

If we compute W;(t) for all I G S, then (92) can be used to determine W (t) and, in
particular, |WW|.
Define

C={ eV |(\a)>0(VaeA)},
D={xeV|(\a)>0(VaeA)}

Lemma 68. For each A\ € V, there exist w € W such that w\ € D. Moreover, in this case,
WA — X E RzoA.

Proof. Let A € V. Define a partial order on the set WA = {w) | w € W} by setting
p=p = @ —peRA  (u,p' € WA).
Since W A is finite, so is its subset
M={peWX|X=u}

The set M is non-empty since A € M. Thus, there exists a maximal element y in M. Since
p = w for some w € Wand p — A € R>oA, it remains to show p € D.

Suppose, to the contrary, 1 ¢ D. Then there exists « € A such that (u, a) < 0. By the
definition of a reflection, we have s, it — 1 € Roga C R5oA, 50 1 = sppeand po # sq 1.
Since A < u, we have \ < s, . Moreover, s, = sqawA € W . Therefore, s, u € M, and
this contradicts maximality of x4 in M. L

Notation 69. For a subset U of V, define

Staby (U) = {w € W | wA = X (VA € U)}.
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Lemma 70. (i) If\ € D, then
Staby ({A}) = (sa | @ € A, s,A = A).

() If\,p e D, w e W and w\ = p, then A = p.
(iii) If X € C, then Staby ({\}) = {1}.

@iv) If A\ € V, then
Staby ({A}) = (sa | @ € @, s,A = N).

Proof. First we prove, for w € W,

MLBED wA=pu = A=p, weE (S | @ €A, 55\ =), (93)
AeC,peD, wh=p = w=1 (94)
by induction on n(w) = |wII N (—II)|. If n(w) = 0, then ¢(w) = 0 by Corollary 49, hence
w = 1. Then (93) and (94) hold. Suppose n(w) > 0. Then there exists 5 € II such that
wf3 € —I1. Since IT C R>oA, this implies wR oA N R<oA 2 {0}, which in turn implies
wA N (=II) # 0. Suppose wy € —II, where v € A. Then by Lemma 47,
l(wsy) =l(w) — 1
=n(w)—1 (by Corollary 49)
< n(w). 95)

Since 1 € D and —wy € II C R5¢A, we have

= —(w ')
= _()‘7 7)

If A\ € C, this is impossible. This implies that (94) holds. If A € D, then this forces
(A,7) = 0, implying s, € Staby ({\}). Now, we have ws,A = p and (95), so we can
apply inductive hypothesis to conclude A = ; and

WSy € (So | @ €A, s,A=A).

Thus (93) holds.

Now (ii) follows from (93), while (i) and (iii) follow from (93) and (94), respectively,
by setting A = p.

Finally we prove (iv). Let A € V. Clearly,

Staby ({A}) D (84 | @ € @, s, A = A).

To prove the reverse containment, observe that, by Lemma 68, there exists z € W such
that z\ € D. Then

Staby ({A\}) = {w e W | wA = A}
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={w e W | zwz"'2) = 2A}

={z'rz € W |22\ = 2)\}

= 27 Staby ({2A})z

=2"sp | BEA, sgzA=2)\)2 (by (i)
(z71spz | BEA, 27 5520 = ))

= (s,-15| B €A, s,-15\ =) (by Lemma 12)

C (S | €D, s, A = N).

]

The following property of the set D is referred to as D being a fundamental domain for
the action of W on V.

Theorem 71. For each A € V,

WAND|=1.

Proof. By Lemma 68, we have WAND # (). Suppose p, i/ € WAND. Then Lemma 70(ii)
implies = p'. Il
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July 11, 2016

For today’s lecture, we let V' be a finite-dimensional vector space over R, with positive-
definite inner product. Let ® be a root system in V' with simple system A, and let W =
W(®P) = (so | a € D).

Notation 72. Let o € ®. We define
H,={)eV|(a,\) =0},
Hf = {AeV | (a,)) > 0},
Hy = {Ae V| (a,\) <0},
sothat V = Hl U H, U H (disjoint).
Recall

C=()H,

aEA
D= () (HSUH,).
aEA
Lemma 73. Forw € W and o € ,
wHa - Hwou (96)
wHy = Hy,. ©7)
In particular,
soHF = HF, (98)
U H,=w U H,. (99)
aed acd

Proof. Observe

wHy ={wA | X €V, (a,\) =0}
={u|peV, (wa,p) =0}
= Hyq.
This proves (96). Replacing “="" by “>" or “<”, we obtain (97). Moreover, (97) implies

+ +
saH, = HSaa

=H*
= H7F,

while (96) implies

wUHa:UwHa

acd aced
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Lemma 74. If U is a linear subspace of V such that ® N U # (), then ® N U is a root
system.

Proof. Clearly, ® N U satisfies (R1) of Definition 14. As for (R2), let o, 3 € & N U.
Then s, € N (Ra+RB) € ®NU. Thus s,(PNU) C &N U. This implies
So(@NU)=dNU. O

Lemma 75. If U is a linear subspace of V, then

W(@nUY) ifenU*+ #£40,
{1} otherwise.

Staby, (U) = {

Proof. We prove the assertion by induction on dim U. The assertion is trivial if dim U = 0.
If dim U = 1, then write U = R\. We have

Staby (U) = Staby ({A\})
= (Sa | €D, sS,A =) (by Lemma 70(iv))
= (Sa | €D, (a,\) =0)
= (54 | € ®N(RA)F)
W(@nUt) ifenU £,
B {{1} otherwise,

since ® N U~ is a root system by Lemma 74 as long as it is nonempty.
Now assume dim U > 2. Then there exist nonzero subspaces Uy, U, of U such that
U= U1 D Uz. Then

U nU;s = (U, @ Uy)*t
=Ut. (100)

Since dim Uy, dim U; < dim U, the inductive hypothesis implies

W(@NUt) if®dNU- £,
{1} otherwise

Stabw(Ul) = {
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for i = 1,2. Suppose first that ® N U- = (). Then ® N U+ = (), and
Staby (U) C Staby (U)
= {1}.
Next suppose that ® N Uit # (). Then
Staby (U) = Staby (Uy) N Staby (Us)

= W(® N U;") N Staby (Uy)

= StabW(qull)(U?)

_{w«¢mUﬁm%w if & NULNUL £ 0,

{1} otherwise

(by (100)).

_Jw(@nUt) ifenUt #£0,
{1} otherwise

Proposition 76. If U is a subset of V, then
Staby (U) = (sa | @ € @, s, € Staby (U)).

Proof. Replacing U by its span, we may assume without loss of generality U is a linear
subspace of V. Then by Lemma 75, we have

&%W“OI{MN¢QUH ﬁ@myi¢&
{1} otherwise

= (84| @€ ®@NU"Y)

= (sq | € ®, YAEU, (a,\) =0)
=(sq | €D, VAU, A=\
= (So | @ € D, s, € Staby (U)).

[
Definition 77. The members of the family
{wC | we W}
are called chambers.
Lemma 78. Let II = ® N R>¢A be the unique positive system containing A. Then
C=()HS (101)
a€cll
In particular,
CcV\|JHs (102)
ped
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Proof. If A € C, then (A, ) > 0 for all « € A. Since ® C (R>0A) U (R<oA) \ {0}, we
see that (A, 5) > 0 for all 8 € II. This implies (101). Since ® = IT U (—II), we see that
(A, B) # 0forall B € . This implies A ¢ (Jzq Hp, proving (102). O

Lemma 79. If w € W and wC N C # (), then w = 1. In particular, the group W acts
simply transitively on the set of chambers.

Proof. Suppose w € W satisfies wC' N C' # (). Then there exists A\, u € C such that
wA = p. This implies {\, u} € WANC € WAND. By Theorem 71, we conclude A = .
This also implies w € Staby ({\}), hence w = 1 by Lemma 70(iii). In particular, wC' = C
implies w = 1. This shows that W acts simply transitively on the set of chambers. U

Proposition 80.
VA J Ha= | wC (disjoiny).

aed weW

Proof. By Lemma 79, the chambers are disjoint from each other. Observe

wC CV\w U H, (by Lemma 78)
acd
=V\ | H. (by (99)).
acd
Thus
VA JHoD | wC  (disjoino).
acd weWw
Conversely, let A € V' \ [J,cq Ho- By Theorem 71, there exists w € W such that

w\ € D, or equivalently, A € w™!D. We claim A\ € w™!C. Indeed, if A ¢ w™'C, then

wh € D\ C
={peV|a)=20(VaecA), (n,B) <03}
Cl{peV|(n,pB)=0(30€A)}

=w| ) Hy (by (99)).

This implies A € |J 5 H g which is absurd. This proves the claim, and hence

VA [ Hac | we

acd weW

51



July 25, 2016

For today’s lecture, we let V' be a finite-dimensional vector space over R, with positive-
definite inner product. Let ® be a root system in V, and let W = W (®) = (s, | a € ®).
Fix a simple system A in ®.

Definition 81. Let « € ® and w € W. The hyperplane H, is called a wall of a chamber
wC if a € wA.

Notation 82. For A\ € V and € > 0, denote by B(), ) the e-ball centered at \:
B\e) = A+ | pe v, ull < <.

Lemma 83. Let A\ € V and ¢ > 0. If w is an orthogonal transformation of V, then
wB(\ ) = B(w), e).

Proof.

wB(\e) ={wA\+p) | peV, [|ul <e}
={wA+wp | p eV, |lupll <e}
={wA+p|lpeV, |ul <c}

= B(w),¢).
O]
Lemma 84. Let v € ® and \ € H. Then there exists € > 0 such that B(\,e) C H}.
Proof. Since A € H}, we have (A, ) > 0. Set
A
€= Ka) ,a)‘
2|l
Then for © € V with ||u|| < €, we have
A+ p,0) = (N, o) + (1, a)
> (A @) = [(n, @)
> (A @) = [lullfle]
> (A a) —ellall
_ (Ao
2
>0
Thus A + p € H} . This implies B(\,e) C H. O

Lemma 85. Letrav € Pand \,n € HY. Thenfor0 <t <1, tA+ (1 —t)u € H.

52



Proof. We have

A+ (1 —t)p,a) =t(N\, a) + (1 —t)(p, ) > 0.

Proposition 86. For o € ® and w € W, the following are equivalent:
(1) H, is awall of wC,
(ii) there exist A € H, and € > 0 such that H, N B(\,e) C wD.

Proof. First we prove the assertion for w = 1. Suppose H,, is a wall of C'. Then o € A.
Then by Lemma 34,

sa(IT\ {a}) = T\ {a}. (103)

r_ +
c'= () Hi.
pem\{o}

Let

Then C' C C’, and
$,C = ﬂ SQHEr
Bell

=) B, (by (97))

Bell

+
c () His
Bell\{a}

= N

Besa(\{a})

= () Hi (by (103))
Bell\{a}
="

Thus
Cus,C ccC. (104)

Let A\; € C. Then suA; € 5,C. Set A = (A + s, A1). Then (A, @) = 0,50 A € H,.
Since A\, soA1 € C' by (104), Lemma 85 implies A € C’. Then by Lemma 84, for each
B € I\ {a}, there exists €5 > 0 such that B(\,eg) C Hj . Setting

e =min{eg [ 5 € T\ {a}},
we obtain B(\,e) C C’. Thus

H,NB(\e)C H,NC'
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=H,n| () Hj
pem\{o}

C(HFUH)N| () (HfUHjg)
Bem\{a}
= D.

Conversely, suppose there exist A € H, and ¢ > 0 such that H, N B(\,e) C D. Since
SaA = A, we have s,B()\, ) = B(\,¢) by Lemma 83. This, together with s, H, = H,
implies

H,NB(\e) C s,D.

Thus
H,NB(\e) C DNs,D. (105)

We aim to show o € A. Suppose, by way of contradiction, @ ¢ A. Then n(s,) > 1, so
TN s4(—IT) 2 {a}. This implies that there exists 3 € IT\ {a} such that 5,3 € —II. Thus
—so3 € 11, and hence

D C Hj—saﬁ U H—sa,B
— H,UH,;. (106)

Also, since ( € II, we have

saD C so(Hy U Hg)
= H;;B UH;, s (by (96),(97)). (107)

Thus, combining (105)—(107), we find
H, N B(\¢e) C Hp. (108)

Since 8 # +a, we have s, # *a. Thus H, g # H,, which implies that there exists
€ Hy, \ H, 3. We may assume ||u|| < e. Then

A+p e B(\e)NH,
C Hs 5 (by (108)). (109)

Since

A€ B(\e)NH,
C Hs.3 (by (108)),

while 1 ¢ H,_ 3, we obtain A\ + p ¢ H,_s. This contradicts (109).
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We have shown that the assertion holds for w = 1. We next consider the general case.
Let o € ® and w € W. Then

(i) <— acwA

— wlaeA

<~ H,-1,isawall of C

< INE€ Hy1y, 3 >0, Hy1,NB(N\e)C D

«— Ncw'H, Ie>0, w'H,NB(\e)CD (by (96))

<~ INcw'H,, 3 >0, w'H,Nnw 'B(w\e)CD (by Lemma 83)
< Ju€H,, >0, H,N B(u,e) CwD

— (ii).

Proposition 87. If s € W is a reflection, then there exists o € ® such that s = s,,.

Proof. Since s is a reflection, s fixes a hyperplane H. Let H- = Rf3, where 0 # 3 € V.
Then s = sg. Since s € Staby (H), we have

{1} # Staby (H)
= (54 | 0 € D, s, € Staby (H)) (by Proposition 76).

This implies that there exists & € ® such that s, € Staby/(H). The latter implies s, =
53 = 5. [

Note that Proposition 15 implies that the mapping which sends a root system to a re-
flection group is a surjection, the following proposition implies that it is essentially an
injection.

Proposition 88. If & and ¢’ are root systems in' V' such that W(®) = W(d’), then
{Hy|a € ®} ={Hy | o' € D'},

or equivalently,
{Ra|ae®}={Rd | € d'}.

Proof. If a € O, then s, is a reflection in W (®) = W (®'). By Proposition 87, there exists
o' € @' such that s, = s,. This implies H, = H,.. Therefore, we have shown

{H,|a€e®} C{Hy | €D}

The reverse containment can be shown in a similar manner. O]
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August 1, 2016

Today, we describe briefly how to classify essential finite reflection groups. We have shown
that every finite reflection group W comes from some root system, in the sense that I/ =
W (®) for some root system ®. Since W (®P) is unchanged if we replace « € ® by any
nonzero scalar multiple, we assume ® consists of vectors of length 1. We also assume that
a root system spans the underlying vector space.

First, we consider the case dim V' = 2. A finite reflection group is of the form W (®)
for some root system ® C V. Let A be a simple system in ®. Then |A| = dim V' = 2. Let
A = {«, B}. By Theorem 41, we have W (®) = (s,, sg). Since W (®) is finite, there exists
a positive integer m such that (s,s3)™ = 1. We choose minimal such m, which is called
the order of s,sg. Then from the lecture on April 11, s, s3 is a rotation. By the minimality
of m, W (®) is the dihedral group of order m. Writing r = st where s = s, and t = sg,
W (®) consists of m rotations

and m other elements

which are reflections since
_ _ 2.
S = 8a,T8 = S5,,T 8 = Sspsgar- - -

By Proposition 87, the root system & consists of 2m vertices of regular 2m-gons. It follows

from the definition of a simple system that the angle formed by « and §is 7 — . In

particular,
m

(v, B) = — cos —. (110)

m
Lemma 89. Let ® be a root system with a simple system A, and let o, 5 € A. If o # £
and s, 53 has order m, then (110) holds.

Proof. Let I = {s,,ss}. Then W; = (I) is a dihedral group of order 2m, and ®; is a root
system in the 2-dimensional space V; = Ra + R/3. By Proposition 58(iii), W; = W (®;),
so @; consists of 2m vertices of regular 2m-gons. As shown above, A; = {«, 5} consists
of vectors «, 5 which satisfy (110). ]

Lemma 90. Let ® and O’ be root systems in R"™, with respective simple systems A\ and /.
Then the following are equivalent:

(i) there exists t € O(V') such that W (®') = tW (®)¢~ !,

(i) A = {a1,...,an}, A = {a),...,q,} such that (a;, ;) = (o), a}) forall i,j €

{1,...,n}h

Proof. Suppose first (i) holds. Then W (®’) = W (¢®). Thus, by Proposition 88, we obtain
@’ = t®. Since t is an orthogonal transformation, (ii) holds.
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Next suppose (ii) holds. Let C' and C’ be square matrices whose column vectors are
a;’s and o}’s, respectively. Then C'C = C’ T’ hence t = C’C'~! is an orthogonal matrix.
Clearly, A’ = tA, hence

W(P') = (s | € A" (by Theorem 41)

W(®)t (by Theorem 41).

]

Combining Lemmas 89 and 90, we see that a finite reflection group in R" is completely
described by n(n—1)/2 integers m;; > 2 (1 <i < j < n), where the corresponding simple
system is {a, ..., a,} with

T
(a4, 0j) = — cos —. (111)

my;
When n = 2, every integer mi > 2 gives a finite reflection group, namely, the dihedral
group D, ,. However, for higher dimensions, m;;’s are not arbitrary; rather quite restricted.

Lemma 91. Let B be a real symmetric n X n matrix. Then the following are equivalent:
(1) B is positive definite,

(ii) there exist linearly independent vectors s, . .., o, € R™ such that (o, ;) = Byj
forl1 <i<j<n.

Proof. Suppose first (ii) holds. Let C' be the n X n matrix whose column vectors are
ai,...,a,. Then CTC = B. This implies that B is positive definite.

Next suppose (i) holds. Then there exists an orthogonal matrix P such that PT BP is

a diagonal matrix with positive diagonal entries. This implies that there exists a diagonal

matrix D with positive diagonal entries such that P" BP = D?. Set C = DP'. Then

CTC = B, hence the column vectors ay, ..., a, of C have the property required in (ii).

[

Let A = {ay,...,a,} be a simple system, and define integers m,; by (111). Then the
real symmetric matrix 5B defined by

1 ifi =7,

— cos = otherwise

is positive definite. It turns out that this is the only condition needed to classify root systems
or finite reflection groups, but it is already quite strong. For example, n = 3, mi2 = my3 =
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mogz = 4 fails to satisfy this condition, since

\/5 \/5

is not positive definite. For n = 3, unless B is block diagonal, we have only three possibil-
ities:
(m127 mas, m23> = <2a 3) 3)7 (27 37 4)7 (27 37 5)
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