CHARACTERIZATIONS FOR CONCAVE FUNCTIONS AND
INTEGRAL REPRESENTATIONS

RINTARO OHNO

ABSTRACT. There are several types of concave functions commonly known, which map
the unit disk onto a concave domain. Detailed proofs for some familiar inequalities as
well as integral representations for these functions and an application concerning the
residue are the matter of this article.
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1. INTRODUCTION

Let C be the complex plane, C the Riemann sphere and D = {z € C: |z| < 1} the open
unit disk. In this article we conAsider univalent functions, which map D conformally onto
a simply connected domain in C. A univalent function f : D — C is said to be concave,
if f(D) is concave, i.e. C\ f(D) is convex.

Concerning the characteristics and properties, there are several types of concave func-
tions:

(1) A meromorphic, univalent function f is said to be in the class Coy, if it is concave,
1

has a simple pole at the origin and the representation f(z) = < + > 77 an2"™.

(2) A meromorphic, univalent function f is said to be in the class Co, for p € (0,1),
if it is concave and has a simple pole at p. The normalization for this class can be
done by use of the Taylor series expansion at the origin with f(z) = 24+ ", a,2"™.

(3) An analytic, univalent function f is said to be in the class Co(«), if it is concave,
satisfies f(1) = oo with the representation f(z) = 2+~ , a,2" around the origin

and an opening angle of f(ID) at oo less than or equal to ar with a € (1, 2].
It is a well known fact, that the inequality
f//(z)
f'(2)
characterizes convexr functions, mapping the unit disk onto a convex domain. Due to the
similarity, the inequality

Re(l—l—z )>O, zeD

f"(2)
f'(2)
is used - sometimes also as a definition - for concave functions f € Coy (see e.g. [5] and
others). Since a complete proof for this statement could not be found in the literature, we
are going to present the details in Section 2. Adaptations for the other classes considered
in this article were discussed e.g. by Miller in [4] and by Livingston in [3].

Using the given inequalities, several integral representations can be deduced for concave
functions. This was first analyzed by Pfaltzgraff and Pinchuk [5], who stated the following
for Coy.

Re(l—i—z )<O, zeD
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Theorem 1.1. [5] Let f : D — @,f(z) = 14+ 3 yanz" be a meromorphic function.
Then f € Coy, if and only if there exists a positive measure p(t) with fjﬁ du(t) =1 and
J7_e7"du(t) =0, such that for z € D

™

(1.1) F2) = —%exp/ 2 Tog(1 — e=2)dp(t).

—T

They used this expression in combination with a linear transformation 7', to obtain a
characterization for concave functions with pole at p € (0, 1).

Theorem 1.2. [5] Forp € (0,1), f € Co, if and only if there exists a positive measure
p(t) with [*_dp(t) =1 and [T _T(e")du(t) = 0, such that for z € D

p2 ™ »
(1.2) f'(z) = EEE e exp /n 2 log(1 — e " 2)du(t).

We are going to show different representations for these classes in Section 3, which avoid
the use of logarithms and measures.

An analysis for functions in Co(a)) was done by Avkhadiev and Wirths in [1]. The
connection to an inequality was discussed by Cruz and Pommerenke [2]. This paper
will also deal with the remaining integral representation, using methods presented by
Pfaltzgraff and Pinchuk.

As an application of the presented theorems, we will prove the following formula for
residues of functions in Co,,.

Theorem 1.3. Let f(2) € Co, be a concave function with a simple pole at some point
p € (0,1). Then the residue of this function f can be described by some function ¢ : D —
D, holomorphic in D and ¢(p) = p, such that

2

I Y e C) RN
(1.3) Res, f = S p/o —1—x<,0(x)d'

A proof of this theorem will be given in Section 4, as well as some further analysis.

2. CHARACTERIZATIONS FOR CONCAVE FUNCTIONS

In this section, we are going to present a variety of characterizations for the different
types of concave functions introduced in Section 1.
At first we consider functions in the class Coy, where the pole lies at the origin.

Theorem 2.1. Let f : D — C, f(z) =143 anz" be a meromorphic function. The
function [ is of class Cog, if and only if the inequality

(2.1) Re (1 + z];((g) <0

holds for every z € D.

A rough idea can be found in [7, p.47]. However, since the details are not carried out,
we give a complete presentation of the proof.
First we need the following Lemma.

Lemma 2.2. Let A :={z € C:1< |z|} be the exterior of the unit circle and f: A — C
be a meromorphic univalent function, mapping A onto the outside of a bounded Jordan
curve I' and oo — o0o. This curve I' is analytic, if and only if f is analytic and univalent
for {z € C:r < |z|} with somer < 1.



A similar statement can be found in [6, p.41] and the construction of the proof goes
accordingly.

Proof. 1f f is analytic and univalent in {z € C : r < |z|}, the curve I' is obviously analytic.
Therefore, let I" be analytic. Then there exists a univalent function ¢ : {z € C: p < |z| <
%} — C with p < 1, such that ¢(0D) = I'. Furthermore, there exists an r < 1, so that
h:=¢ o fisunivalent in {z€ C: 1< |2] <1} and 1< |h(z)| < %. Since |h(z)] — 1 as
|z| = 1, we can apply the reflexion principle and it follows, that f can be extended to a
holomorphic function on r < |z < 1, where p < |h(z)| < % is satisfied. Thus f = poh is
holomorphic on {z € C: r < |z| < 1} and therefore analytic and univalent on r < |z[. O

Proof of Theorem 2.1. We may assume that the nonempty compact convex set C\ f(A)
is not a line segment, since otherwise the theorem is trivial. Then C\ f (A) is a convex
closed Jordan domain bounded by a simple closed curve.

Let f(z) = L + 37 a,2" € Cop for = € D. Applying the transformation u : A —
D, z — % and setting f := fou, we get a concave function, which maps A conformally onto

the concave domain f(D)\{oo}. Therefore there exists a convex domain G = C\ f(A),
a curve I' = 0G and a convex function g : D — Int(I") by use of the Riemann mapping
theorem. The curves I'y, = {g(2) : [z| = 1 — 1}, k = 2, 3, ... are analytic and convex
because of the properties of g. )

Now let fi be the functions, which map A onto Ext(I'y), such that fi(co) = oo and
fi(00) > 0. Due to the definition of I'; and Lemma 2.2, each curve can also be described by

fr(€?) with ¥ € [0,27). Since the interior of the curve 'y is convex, arg <fk(e”) — fk(ew)>
is non-decreasing for ¢t € (9,9 + 27). Therefore

diarg (Fule") = fule”)) = almlog (file") = fule”)
] ieitfllc@jt)
fk(eitN) _ fk(eiﬂ)

(2.2) O B
fr(2) = fu(Q)

for z = e # ¢ = ¢ and
(=2 Cav_at T T a0
holds for the given z, (, t and .
N 7(n) _
Using the Taylor series expansion f,({) = >, fkn—,(Z’(g — z)" for z, ¢ € A, we obtain

2204(2) ¢z 22f02) - 2z .

)= Q) C—2  fulz) = (O
2 (fi=)(¢ —z>+fk<> 7i(©)
= 14z =~ =
(fol2) = F(O)(C - 2)
()¢ — 22 — 230 @ =z

()¢ — 2 = 2, B (¢ — e

(2.3) Re

= 1+2




i) + 230, B¢ — 2
THORSD W ﬂf”( — )t

= 14z

Since

22 i (2) (+2 2f"(2)
= = + =1+ —=
= <fk(2)—fk(4) C—Z> f'(2)
( = z is a removable singularity:.
From (2.2) and (2.3) we obtain

2:f(2) (+=z
e (fk() fk(C)Jrg_Z) =1

for all |z| = |¢| = 1. Applying the maximum principle first for |z| > 1 and then for |¢| > 1

gives
Re (1 + Z’f—(z)) >0
Je(2)

forall z€e Aand k=2,3, .... 3 )
Since convex curves I, converge to I' for k — 0o, f converges locally uniformly to f
in A due to the kernel theorem of Carathéodory. Therefore

. Z]Z//(Z)
(2.4) R (1+ 7o) ) >0

for all z € A. ) .
Considering f = fou with f'(z) = =% f'(u) and f"(z) = % f"(u) + 3 f'(u), we obtain

) 2 (AP + 2 W)
B TS R ———T )
P2
70
 u)
(2.5) - 1t

hence (2.1).
The second implication is the same as for the convex case, when one considers z € A.
This can be found in various textbooks, see e.g. [7]. Applying transformation (2.5) yields

the statement. O
Remark 2.3. It is also
2:f:) | C+z _ _2ehf(z) | dg s
) —FQ (-2 fR)-fwQ) 45 -5
o 2u(z)f(uz))  u(Q) +u(z)
fu(z)) = f(u(Q)  u(C) —u(z)

for z, ( € A. Therefore we obtain

22f'(z) | ¢+ Z>
: R 0
20 (7ot tes) <
for f € Cop and z, ( € D from the proof of Theorem 2.1.



Livingston [3] adapted the characterization for functions in Coy for the class of concave

functions with pole at p € (0,1), using the transformation z — 1z:1i )

Theorem 2.4. [3] Let p € (0,1) and f be a meromorphic function. It is f € Co,, if and
only if

(2.7) Re <1 +p? — 2pz +

_ 1 _ "
(z —p)( / pz)f (2)) <0
f'(z)
for z € D.
From this theorem, we can obtain a statement similar to Remark 2.3 for functions in

Co,. It should be mentioned, that Theorem 2.4 and the following statements are valid
regardless of the normalization introduced for this class in Section 1.

Corollary 2.5. Let p € (0,1), f € Co, and z, ¢ € D. Then
221'(2) C+z z+p 1—|—pz)
Re + + - < 0.
(f(Z)—f(C) (—z z—-p 1l-pz

Originally this was proved by Miller in [4]. Considering Livingston’s analysis in [3], we
can give an alternate proof.

Proof. Let

(2.8)

— 2 ()¢ —2)+ f(z) — f(Q)
(29) P(z2):=—1—p*+2pz—2(z — p)(1 — p2) EG
Using f(z) = > by(z — p)" for ¢ # p and
(z—p) i) _[Fbaz—p) " +bhi(z—p)+--]
fE) =1 balz=p)t b+ = f(Q)
by ba(z— )+
b+ bo(z—p) = F(O)(z = p)

we have

2

—b_1(C—p) —1—p2

Furthermore, observing that
2P(2) +p2 —p=3pz* —z—p’z—p
ol (1 — oy L N = 2) £ f(2) = F(O)
S R VTP o)
2P(z) +pz* —p  2p2* = 2p*2+pPz—z+p2P —p

(z —p)(1 —pz) (z —p)(1 —pz)
o A= 2) + 1) = F(Q)
(f(2) = F(O))(C —2)
_ 2 ztp o, PR 2) + f(2) — fQ)
(

l—pz z—p (f(z) = FIO)( —2)
l4+pz  z+p ') (
l—pz z—p (f(z) = FO)C = 2)
l+pz z4+p 22f'() (+=

l—pz z-p [f(&)=—f(Q) (—=

(2.10) -



and defining
(2.11) Q(z) =

we obtain Q(p) = igz and

zP(z) +pz* —p
(z =p)(1 = p2)’

zf” z 14+pz z+p

lim Q(z) = - (2) — :
(o2 f(2) l—pz z—p

Therefore the function

zf"(z) z+p 1+pz

1+ ) + 1 , for z =(
z— —pz
2.12 F(z,¢) =
(2.12) (2:0) 2zf'(z) +§+Z+z—|—p_1+pz for 2 # ¢
f(z) = 1) z—p l—pz
is holomorphic for z, ¢ € D.
Considering Theorem 2.1, Remark 2.3 and the fact that
1
Re(z+p_ +pz)zo7
z—p 1—pz
we obtain (2.8) by the maximum principle. O

The case z = ( in (2.12) was deduced by different means by Pfaltzgraff and Pinchuk
in [5]. ReF(z,2z) < 0 for z € D also holds as a necessary and sufficient condition for a
meromorphic function f to be in Co,.

Theorem 2.6. [5] Let f: D — C be a meromorphic function. The function f is of class
Cop, if and only if for z € D

2f"(z)  z+p 1+pz
(2.13) I%(L%ﬁ@)+z_p—1_m)<0

For the class Co(«), the following inequality can be deduced.
Theorem 2.7. [1, 2] Let am, a € (1,2]. An analytic function f with f(0) = f'(0)—1=0
is of class Co(a), if and only if for z € D
" 1 1
f'(z)  a+ t2\ _,
f(2) 21—z
Avkhadiev and Wirths considered this in [1] and Cruz and Pommerenke discussed a

variation of the theorem in detail in [2]. A factor % has to be added to the characteri-
zation in case a normalization is required.

(2.14) Re (1 +2

3. INTEGRAL REPRESENTATIONS FOR CONCAVE FUNCTIONS

The inequalities from the previous section provide new representation formulas for
concave functions. These are equivalent to the already presented characterizations.

Theorem 3.1. Let f : D — @,f(z) = 143 an2" be a meromorphic function. If
f € Coy, then a function ¢ : D — D holomorphic in D with ¢(0) = 0 exists, such that for
zeD

(3.1) f'(z) = —%exp /OZ %d(

On the other hand, for any holomorphic function ¢ mapping D — D with ¢(0) = 0, there
exists a function f € Coy described by (3.1).



Proof. 1t is known, that a function which maps D into the right half plane and the origin
to 1 can be expressed as %7 where ¢ : D — D is a function holomorphic in . We
combine this fact with Theorem 2.1. Therefore there exists a holomorphic function ¢ with

the given properties such that
SR 1+ zp(z)

1+ f’(z) 1= z2p(2)
Hence it is also
f'(z) _ __220(2)
S TP i g
["(z)  —2p(2)
= * (z) T 1 z0(2)
d — z
& 1 log ( ) %
- log (—sz,<2)) — log (_CQf’(C)) |C:0 = /OZ %M

Using ¢2f'(¢) = ¢*- (Z_“’l +> nanC”_1> = —1+ O(¢?), with O being the Landau
symbol as in the proof of Corollary 2.5, we obtain

log (—ZZf/(Z» :/OZ —290( ) d<

1—C¢§)
& f'(z) = —%e p/o %dg.
Since f must not have a residue, it has to be
()|, =0
Considering x(z) := [; 1725;0 d¢ and g(z) := 2% f'(2) = —e"*), we obtain
0 O

Therefore it has to be ¢(0) = 0.
Conversely, if ¢ : D — D is a holomorphic function with ¢(0) = 0, a function f defined

by
/ __i X - _QQD(C)
Fe)=—gew [ 77

does not have a residue of its own. Furthermore we obtain

/') 14 20(2)
F&) T 1-zp)

By the use of Theorem 2.1, concavity follows immediately. O

1+ 2

Using the inequality obtained from Theorem 2.6, it is possible to prove a similar state-
ment for the class Co,.



Theorem 3.2. Let p € (0,1). If a meromorphic function f: 1D — C belongs to the class
Coyp, then there exists a function ¢ : D — D, holomorphic in D with ¢(p) = p, such that
the concave function can be represented as

iy p? ox F =29(¢)
(3.2 A= e, g

for z € D. Conwversely, for any holomorphic function ¢ mapping D — D with ¢(p) = p,
there ezists a concave function of class Co, described by (3.2).

Proof. From Theorem 2.6 it is known, that f € Co, is equivalent to

f'(z) z+4+p 142zp
f(z) +z—p_1—zp) <!

Re(1+z

for p € (0,1). Therefore there exists a function ¢ : D — D, holomorphic in D such that

L4 08 zdp  L4pz 14 20(2)
f'(z)  z—=p 1-pz 1 —zp(2)

e 1t f”<2>+( 2Zp_1)_< 2p: +1)—_1 220(2)

z f'(2) z — 1—pz 1 20(2)
J"(2) 2z 2pz 22p(2)
& Zf/(z)+z—p 1—pz  1-—zp(z2)
VN f"(2) 2 2 2p(2)
f'(z) z—p 1—pz 1 — zp(2)
< — (log(f'(2)) + 2log(z — p) + 2log(1 — pz)) = — 1 E(pz(gizz)

Integration yields

log (f/()(= = p)*(1 = p2)*) — logp* = =2 / % a
'(2) = v ex ) ﬂ
= f(Z)_ (Z_p)g(l_zp)z p/o 1_C<,0(C)dc'

Similar to the case of Theorem 3.1, the representation (3.2) must not have a residue of
its own because of the properties of f/(z). It has to be

(3.3) ((z=p)*f'(2)) _ =0
; = 2 K(z :
Setting k(z) := |, 1722‘:;8)d( and g(z) = (2 —p)? f'(2) = € (2) we obtain
ACI 2p
=K'(z
9(2) S zp
Therefore it is necessary to be
—2¢(p)  _,
L—pe(p)  1-p?
& v(p) = p,

so that (3.3) is satisfied.



On the other hand, if ¢ : D — D is a holomorphic function with ¢(p) = p, the function
f defined by (3.2) does not have a residue of its own due to the consideration of the above.
Furthermore it satisfies

f'(z) [ z+p 1+4pz  1+2zp(2)

FE) T op T-pr . T-zp(a)
Using Theorem 2.6, we obtain f € Co,.

1+

O

Considering the class Co(a)) Avkhadiev and Wirths proved the following in [1].

Theorem 3.3. [1] Let o € (1,2] and f : D — C be an analytic function with f(0) =
f'(0) =1 = 0. Then f € Co(«) if and only if there exists a function ¢ : D — D,
holomorphic in D, such that for z € D

(3.4 1) = e | —la— DR

Using a positive measure u(t) as in Theorem 1.1, we can obtain the next statement.

Theorem 3.4. Let o € (1,2] and f be an analytic function with f(0) = f'(0) —1 = 0.
Then f € Co(«) if and only if there exists a positive measure pu(t) with f:r p(t)dt =1,
such that

™

! 1 —it
(3.5) fi(z) = mexp/ (v — 1) log(1 — e ™2)du(t).

—Tr

Proof. The normalized, analytic function f is of class Co(«) if and only if (2.14) of Theo-
rem 2.7 is valid. It is known, that every function P(z) = 1+> 7 ¢,2" with Re P(z) > 0
for z € D can be represented as

el 4 2
P(z) = /7T i Zdu(t), zeD

with some positive measure p(t) due to the Herglotz representation formula.
From the normalized form of (2.14) we therefore obtain the existence of a positive measure
pu(t), with [ du(t) =1, such that

2 f"(z) a+1 14z el + 2
- 1 - . — [ i
04—1(+Zf’(z) 21—z /_ﬂe”—z'u()

= (mﬂ)liﬁagl ‘ZJ;EZZ))) _1:/” ol

—Tr

2z(a+1) 2 .Zf”(z) _ T 9,
v BN e e = ]
a1 PG [

- 1—zz_zf/(z) = 1)/_7r eit_zdﬂ(t)'

Considering the derivative leads to

™

(o Dlog(1 = 2) ~log (=) = ~(a—1) [T log(1 = “2)au(t)

™

o log(1L = 2)"411'(2) = (a = 1) [ log(1 — e"2)du(),

—Tr

which is obviously equivalent to the desired representation formula. [l



Since we do not have to deal with any complications concerning the logarithm during
the proof of Theorem 3.4, there are no additional conditions for the measure, as it was
the case in the previous theorems.

Remark 3.5. As it can easily be observed, there is a similarity between the representation
formula using a function ¢ (see e.g. Theorem 3.1) and the version considering a positive
measure £(t) (see e.g. Theorem 1.1).

Since the expression z — izig;, with ¢ : D — D, ¢ holomorphic in I, maps the unit
disk onto the right half of the complex plane and is normalized by 0 — 1, it can also be

described by means of the Herglotz representation formula. Therefore

1+ 2p(2) /7r e”—l—zd 0

1 —zp(2) et —2z

22¢(2) [Tt 4z
< 1 —zp(2) —l—l—/_ﬁ eit—zd'u(t)
20(2) [T 2z
< 1—20(2) /_7r eit — zdﬂ(t)
(3.6) o /0 %dg - /_ log(1 = ¢“2)d(t)

for z € D. The existence of a certain function ¢ is hereby equivalent to the existence of
a positive measure p(t) so that (3.6) holds.

However, since the representation using the measure involves logarithms, we have to
be careful with additional conditions, to ensure that the results are well-defined. On the
other hand, additional conditions for ¢ are provided by the fact, that f’(z) must not have
a residue of its own, as shown in the previous proofs.

4. APPLICATION

Using the integral representation formula of the previous section for the class Co,, we
can obtain Theorem 1.3 for the residue of concave functions.

Proof of Theorem 1.3. Since a function f € Co, is represented by

b_ o0
f2) = - _1p +bo+ Y balz—p)"
n=1
for |z — p| < 1 — p, we obtain
by -
f(2)=———<+bi+ > nb(z—p)" "
( ) (Z _p)g 1 ; ( )

Applying (3.2) from Theorem 3.2, the following equality is valid.

b S 1 P? o [T 2
(Z—p)2+b1+;nb"(2 2 _(Z—p)2(1—zp)2€p/o T (0™

Multiplying both sides with —(z — p)? we have

_ — )2 _ N U —p? < ° —2p(¢)
b =l =3t = e [ =l

Considering z = p leads to the theorem. O




Using the inequality
11 1+p
o1y
@)=
[4], Wirths proved the next theorem in [§].

<1

for f € Co, provided by Miller in
Theorem 4.1. [8] Let p € (0, 1). For a € C there exists a function f € Co, such that
a = Res, f if and only if

2 4

(4.1) a+1fp4 Slfp‘l'
Let ¥ € [0, 2m). A function f € Co, has the residue
2 4
a:_lfp‘l —i—emlf—p4
if and only if
= (1 + e)2?
(4.2) fo(z) =

(1——)(1—]72) .

We now prove the same statement using the given integral representation.

Proof. Applying the transformation z = {= and ®(z) = ¢(z) for p € (0,1) and z € D
o (1.3) we obtain

P _20p(z) . 0 2d(2) . p?—1 8
/Ol—axp(x)d /pl— —=P(z) (1—pz)2d

_ /p 20(z)(p* — 1) N
o (1—=p2)2=(p—2)0(2)(1—pz)

The function ® : D — D is holomorphic in D with ®(0) = p. Therefore there exists a

function ¥ : D — D, holomorphic in D with ¥(0) = 0, such that ®(z) = {=575. Then
P =2p() o[ 2(p” —1)(p — ¥(2)) s
e el R (e e e

o 2(\1/(2)—29) .
(4.3) —/0 A= po)(1—u() "

Using representation (1.3) and (4.3) for the residue , we obtain
2

(13) p’ exp /p —2p(x) P
1=p?)? 7Sy 1—zp(x)  1-p!

@3 p* |14p? /p 2(¥(z) — p)
o (I—px)(1—2¥(r))

= 1 iﬁ P / <1 —2]]5%2 T —Qp(;g)—_x@m) e 1’

I T R N
- p/o v (@)1 )" 1"

da:—l‘




w—p3z
1—2w

< (1 p = for |w| <z and |¥(z)| < x, we have

“1’( r)—ptr| _ (1=phr
1 — 22

1 —2U(x)

Furthermore, since

(4.4)

for any x > 0.
Combining (4.4) with the above and applying |¢” — 1| < el*! — 1, we obtain

2 2 P 2
P p 2(1 — p*)z
4.5 dz| —1
w9 o] < 7 (][ e
1—pt
Setting W(z) = We(z) = cz, Le. p({£3) = {575 with ¢ € D we obtain a concave
function, for which equality holds in (4.5) if and only if ¢ € ID.
¢

Applying the transformation z = pg;_p1 we have
—(c=p)( = (1 —=c)p
4.6 Q) = .

Inserting (4.6) into the integral representation (3.2) of Theorem 2.6 leads to the concave
function g. which first derivative can be expressed as

, P’ : 2(c=p*)¢+2(1 —=c)p
9e(2) (z — p)2(1L — pz)? X /0 (c—p)C2+2(1— o)pC + pPc — 1dC
B v (c—p*)z* +2(1 —c)pz +p’c—1
(2= p)?(1 —p2)? ( pe—1 )
o p2 C_p2 2 l—c 2 1
T e pP(-pe)p? <p2c— 17 e T ) |
Therefore
B p2 1 c ?
9:(2) = pPc—1 L —p p(1— CP)L
P ((1 — o)p?® + (pPc — 1)2)
Cple—1 p(z —p)(1 —p2)
(@7) e (1 55) #
' (1—=2)(1—p=)
for ¢ € D.

Furthermore, the residue of g. can be determined to be

P (= pP+ (=g
p2c—1 1—pz

Res, g. =

Z=p
p*—p! p?
T (Pe—1)(1—p?) pr—1

for any ¢ € ﬁ Since the image of D under the mapping z pil is the closed disk K

T for each number a € K there exists a concave function

ge with ¢ = p +“ such that Resp Jge = a.




The extremal function in case of equality can be obtained by considering ¢ € 0D as

mentioned above and setting —pc{c’fl = ¢ in (4.7) for some ¥ € [0, 27). This proves the

theorem. ]
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