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@ H : On the second derivative of bounded analytic functions
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[ 2L For ¢ in the complex plane C and r > 0, let D(c,7) = {2 €
C:lz—c| <7} and D(c,r) = {2 € C: |z — ¢| < r}. In particular we
denote the open unit disk D(0,1) by D. Assume that a point z € D
and f is an analytic self-map of D fixing 0. Schwarz’s lemma asserts
that | f(2)| < |z|, and Dieudonné’s lemma derives an inequality about
the derivative f/(z2), |f'(z)| < min{1, (1+]z]?)/(4|z|(1—]|z|*))}, which
is best possible for each value of |z|. In this talk, we shall obtain a
sharp upper bound for the second derivative f”(z) depending only on

2.

Furthermore, assume that w € D with the modulus of z greater
than that of w. Schwarz’s lemma shows that {f(z)} = D(0,]|z|).

Dieudonné’s lemma asserts that
w |z]? — |w]?
(F(2): 1) = w) = D( el
z|(1—12]?)

We shall determine the variability region {f"(z) : f(z) = w} when f
ranges over the class of all analytic self-maps of unit disk fixing 0. We

also graphically illustrate our main result by using Mathematica.
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