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1. Introduction

e (M™,g) : connected oriented closed
Riemannian manifold, dim M = m

closed = compact, without boundary

e the de Rham complex

d: QP(M) — QPTL(M), d? = o,
5 : the L?-adjoint of d
w.r.t. the L%-inner product,

i.e. (dp,Y)p2=(¥,0¢)2.

the L2-inner product is defined as

((’09 ¢)L2 - = /M“O’ ’¢>ng9
for any ¥, ¢ € QP(M).



e Laplacian on p-forms
A:=d§+6d: QP(M) - QP (M)

Spectrum of A consists only of eigen-
values, because M is closed and A is

elliptic.
So, we denote the eigenvalues by
O=...=120 < Ag_p)(M,g) S

A2(M,g) < -+ — oo.

(1) the number of zero eigenvalues
equals by (M) := dim HP(M; R),
which is independent of metric g
(de Rham-Hodge-Kodaira) .

(2) the positive eigenvalues depend on
metric g.

Basic Problem on Spectral Geometry
Find the geometrical and topological

information of )\,gp).



Estimates of }\gp)
e p = 0, (functions)
(M, g) : closed Riem. manifold with

{ Ric > — k2,

.o %
0 < dy < diam < das.

= ECl(m, K, d2)9 CZ(ma K, dl) >0
st. 1 < AV, 9) < 0.
ol <p<m-—-1

An analogy does not hold !

i.e. EI{(MOéaga,i)}i:l,Z,...  (a=1,2)
two families of closed Riemannian man-
ifolds with x s.t.

(1) AP (My,91,4) — 0,
(small eigenvalues)

(2) AP (M2, g2,4) — 0,
(large eigenvalues)

as 1 — oQ.



Known results

e Small eigenvalues
Colbois-Courtois [90, 00], Lott [02,
04], Forman [95], Jammes [03, 04],
T— [02], etc.

typical example - - - the Berger sphere.

e Large eigenvalues
Aubry-Colbois-Ghanaat-Ruh [03], Lott
[02].

typical example - - - some nilmanifold.

All known examples are given by col-
lapsing.

e In this talk, we study large eigen-
values under some collapsing.



2. Results

o If | K| < bdd., Lott [02] completely
characterized the large eigenvalues.

= we are interested in K > bdd.

Roughly speaking,
collapsing under K > bdd. consists

of gluing of (singular) fiber bundles
(Shioya-Yamaguchi [00], Yamaguchi [02]).

But, this case is very difficult in gen-
eral.

= so, we study a special collapsing
of Riemannian manifolds which is glu-
ing of two trivial bundles with bound-
aries.



Construction
Take two conn. orientable compact
Riemannian manifolds with boundaries:

{ (N", gn) ~o (Z" 1 := 8N, gz),
(WL gw) ~g (F" := OW, gF).

By taking products of them, we have
2-families of cpt. Riem. manifolds :

Mie = (F X N,e*gp @ gn),
Me :=(W x Z,e?gw ®gn)-

Both boundaries are isometric.

So, by gluing them along their bound-
aries, we obtain the collapsing of closed
Riem. manifolds :

(va 98) = Ml,e Ug M2,€ — (NnagN)a

as € — 0, where m :=n + r.
In general, K — Toc.




Main Theorem (T — [05])

For our collapsing family (M, g:) —
(N,gn) with n > 2, consider the
three conditions:

(Hn<p<mw,

(2) H1(F;R) =0
for p—n < Vg < p,

(3) H1(W;R) = HY(W, 0W; R)
=0 forp—n+1<Yg<p.

Then, we obtain
— oo if (1), (2), (3) hold

)‘gp) (Ma 96) . ’
<C otherwise,

as € — 0, where C > 0 is indepen-
dent of <.

e Remark
In the case of n = 1, we do not need
the condition (3).



Special case: Sphere
(Dk,ng) : the k-dimensional disk
with K > 0. Then, we take

(Nnv gN) = (DnagDn)a
(W, gw) == (D", gpri1).
Then, we see that our M =0 S™.
In fact,
M™ = (87 x D™) Uy (DT 1 x s~ 1)
>~ §(D" ! x D) = oD™ !

=~ S™,

Thus, we obtain the collapsing family
(8™,ge) — (D", gpn) with K, >

0, sup K4, — oo.
e Remark

S does not collapse under |K| <
bdd., because x(S?*™) # 0.

(If possible, x(M) = 0.)



Corollary. (T — [05])

3 collapsing (5™, gec) — (D™, gpn)
with K4, > O s.t.

— o0 ifn<p<r
’\gp)(smv 96) . ,
< C otherwise,

as € — 0, where C > 0 is a constant
independent of ¢.

The conditions (2), (3) in Main The-
orem are automatically satisfied.



