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Abstract

We give a classification of circulant D-optimal designs of orders 62
and 74. We also give a revised classification of circulant D-optimal
designs of orders 26, 50 and 66.

1 Introduction

A D-optimal design of order n is a square (1,−1)-matrix of order n having
maximum determinant. Ehlich [2] showed that for n ≡ 2 (mod 4) and n > 2,
any square (1,−1)-matrix M of order n satisfies

detM ≤ (2n− 2)(n− 2)(n−2)/2(1)

and that equality is possible only if 2n − 2 is a sum of two perfect squares.
Moreover, if n = 2v ≡ 2 (mod 4) and A,B are commutative (1,−1)-matrices
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of order v such that

AAT +BBT = (2v − 2)I + 2J(2)

then

X(A,B) =

(
A B

BT −AT

)
is a D-optimal design meeting the above bound (1), where I and J are
the identity and all-one’s matrices, respectively, and AT is the transposed
matrix of A [2]. If the matrices A and B are circulant then X(A,B) is called
a circulant D-optimal design [3]. Most of the known D-optimal designs are
circulant (cf. [1], [3]).

For orders n ≤ 58 and n = 66, all circulant D-optimal designs meeting
the bound (1) were classified in [3]. The aim of this note is to extend the
classification to orders up to 74, under the equivalence defined in [3].

Theorem 1. There are exactly 155 circulant D-optimal designs of order 62,
up to equivalence. There are exactly 537 circulant D-optimal designs of order
74, up to equivalence.

Remark 2. For order n = 70, there is no circulant D-optimal design meeting
the bound (1), since 2n − 2 is not a sum of two perfect squares. Hence the
classification has been complete for orders up to 74.

We also give a revised classification of circulant D-optimal designs of
orders 26, 50 and 66.

2 Preliminaries

From now on, we suppose that n = 2v > 2 where v is odd. Let Zv =
{0, 1, . . . , v − 1} be the ring of integers modulo v. For A ⊂ Zv and i ∈ Zv,
define

PA(i) = |{(x, y) ∈ A× A | y − x = i}| and
PA = (PA(1), PA(2), . . . , PA(v − 1)).

Let A and B be a k-subset and an r-subset of Zv, respectively. If a pair
(A,B) satisfies

PA + PB = (λ, λ, . . . , λ)
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then it is called a 2-{v; k, r;λ} supplementary difference set. It follows from
the definition that λ(v − 1) = k(k − 1) + r(r − 1). If X(A,B) is a circulant
D-optimal design meeting the bound (1), then it was shown in [1] that

(v − 2k)2 + (v − 2r)2 = 2n− 2(3)

where k and r are the numbers of −1’s in the first rows of A and B, respec-
tively. It was also shown in [1] that circulant matrices A and B with first rows
which have k −1’s and r −1’s, respectively, satisfying (2) correspond to a 2-
{v; k, r;λ} supplementary difference set satisfying that λ = k+ r− (v−1)/2.
More precisely, we identify the pair of the sets of the positions of −1’s in the
first rows of A and B with the corresponding supplementary difference set.
Hence circulant D-optimal designs are often considered in this note using the
corresponding supplementary difference sets.

If (A,B) is a supplementary difference set then the following pairs:

(E0) (Zv\A,B) and (A,Zv\B),

(E1) (B,A),

(E2) (±A+ a,±B + b) for any a, b ∈ Zv,

(E3) (dA, dB) for any d ∈ U(Zv)

are also supplementary difference sets, where U(Zv) = {d | 1 ≤ d ≤ v −
1, gcd(d, v) = 1} and d is regarded as an integer for gcd(d, v) = 1. These
supplementary difference sets are called equivalent [3]. According to [3],
we say that circulant D-optimal designs are equivalent if the corresponding
supplementary difference sets are equivalent.

IfX(A,B) is a circulantD-optimal design thenX(±A,±B) andX(±B,±A)
are also circulant D-optimal designs which are equivalent to X(A,B) by (E0)
and (E1). Hence we may assume that

1 ≤ k ≤ r ≤ n− 2

4
.(4)

Therefore, in order to complete the classification of circulant D-optimal de-
signs of order n = 2v meeting the bound (1), we classify 2-{v; k, r; k+r− v−1

2
}

supplementary difference sets for all possible (k, r) satisfying (3) and (4), by
the method given in the next section.
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3 Classification results

Lemma 3. Let A and B be a k-subset and an r-subset of Zv with the char-
acteristic vectors of the following form

(5) (0, . . . , 0︸ ︷︷ ︸
α+
1

, 1, . . . , 1︸ ︷︷ ︸
α−
1

, . . . , 0, . . . , 0︸ ︷︷ ︸
α+
s

, 1, . . . , 1︸ ︷︷ ︸
α−
s

) and

(0, . . . , 0︸ ︷︷ ︸
β+
1

, 1, . . . , 1︸ ︷︷ ︸
β−
1

, . . . , 0, . . . , 0︸ ︷︷ ︸
β+
t

, 1, . . . , 1︸ ︷︷ ︸
β−
t

)

respectively, where
∑s

i=1 α
+
i = v−k,

∑t
i=1 β

+
i = v−r,

∑s
i=1 α

−
i = k,

∑t
i=1 β

−
i =

r, and α±
i , β

±
i > 0. Then the following statements hold.

(i) PA(1) = k − s and PB(1) = r − t,

(ii) if i ≥ 2, then

PA(i) ≥ |{ j | α+
j = i− 1 }| +

∑
α−
j >i

(α−
j − i)

PB(i) ≥ |{ j | β+
j = i− 1 }| +

∑
β−
j >i

(β−
j − i)

and equality holds for i = 2.

Proof. The tedious but straightforward proof is omitted.

Lemma 4. Let (A,B) be a 2-{v; k, r; k + r− v−1
2
} supplementary difference

set. Suppose that A and B have the characteristic vectors of form (5). Then

s+ t =
v − 1

2
.(6)

Proof. From Lemma 3 (i), PA(1) = k− s and PB(1) = r− t. Since PA(1) +
PB(1) = k + r − (v − 1)/2, we obtain s+ t = (v − 1)/2.

Now let A and A′ be k-subsets of Zv. Suppose that A and A′ have the
characteristic vectors of the following form

(0, . . . , 0︸ ︷︷ ︸
α+
1

, 1, . . . , 1︸ ︷︷ ︸
α−
1

, . . . , 0, . . . , 0︸ ︷︷ ︸
α+
s

, 1, . . . , 1︸ ︷︷ ︸
α−
s

) and

(0, . . . , 0︸ ︷︷ ︸
α′+

1

, 1, . . . , 1︸ ︷︷ ︸
α′−

1

, . . . , 0, . . . , 0︸ ︷︷ ︸
α′+

s

, 1, . . . , 1︸ ︷︷ ︸
α′−

s

)
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respectively, where
∑s

i=1 α
+
i =

∑s
i=1 α

′+
i = v − k,

∑s
i=1 α

−
i =

∑s
i=1 α

′−
i = k,

and α±
i , α

′±
i > 0. We write A ≼ A′ if (α′+

1 , α
′+
2 , . . . , α

′+
s ) is greater than or

equal to (α+
1 , α

+
2 , . . . , α

+
s ) in lexicographic order. For r-subsets B and B′,

B ≼ B′ are defined similarly.
We construct all 2-{v; k, r; k + r − v−1

2
} supplementary difference sets

(A,B) satisfying the following conditions:

(i) the characteristic vectors of A and B are of form (5),

(ii) A ≼ (±A+ a) and B ≼ (±B + b) for a, b ∈ Zv such that (±A+ a) and
(±B+ b) have the characteristic vectors of form (5), the numbers s for
A and (±A+ a) are the same, and the numbers t for B and (±B + b)
are the same,

(iii) PA(1) ≥ PA(2) and PB(1) ≤ PB(2),

(iv) PA ≥ PdA and PB ≤ PdB for all d ∈ U(Zv),

where PA ≥ PdA means that PA is greater than or equal to PdA in lexico-
graphic order. From (E2) and (E3), without loss of generality, we may assume
that the conditions (i), (ii) and (iv) hold. Although (iii) is an additional con-
dition which can be easily obtained from (iv), the condition (iii) is useful
to reduce the number of possible A and B since it can be directly checked
by Lemma 3 without examination of (iv). Hence all 2-{v; k, r; k + r − v−1

2
}

supplementary difference sets which must be checked further for equivalence
to complete the classification can be obtained by considering all pairs (s, t)
satisfying (6). Then we divide the supplementary difference sets into equiva-
lence classes and take one from every class. This completes the classification
of 2-{v; k, r; k+r− v−1

2
} supplementary difference sets. For all possible (k, r)

satisfying (3) and (4), by completing the classification of 2-{v; k, r; k+r− v−1
2
}

supplementary difference sets, we complete the classification of circulant D-
optimal designs of order n = 2v meeting the bound (1).

For orders n = 62 and 74, pairs (k, r) satisfying (3) and (4) are (10, 15)
and (13, 16), respectively. Hence by classifying 2-{v; k, r; k + r − v−1

2
} sup-

plementary difference sets with (v, k, r) = (31, 10, 15) and (37, 13, 16), we
completed the classification of circulant D-optimal designs of orders 62 and
74, respectively. All the inequivalent circulant D-optimal designs of order 62
are presented as supplementary difference sets in Appendix. To save space,
we give only 20 circulant D-optimal designs of order 74 in Table 1.
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Table 1: Examples of circulant D-optimal designs of order 74

A B
{2, 3, 4, 7, 8, 13, 18, 19, 20, 21, 27, 28, 36} {1, 2, 4, 5, 7, 9, 11, 13, 14, 15, 17, 20, 24, 27, 31, 36}
{2, 3, 6, 7, 12, 18, 25, 26, 27, 28, 29, 35, 36} {1, 3, 5, 7, 10, 12, 14, 15, 17, 18, 20, 23, 24, 30, 35, 36}
{2, 3, 4, 5, 8, 9, 12, 13, 19, 20, 21, 26, 36} {1, 2, 4, 7, 9, 13, 15, 17, 20, 24, 26, 27, 28, 29, 32, 36}
{3, 7, 13, 14, 15, 16, 17, 18, 22, 23, 28, 35, 36} {1, 3, 5, 8, 11, 12, 14, 15, 17, 21, 22, 23, 25, 28, 33, 36}
{2, 6, 7, 12, 19, 20, 21, 22, 23, 24, 30, 31, 36} {1, 3, 4, 6, 8, 9, 12, 14, 18, 20, 24, 27, 31, 34, 35, 36}
{1, 2, 3, 4, 5, 10, 11, 19, 24, 25, 29, 35, 36} {1, 3, 6, 8, 10, 11, 14, 16, 18, 19, 22, 28, 29, 31, 32, 36}
{1, 2, 6, 7, 10, 11, 12, 13, 14, 26, 29, 30, 36} {1, 2, 4, 8, 10, 13, 15, 19, 21, 23, 24, 28, 29, 31, 35, 36}
{1, 2, 3, 5, 6, 12, 13, 22, 23, 27, 34, 35, 36} {1, 4, 6, 9, 10, 11, 13, 16, 19, 22, 24, 28, 29, 30, 32, 36}
{2, 3, 4, 5, 6, 10, 15, 16, 17, 23, 31, 32, 36} {1, 3, 4, 6, 7, 8, 11, 13, 17, 19, 21, 22, 25, 28, 31, 36}
{1, 2, 5, 10, 11, 12, 15, 16, 17, 18, 26, 35, 36} {1, 3, 4, 6, 7, 11, 13, 14, 18, 19, 21, 23, 27, 29, 32, 36}
{1, 2, 5, 6, 7, 8, 11, 19, 20, 21, 31, 35, 36} {1, 3, 6, 9, 12, 14, 18, 19, 20, 22, 24, 28, 29, 31, 35, 36}
{2, 7, 10, 18, 19, 20, 21, 24, 25, 26, 34, 35, 36} {1, 3, 5, 6, 9, 11, 13, 18, 22, 25, 28, 29, 31, 34, 35, 36}
{1, 2, 6, 11, 20, 21, 22, 25, 26, 27, 28, 35, 36} {1, 2, 3, 5, 8, 9, 10, 13, 15, 18, 21, 25, 27, 29, 33, 36}
{1, 2, 3, 4, 7, 8, 15, 19, 25, 26, 27, 35, 36} {1, 3, 5, 7, 8, 10, 13, 15, 16, 21, 25, 28, 29, 31, 35, 36}
{2, 3, 4, 5, 8, 9, 13, 21, 27, 28, 29, 30, 36} {1, 3, 5, 7, 8, 10, 13, 15, 18, 21, 22, 25, 29, 34, 35, 36}
{1, 2, 6, 7, 8, 17, 20, 21, 28, 33, 34, 35, 36} {1, 2, 4, 5, 8, 9, 11, 13, 16, 18, 22, 24, 26, 29, 30, 36}
{1, 2, 5, 6, 7, 10, 22, 23, 24, 31, 32, 33, 36} {1, 2, 4, 6, 8, 12, 16, 17, 19, 20, 23, 25, 26, 29, 31, 36}
{1, 5, 6, 7, 8, 12, 17, 18, 21, 22, 34, 35, 36} {1, 2, 4, 5, 7, 8, 11, 13, 15, 19, 23, 24, 26, 31, 33, 36}
{2, 7, 10, 11, 12, 18, 19, 20, 21, 24, 25, 26, 36} {1, 3, 5, 7, 10, 12, 15, 21, 22, 24, 25, 27, 28, 31, 32, 36}
{1, 2, 3, 4, 5, 6, 10, 19, 20, 27, 28, 31, 36} {1, 3, 6, 8, 9, 12, 14, 18, 19, 23, 24, 26, 30, 32, 33, 36}

4 Remarks on the known classification

For orders n ≤ 58 and n = 66, all circulant D-optimal designs meeting
the bound (1) were classified in [3]. By the method given in Section 3, we
completed the classification for these orders alternatively. Comparing our
classification with the known classification in [3], we obtained the following
revised classification of circulant D-optimal designs for only orders n = 26, 50
and 66.

• n = 26: According to [3, Table I] the authors in [3] claimed that
there are two 2-{13; 3, 6; 3} supplementary difference sets and there is
a 2-{13; 4, 4; 2} supplementary difference set, up to equivalence. Here
we correct an omission by [3] in their classification of 2-{13; 4, 4; 2}
supplementary difference sets and we claim that the following two 2-
{13; 4, 4; 2} supplementary difference sets defined by (A,A) and (A,B)
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are inequivalent where

A = {1, 4, 5, 12} and B = {1, 2, 6, 12}.

In order to show this, it is enough to check the conditions (E2) and
(E3). We verified that

{(d, a) ∈ U(Z13)× Z13|d(±A+ a) = A} = {(1, 0), (3, 5), (4, 2), (9, 11), (10, 8), (12, 0)}.

But for each of the above elements d, there is no element b ∈ Z13 with
d(±A+ b) = B. This means that (A,A) and (A,B) are inequivalent.

• n = 50: According to [3, Table I] the authors in [3] claimed that
there are 39 inequivalent 2-{25; 9, 9; 6} supplementary difference sets.
However, our computer search shows that there are only 30 inequiva-
lent 2-{25; 9, 9; 6} supplementary difference sets. We have verified that
the authors in [3] do not apply (E1) in the definition of equivalent
supplementary difference sets. In fact, by (E1) the following pairs of
supplementary difference sets are equivalent:

(D1, D34), (D2, D32), (D3, D26), (D4, D29), (D5, D31), (D6, D16),

(D7, D33), (D8, D10), (D9, D22), (D11, D15), (D12, D37), (D13, D24),

(D17, D18), (D19, D28), (D20, D27), (D21, D23), (D30, D35), (D38, D39),

where Di denotes the supplementary difference set (Ai, Bi) in [3, Table
I]. In Table 2, we give nine missing supplementary difference sets.

• n = 66: The authors in [3] claimed that there are 509 and 516 in-
equivalent 2-{33; 12, 13; 9} and 2-{33; 11, 15; 10} supplementary differ-
ence sets, respectively. However, our computer search shows that there
are 576 and 537 inequivalent 2-{33; 12, 13; 9} and 2-{33; 11, 15; 10} sup-
plementary difference sets, respectively. In [3, Table I], the authors only
gave some supplementary difference sets. Hence we do not compare the
classification in [3] with our classification.

Hence we have the following revised classification.

Proposition 5. Up to equivalence, there are exactly four, 30 and 1113 cir-
culant D-optimal designs of orders 26, 50 and 66, respectively.
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Table 2: Nine missing 2-{25; 9, 9; 6} supplementary difference sets

A B
{1, 3, 4, 5, 7, 13, 14, 23, 24} {1, 4, 6, 7, 11, 15, 18, 19, 24}
{1, 2, 6, 11, 16, 17, 18, 23, 24} {1, 3, 4, 7, 10, 11, 13, 15, 24}
{1, 2, 6, 9, 10, 11, 12, 16, 24} {1, 3, 6, 12, 15, 18, 19, 20, 24}
{1, 2, 3, 7, 8, 9, 12, 19, 24} {1, 3, 4, 7, 14, 15, 17, 20, 24}
{1, 2, 5, 7, 12, 13, 22, 23, 24} {1, 4, 6, 10, 14, 17, 22, 23, 24}
{1, 2, 3, 4, 7, 8, 14, 16, 24} {1, 4, 8, 10, 15, 16, 19, 23, 24}
{1, 2, 3, 6, 7, 8, 14, 16, 24} {1, 4, 8, 9, 11, 15, 20, 23, 24}
{1, 2, 3, 7, 8, 9, 13, 16, 24} {1, 3, 4, 8, 11, 12, 14, 17, 24}
{1, 5, 6, 9, 12, 13, 14, 15, 24} {1, 4, 8, 13, 16, 18, 19, 20, 24}
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Appendix

In Appendix, we give all the inequivalent circulant D-optimal designs of
order 62 as supplementary difference sets (A,B) where the sets A and B are
written for each supplementary difference set.

{2,5,8,9,13,14,27,28,29,30},{1,3,5,7,10,12,13,15,16,17,20,23,24,25,30}

{2,8,9,12,13,14,15,21,29,30},{1,3,6,7,8,9,11,12,14,18,20,22,25,29,30}

{2,3,4,5,10,11,19,20,23,30},{1,3,4,6,7,8,10,12,14,17,18,20,25,29,30}

{1,2,9,10,15,16,17,20,21,30},{1,3,5,7,8,9,10,12,13,15,18,21,22,25,30}

{1,2,3,7,8,14,21,22,29,30},{1,2,3,4,6,8,10,13,16,19,20,22,24,29,30}

{2,6,7,8,9,12,13,21,22,30},{1,3,5,6,8,11,13,14,15,17,19,25,26,29,30}

{2,5,6,10,11,18,27,28,29,30},{1,3,5,6,8,9,10,13,15,20,21,23,24,26,30}

{2,3,4,5,9,13,21,22,29,30},{1,2,3,5,7,8,10,13,16,18,20,22,23,29,30}
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{1,5,6,9,10,15,16,17,29,30},{1,2,4,5,7,9,10,13,14,16,18,20,22,23,30}

{2,3,4,7,8,9,15,16,19,30},{1,2,4,6,8,12,14,15,16,17,20,23,25,26,30}

{2,5,6,7,13,18,19,28,29,30},{1,3,4,5,6,7,9,11,14,17,18,21,23,27,30}

{1,2,4,5,10,11,18,19,29,30},{1,3,5,7,8,9,12,14,16,17,19,20,24,29,30}

{1,2,3,8,9,16,19,28,29,30},{1,3,5,6,7,11,13,14,16,17,20,22,25,29,30}

{2,5,6,7,8,9,13,20,21,30},{1,3,5,8,10,11,14,16,20,21,22,24,25,29,30}

{2,6,15,16,21,26,27,28,29,30},{1,3,4,6,9,11,15,17,18,21,22,24,25,26,30}

{2,3,7,8,9,10,11,21,24,30},{1,2,4,6,8,9,10,14,16,19,21,22,25,26,30}

{1,2,3,7,13,14,21,28,29,30},{1,3,5,8,10,11,15,18,19,21,24,27,28,29,30}

{3,4,9,13,14,15,16,17,23,30},{1,2,3,5,6,8,10,11,14,16,18,21,24,25,30}

{3,8,14,19,20,26,27,28,29,30},{1,2,4,5,6,8,10,12,15,18,19,20,23,27,30}

{3,8,15,19,20,21,22,23,29,30},{1,2,3,5,7,8,11,12,14,17,18,20,22,25,30}

{1,2,3,6,7,8,17,18,26,30},{1,2,3,5,8,11,13,16,19,20,21,23,25,26,30}

{2,7,8,9,10,11,15,23,29,30},{1,3,4,5,7,10,11,15,18,20,21,23,25,29,30}

{2,6,7,12,13,14,15,16,25,30},{1,2,4,5,6,8,10,12,15,16,20,21,23,27,30}

{1,2,7,13,20,21,27,28,29,30},{1,3,4,7,9,11,15,16,18,19,20,22,25,29,30}

{1,2,3,4,8,15,16,24,29,30},{1,3,5,6,7,10,13,14,15,17,20,23,25,26,30}

{1,2,3,4,9,14,20,21,29,30},{1,3,4,6,7,8,11,14,15,17,21,23,25,29,30}

{1,4,5,8,9,10,11,23,24,30},{1,2,3,5,8,10,13,15,18,19,22,23,24,26,30}

{1,2,3,9,10,15,19,28,29,30},{1,2,3,4,6,9,11,12,15,18,20,22,26,27,30}

{1,2,3,4,8,12,13,19,20,30},{1,2,4,6,7,9,12,13,15,19,21,25,28,29,30}

{1,2,6,11,12,13,21,28,29,30},{1,3,4,5,7,9,11,12,14,17,18,21,24,29,30}

{1,2,5,6,7,10,22,23,24,30},{1,2,3,5,7,10,12,13,17,19,22,23,25,29,30}

{1,2,3,7,8,9,19,20,23,30},{1,3,4,6,7,8,10,12,15,16,19,22,24,29,30}

{1,2,3,9,10,16,19,28,29,30},{1,3,5,6,9,10,12,14,15,20,22,25,28,29,30}

{1,4,12,13,22,23,24,28,29,30},{1,2,4,5,6,8,10,12,15,18,19,20,23,27,30}

{1,2,8,9,12,13,14,15,23,30},{1,3,6,7,8,10,11,12,14,17,20,22,25,26,30}

{1,2,3,4,10,11,15,16,24,30},{1,2,4,5,6,8,10,12,15,16,17,20,23,27,30}

{1,2,4,5,6,10,11,19,20,30},{1,3,5,8,10,11,13,14,17,21,22,24,28,29,30}

{1,2,3,7,12,13,14,20,29,30},{1,2,3,5,7,9,10,12,15,18,22,24,25,29,30}

{1,5,16,17,20,21,22,23,29,30},{1,3,4,5,7,10,12,13,15,17,20,21,24,25,30}

{1,2,6,7,8,9,15,18,19,30},{1,3,5,6,7,9,10,12,15,17,20,21,24,25,30}

{1,2,6,7,19,21,22,28,29,30},{1,3,4,5,8,10,14,16,17,20,21,22,24,27,30}

{1,2,7,8,9,13,16,28,29,30},{1,3,6,7,10,11,13,16,19,21,23,24,25,26,30}

{1,3,4,8,9,10,17,18,29,30},{1,3,5,6,7,8,10,13,16,18,19,22,23,26,30}

{1,2,3,4,5,9,14,15,22,30},{1,3,5,8,9,13,14,16,17,20,22,23,25,29,30}

{1,5,6,17,21,22,23,24,25,30},{1,2,4,7,9,12,13,17,19,21,22,23,26,29,30}

{1,4,5,11,12,13,14,15,19,30},{1,3,5,6,8,11,12,14,17,18,22,25,26,27,30}

{1,5,6,11,12,13,14,15,26,30},{1,3,6,7,8,10,13,16,18,21,24,25,28,29,30}

{1,2,4,10,11,12,13,17,18,30},{1,3,4,7,8,9,11,14,18,20,22,25,26,29,30}

{1,4,7,8,12,23,24,25,29,30},{1,2,3,4,6,8,9,12,14,16,20,21,23,24,30}

{1,2,5,6,12,17,23,28,29,30},{1,3,6,7,8,9,11,15,18,20,21,22,24,29,30}

{2,6,10,15,20,26,27,28,29,30},{1,3,4,7,10,13,15,17,18,19,22,23,24,25,30}

{1,2,3,4,7,11,14,15,20,30},{1,3,5,8,10,11,14,15,16,17,21,22,24,25,30}

{1,2,3,4,7,11,18,23,24,30},{1,3,5,6,7,8,11,12,14,17,21,22,24,25,30}
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{1,2,7,10,14,21,27,28,29,30},{1,3,5,8,10,11,13,14,15,20,21,24,28,29,30}

{1,2,7,11,15,22,27,28,29,30},{1,3,4,5,7,10,13,14,15,16,20,22,23,27,30}

{1,2,7,14,18,21,27,28,29,30},{1,3,5,8,9,11,13,14,18,21,22,27,28,29,30}

{1,2,3,4,9,13,16,24,29,30},{1,2,4,6,8,10,11,12,17,18,20,21,24,25,30}

{1,4,7,8,9,10,18,22,23,30},{1,2,3,5,6,8,9,10,13,15,20,21,24,26,30}

{1,6,7,10,11,20,22,23,24,30},{1,2,4,5,6,7,10,11,12,14,18,21,25,27,30}

{1,2,3,4,7,10,15,16,25,30},{1,3,5,9,10,11,12,14,15,18,22,24,25,29,30}

{1,2,4,7,8,9,16,19,20,30},{1,3,4,7,8,9,10,12,13,17,19,20,24,26,30}

{1,2,3,5,11,14,15,22,29,30},{1,2,3,5,7,8,11,13,16,18,23,24,25,29,30}

{1,4,12,18,19,23,27,28,29,30},{1,2,4,7,11,12,13,15,16,17,19,23,25,26,30}

{1,5,6,10,16,22,27,28,29,30},{1,3,4,7,9,14,16,17,18,19,20,23,26,27,30}

{1,5,6,10,16,22,27,28,29,30},{1,3,6,7,8,10,11,14,17,19,20,22,23,24,30}

{1,5,6,10,16,22,27,28,29,30},{1,2,3,5,7,8,10,13,17,20,21,23,24,25,30}

{1,5,6,10,16,22,27,28,29,30},{1,3,5,6,7,9,10,14,17,19,20,22,23,29,30}

{1,5,13,18,19,20,23,28,29,30},{1,3,4,5,6,7,9,12,15,16,18,22,23,27,30}

{1,2,5,10,11,22,24,25,26,30},{1,2,4,6,7,8,11,17,18,20,22,24,25,29,30}

{1,2,4,5,9,10,17,19,29,30},{1,3,5,8,10,11,13,14,15,19,22,23,28,29,30}

{1,2,5,6,7,9,12,20,21,30},{1,3,5,8,10,11,13,14,15,19,22,23,28,29,30}

{1,2,5,11,13,19,20,28,29,30},{1,2,3,5,8,9,13,16,18,21,23,27,28,29,30}

{1,2,3,7,9,10,14,20,29,30},{1,2,3,6,7,9,12,16,17,18,19,21,24,26,30}

{1,4,5,9,12,13,14,15,21,30},{1,3,6,7,8,9,10,12,15,19,20,22,25,26,30}

{1,2,5,6,7,8,16,20,25,30},{1,3,6,9,10,11,12,13,15,19,21,22,26,27,30}

{1,2,3,4,7,12,15,16,23,30},{1,2,4,6,7,8,12,13,14,16,19,23,25,29,30}

{1,3,4,7,12,22,23,24,29,30},{1,2,3,5,7,8,11,15,16,18,20,22,23,29,30}

{1,2,3,4,9,10,14,17,21,30},{1,3,5,8,11,14,15,16,17,20,21,22,24,25,30}

{1,4,9,10,13,14,15,16,22,30},{1,2,4,6,8,10,11,14,17,18,19,25,28,29,30}

{1,2,6,9,12,13,14,15,24,30},{1,2,3,5,7,8,10,12,13,17,18,19,22,26,30}

{1,4,5,13,19,20,22,23,24,30},{1,2,4,5,7,9,11,12,13,16,20,25,26,27,30}

{1,2,4,5,10,12,13,19,20,30},{1,3,5,6,7,8,10,11,13,17,20,21,25,26,30}

{1,2,4,8,15,16,24,28,29,30},{1,2,4,6,8,11,12,13,14,17,22,23,25,29,30}

{1,4,5,9,18,23,24,25,26,30},{1,2,4,6,9,10,14,17,20,21,22,23,24,26,30}

{1,5,6,9,14,23,24,25,26,30},{1,2,4,6,7,8,10,11,12,16,19,22,23,25,30}

{1,3,6,7,11,12,13,23,29,30},{1,2,3,5,7,8,10,13,17,20,21,23,24,25,30}

{1,3,6,7,11,12,13,23,29,30},{1,3,6,7,8,10,11,14,17,19,20,22,23,24,30}

{1,3,6,7,11,12,13,23,29,30},{1,3,4,7,9,14,16,17,18,19,20,23,26,27,30}

{1,3,6,7,11,12,13,23,29,30},{1,3,5,6,7,9,10,14,17,19,20,22,23,29,30}

{1,2,3,6,9,21,22,23,27,30},{1,3,4,5,7,10,12,16,17,18,19,22,26,27,30}

{1,2,3,5,6,10,15,22,23,30},{1,2,4,7,10,14,15,16,17,20,21,22,24,26,30}

{1,2,4,8,11,12,17,28,29,30},{1,3,4,6,9,13,15,16,17,21,23,24,25,29,30}

{1,2,3,6,7,12,13,15,24,30},{1,2,4,6,9,12,13,14,15,19,21,25,28,29,30}

{1,4,5,6,9,10,17,18,20,30},{1,2,5,6,7,8,10,13,15,16,17,20,24,26,30}

{1,4,5,6,8,13,14,18,29,30},{1,3,5,6,9,10,12,16,18,19,20,21,24,29,30}

{1,4,5,17,18,19,21,25,26,30},{1,3,4,6,8,9,11,12,14,15,18,22,23,24,30}

{1,2,4,5,6,10,20,23,24,30},{1,3,6,7,9,13,14,16,18,23,24,25,26,29,30}

{1,4,8,10,11,12,24,25,29,30},{1,3,5,6,8,9,12,14,15,16,17,20,24,25,30}
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{1,5,8,14,19,26,27,28,29,30},{1,2,4,6,9,10,15,16,17,20,21,23,25,29,30}

{1,6,9,14,20,26,27,28,29,30},{1,3,4,7,10,11,14,16,18,19,20,23,24,25,30}

{1,2,3,4,5,11,15,19,24,30},{1,2,4,6,7,8,11,12,15,17,18,23,25,26,30}

{1,2,3,4,5,10,14,17,24,30},{1,3,4,7,9,12,13,16,17,18,20,23,24,25,30}

{1,4,5,6,7,8,15,21,25,30},{1,3,4,7,9,11,12,16,17,19,20,23,28,29,30}

{1,3,4,5,10,11,19,21,29,30},{1,3,4,5,7,8,12,13,15,16,19,20,22,25,30}

{1,2,3,5,7,12,13,20,21,30},{1,2,4,7,9,13,14,16,20,23,24,27,28,29,30}

{1,7,11,12,13,14,15,18,23,30},{1,2,4,7,8,9,11,12,15,17,21,22,23,26,30}

{1,5,8,9,13,15,16,17,18,30},{1,2,4,7,11,13,14,18,19,20,22,24,25,29,30}

{1,5,10,16,20,21,22,23,24,30},{1,2,4,6,7,8,11,14,15,16,19,21,26,29,30}

{1,3,4,6,7,11,15,16,17,30},{1,3,5,6,9,12,14,15,18,22,23,24,25,29,30}

{1,4,8,14,19,20,21,22,23,30},{1,3,4,7,8,9,11,12,14,15,18,20,25,26,30}

{1,2,5,10,12,18,27,28,29,30},{1,2,4,6,10,12,13,16,17,18,22,23,25,26,30}

{1,2,6,12,18,20,27,28,29,30},{1,3,4,5,7,10,14,16,17,21,22,24,25,29,30}

{1,3,4,5,9,11,20,21,29,30},{1,2,4,5,6,8,11,13,14,18,19,21,22,26,30}

{1,6,12,17,18,20,21,22,23,30},{1,2,4,6,8,10,11,14,15,16,19,22,23,29,30}

{1,2,3,4,9,14,21,23,29,30},{1,2,4,6,7,8,10,14,16,17,20,21,24,25,30}

{1,3,9,10,11,12,15,16,23,30},{1,2,3,4,6,9,11,15,18,19,21,24,25,29,30}

{1,2,3,4,8,13,19,21,29,30},{1,3,6,9,10,12,13,17,18,19,20,22,25,26,30}

{1,3,7,8,13,16,27,28,29,30},{1,3,6,7,8,9,12,15,17,18,19,22,25,26,30}

{1,3,7,11,12,19,27,28,29,30},{1,2,4,5,7,8,11,12,13,18,19,21,23,26,30}

{1,5,9,11,12,13,14,20,29,30},{1,2,4,7,8,9,12,13,14,16,19,21,25,29,30}

{1,3,7,8,9,10,13,22,23,30},{1,2,4,5,6,7,10,11,14,17,19,21,24,25,30}

{1,6,7,8,9,12,13,20,22,30},{1,2,3,4,6,7,10,11,15,17,20,21,23,26,30}

{1,3,4,5,6,12,15,16,22,30},{1,3,4,5,6,9,11,12,14,17,18,21,25,26,30}

{1,3,6,7,14,23,24,25,26,30},{1,2,4,5,6,8,11,14,16,19,20,21,25,29,30}

{1,3,6,7,8,10,21,22,29,30},{1,2,4,5,6,9,12,14,15,18,19,20,24,26,30}

{1,2,4,8,18,21,22,23,24,30},{1,3,4,5,8,9,12,14,17,21,22,24,28,29,30}

{1,4,8,10,11,12,13,18,29,30},{1,3,5,7,8,11,14,15,16,18,19,23,24,29,30}

{1,2,4,6,7,8,12,21,22,30},{1,2,4,5,7,11,13,14,18,20,21,22,25,26,30}

{1,3,8,9,10,12,15,16,29,30},{1,3,6,7,9,14,15,18,19,20,22,25,28,29,30}

{1,2,3,4,7,12,14,15,26,30},{1,3,6,7,9,13,14,15,16,19,20,23,25,29,30}

{1,3,6,7,19,20,22,28,29,30},{1,3,5,6,8,9,12,17,19,20,23,24,25,29,30}

{1,2,6,7,8,9,11,18,22,30},{1,3,4,6,7,10,12,16,17,18,21,22,24,25,30}

{1,2,3,4,8,9,12,18,20,30},{1,3,4,5,7,10,14,16,17,21,22,24,25,29,30}

{1,3,4,5,9,10,20,22,29,30},{1,2,4,6,7,11,14,15,18,20,21,22,24,29,30}

{1,3,4,5,9,10,20,22,29,30},{1,2,4,7,9,13,15,16,17,18,22,25,26,29,30}

{1,2,4,5,6,11,13,19,20,30},{1,3,4,7,10,11,12,14,15,17,20,21,22,26,30}

{1,3,9,10,11,12,16,17,20,30},{1,2,4,5,7,8,12,13,15,17,19,20,24,29,30}

{1,3,4,9,11,12,21,28,29,30},{1,2,3,6,8,11,14,15,17,18,22,24,28,29,30}

{1,3,4,6,7,8,12,19,20,30},{1,3,5,8,9,12,13,15,18,21,22,23,24,29,30}

{1,3,6,7,8,9,16,20,21,30},{1,2,3,5,7,10,12,13,18,19,22,25,28,29,30}

{1,3,6,7,8,9,13,18,19,30},{1,2,4,7,9,13,15,16,17,18,22,25,26,29,30}

{1,3,6,7,8,9,13,18,19,30},{1,2,4,6,7,11,14,15,18,20,21,22,24,29,30}

{1,3,7,10,11,12,13,18,29,30},{1,3,4,5,8,9,11,14,16,17,18,21,24,25,30}
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{1,3,8,9,10,13,16,28,29,30},{1,3,5,6,8,11,12,14,20,21,22,25,26,29,30}

{1,3,9,12,13,17,18,19,20,30},{1,3,4,7,8,9,10,12,13,16,19,20,25,27,30}

{1,3,7,10,11,12,13,24,29,30},{1,2,3,5,8,10,13,17,18,19,23,25,26,29,30}

{1,3,4,6,7,13,14,15,19,30},{1,3,6,9,10,13,15,19,20,21,24,27,28,29,30}

{1,2,4,8,19,22,23,24,25,30},{1,3,5,8,9,12,13,14,17,20,24,25,26,27,30}

{1,4,5,6,12,13,14,16,19,30},{1,3,4,5,7,8,11,13,14,18,22,23,24,27,30}

{1,3,7,19,20,21,23,24,29,30},{1,3,4,6,9,10,11,15,17,18,21,22,24,25,30}

{1,2,4,5,6,12,13,15,20,30},{1,3,5,8,9,11,14,15,19,20,23,27,28,29,30}

{1,2,3,7,8,9,11,17,20,30},{1,2,4,6,9,11,15,16,17,18,21,22,26,29,30}

{1,5,6,8,13,14,16,17,18,30},{1,3,4,7,8,9,12,15,19,21,22,24,28,29,30}

{1,4,10,12,13,14,18,19,20,30},{1,2,4,5,6,9,10,13,14,16,17,19,23,25,30}

{1,2,3,7,17,21,22,23,25,30},{1,2,4,5,7,8,11,12,13,18,19,21,23,26,30}
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