On Graphs with Complete
Multipartite p-Graphs

Akihiro Munemasa

Graduate School of Information Sciences
Tohoku University

(joint work with Aleksandar JuBic andYuki Tagam)
Pusan National University
February 10, 2007.

On Graphs with Complete Multipartite-Graphs — p.1?#



Graph Terminologies

On Graphs with Complete Multipartite-Graphs — p.2



A

Graph Terminologies
['is a pair(V, F), where

V = afinite set (callederticeg
FE = asubset of the set of all pairs bf(callededge$

On Graphs with Complete Multipartite-Graphs — p.2



Graph Terminologies
A ['is a pair(V, E'), where

V = afinite set (callederticeg
FE = asubset of the set of all pairs bf(callededge$

Write x ~ y if {x,y} € F.

I'(x)={yeV |z ~y} neighbors

On Graphs with Complete Multipartite-Graphs — p.2¢



Graph Terminologies
A ['is a pair(V, E'), where

V = afinite set (callederticeg
FE = asubset of the set of all pairs bf(callededge$

Write x ~ y if {x,y} € F.

I'(x)={yeV |z ~y} neighbors

On Graphs with Complete Multipartite-Graphs — p.2¢



Graph Terminologies
A ['is a pair(V, E'), where

V = afinite set (callederticeg
FE = asubset of the set of all pairs bf(callededge$

Write x ~ y if {x,y} € F.
I'(x)={yeV |z ~y} neighbors

I'(z,y) =T(x) NI'(y), path,distance, diametestc.

On Graphs with Complete Multipartite-Graphs — p.2



Graph Terminologies
A ['is a pair(V, E'), where

V = afinite set (callederticeg
FE = asubset of the set of all pairs bf(callededge$

Write x ~ y if {x,y} € F.
I'(x)={yeV |z ~y} neighbors
I'(z,y) =T(x) NI'(y), path,distance, diametestc.

[i(z) ={y €V |d(zy) =i}

On Graphs with Complete Multipartite-Graphs — p.2



Graph Terminologies
A ['is a pair(V, E'), where

V = afinite set (callederticeg
FE = asubset of the set of all pairs bf(callededge$

Write x ~ y if {x,y} € F.
I'(x)={yeV |z ~y} neighbors
I'(z,y) =T(x) NI'(y), path,distance, diametestc.

[i(z) ={y €V |d(zy) =i}

On Graphs with CoNgfete Multipartite-Graphs — p.2



Local Characterization

On Graphs with Complete Multipartite-Graphs — p.3



Local Characterization

Regardl'(z) as a subgraph of the graph ThenI'(z) is called aocal
graphof I'.

On Graphs with Complete Multipartite-Graphs — p.3



Local Characterization

Regardl'(z) as a subgraph of the graph ThenI'(z) is called aocal
graphof I'.
UEELES

On Graphs with Complete Multipartite-Graphs — p.3



Local Characterization

Regardl'(z) as a subgraph of the graph ThenI'(z) is called aocal
graphof I'.

means:. Supposeis a graph in which
['(x) = A for everyz.

On Graphs with Complete Multipartite-Graphs — p.3



Local Characterization

Regardl'(z) as a subgraph of the graph ThenI'(z) is called aocal

graphof I'.
means:. Supposeis a graph in which

['(x) = A for everyz.
Show thatl’ is the only such graph (possibly under some more
assumption).

On Graphs with Complete Multipartite-Graphs — p.3



Local Characterization

Regardl'(z) as a subgraph of the graph ThenI'(z) is called aocal

graphof I'.
means:. Supposeis a graph in which

['(x) = A for everyz.
Show thatl’ is the only such graph (possibly under some more
assumption).

r I'(z)

On Graphs with Complete Multipartite-Graphs — p.3



Local Characterization

Regardl'(z) as a subgraph of the graph ThenI'(z) is called aocal

graphof I'.
means:. Supposeis a graph in which

['(x) = A for everyz.
Show thatl’ is the only such graph (possibly under some more
assumption).

r I'(z)

Example: locallyp-gon = icosahedron
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X
In particular, oz
p' = |polocall')| = |localo u(T)|

Locally co-edge-regulak—> | o local(I')| is constant

<= |localo u(I")| is constant
<= p-graph is regular

Lemma. u, ¢’ constannd 1 > ¢/ + 1 = regular
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K, =K, «sK,x---K, =t- K,
(¢t parts, each being’,, = graph withn vertices, no edges)

Suppose every-graph ofl’ is & K., wheren > 2.
Then

polocalI') = localo u(I') = K—1)xn.

i = |polocall)| = | K—1xn| = n(t — 1).

p=nt n(t—1)+1=p" + 1. Hence by
Lemma. u, / constanaind ¢ > 1/ +1 = regular

[ is regular.
Gt - the class of graphs with-graph= K,
G:., consists of regular graphs, lo€H) € G forI" € G,

If t > 2, thenl" € G, ,, is edge-regular, hence amply regular.
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The Diagram
['is a If
p); = |Ii(z) NT;(y)| constant

wherex € I',(y), forall h,i,5. The diagram showing
1 1 1 .
Pii1>Pis>Pigiv1-
F(Qf) M FQ FQ(QT) M Fg

['(x)NT(y) a(z) NTa(y)

Io(x) NT(y) Ts(z) NTa(y)
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The Intersection Number o
['(z) N Ts(y)

F(fv.y)

On Graphs with Complete Multipartite-Graphs — p.&



The Intersection Number o

On Graphs with Complete Multipartite-Graphs — p.&



The Intersection Number o

Llz)nT(y)  Talz) N Ta(y)

If |I'(x,y, 2)| is constant whenevel(z,y) =1, z € I's(z) N Ty (y)
(and there exists at least one such triple, z), then we say

and denote this constant as
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Examples

Generalized quadrangt&Q(p, q) is a SRG where every-graph is
Kixg+1) = Kg+1 (t = a = 1) (and conversely
Triangular extended generalized quadrangtes o = 2).

Graph kK n t «

J(8,4) 16 2

halved 8-cube 28 2

3.07(3) 117 3

Meixner2 176 4

Patterson 280 4
Always ?

Is © bounded?
If o exists InI’, thena exists in a local graph of I', and
a(A) = a(l') — 1.
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Main Result

JuriSt and Koolen (2007, to appear in JACO) proposed:
Supposer > 2,t > 2,

everyu-graph ofl’ iIs = K,

the intersection number exists.

Thena € {t,t — 1}. Show:a = t.

Theorem (Jurisic.-M.-Tagami). If t > 3, then o = ¢.

If n > 3, then such a graph is locally GQ(n —1,n — 1)

Moreover,t < 4, with equality holds only if» = 3.
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Proof

JuriSt and Koolen « € {t,t — 1}. Soifa =t — 1, then

I locall) --- local~*(I") local~'(I")
KtXn K(t—l)Xn "o K2><n K1><n
t—1 t—-2 - 1 0

locaF—(I"): u-graphK, ., = K,, anda = 0

— local~!(TI"): triangle-free

Sincet > 3, local%(T"): SRG, locally triangle-free

Use integrality of multiplicity =— contradiction, hence

If n > 3, then invoke the known classification of triangular EGQ to
concluden = 3.

THE END.
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