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A Hadamard matrix of order n is an n× n matrix H with
entries ±1, satisfying HH> = nI.

Conjecture

∃ Hadamard matrix of order n whenever n ≡ 0 (mod 4).

A complex Hadamard matrix of order n is an n× n
matrix H with entries in {ζ ∈ C | |ζ| = 1}, satisfying
HH∗ = nI.

A type II (inverse orthogonal) matrix of order n is an
n×n matrix H with entries in {ζ ∈ C | ζ 6= 0}, satisfying

HH(−)> = nI, where H(−) is the entrywise inverse.

In this talk, a Hadamard matrix will mean a complex
Hadamard matrix.
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Circulant Hadamard matrix:
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Björck–Fröberg (1991–1992) circulant Hadamard, n ≤ 8

Faugère (2001), (2004) circulant Hadamard, n = 9, 10

de la Harpe–Jones (1990) SRG n ≡ 1 (mod 4) →
symmetric circulant complex Hadamard

Munemasa–Watatani (1992) DRT n ≡ 3 (mod 4) →
non-symmetric circulant complex Hadamard

H = a0A0 + a1A1 + a2A2, A0 = I

A>
1 = A1, A>

2 = A2 (de la H.–J.)

A>
1 = A2, (M.–W.)

Unifying principle: association schemes.
(strongly regular graphs is a special case)

Godsil–Chan (2010): strongly regular graphs.
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Godsil–Chan (2010) classified type II (inverse orthogonal)
matrices of the form:

H = a0I + a1A1 + a2A2 (we may assume a0 = 1)

where a1, a2 ∈ C×, and

A1 = adjacency matrix of a SRG Γ,

A2 = adjacency matrix of Γ.

Chan (arXiv:1102.5601v1) classified Hadamard matrices of
the above form (i.e., |a1| = |a2| = 1), also found
H = a0I + a1A1 + a2A2 + a3A3 of order 15 from the line
graph L(O3) of the Petersen graph O3.
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Circulant Hadamard matrix.
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Construction analogous to circulant Hadamard matrix works if

H =
d∑

i=0

aiAi, F ∗AiF = Di=
d′∑

j=0

pjiPj, PjPk = δjkPj

A0 = I, A1, . . . , Ad:(0, 1)-matrices,
∑

i Ai = J ,

F :unitary, F ∗AiF = Di:diagonal

Ai =
∑d′

j=0 pjiEj, Ej = FPjF
∗, PjPk = δjkPj.

Clearly d ≤ d′. Equality holds iff

〈A0, A1, . . . , Ad〉 = 〈E0, E1, . . . , Ed〉

=⇒ closed under ·, ◦ (Bose–Mesner algebra).
This is essentially the definition of a (commutative)
association scheme.
Symmetric ⇐⇒ A>

i = Ai (∀i) =⇒ pji ∈ R.
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The Bose–Mesner algebra of a symmetric association scheme

〈A0, A1, . . . , Ad〉 = 〈E0, E1, . . . , Ed〉

Ai =
d∑

j=0

pjiEj, EjEk = δjkEj

A>
i = Ai (∀i), =⇒ pji ∈ R.

H =
d∑

i=0

aiAi, |ai| = 1

HH∗ = nI ⇐⇒ |
∑

i

aipji|2 = n (∀j)

⇐⇒ (
∑

i

aipji)(
∑

h

1

ah

pjh) = n (∀j)



The Bose–Mesner algebra of a symmetric association scheme

〈A0, A1, . . . , Ad〉 = 〈E0, E1, . . . , Ed〉

Ai =
d∑

j=0

pjiEj, EjEk = δjkEj

A>
i = Ai (∀i), =⇒ pji ∈ R.

H =
d∑

i=0

aiAi, |ai| = 1

HH∗ = nI ⇐⇒ |
∑

i

aipji|2 = n (∀j)

⇐⇒ (
∑

i

aipji)(
∑

h

1

ah

pjh) = n (∀j)



The Bose–Mesner algebra of a symmetric association scheme

〈A0, A1, . . . , Ad〉 = 〈E0, E1, . . . , Ed〉

Ai =
d∑

j=0

pjiEj, EjEk = δjkEj

A>
i = Ai (∀i), =⇒ pji ∈ R.

H =
d∑

i=0

aiAi, |ai| = 1

HH∗ = nI ⇐⇒ |
∑

i

aipji|2 = n (∀j)

⇐⇒ (
∑

i

aipji)(
∑

h

1

ah

pjh) = n (∀j)



(
∑

i

aipji)(
∑

h

1

ah

pjh) = n

⇐⇒
∑
i,h
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where
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+
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ai

. (*)

1 Solve the system of linear equations in {αih}
f : ()m → , M =
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m
2
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xi
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f : (C×)2 → C,
(x, y) 7→ x

y
+ y

x

surjective.

f : (C×)3 → C3,
(x, y, z) 7→ (x

y
+ y

x
, x

z
+ z

x
, y

z
+ z

y
)

Not surjective. g(X, Y, Z) = X2 + Y 2 + Z2 −XY Z − 4.

g(
x

y
+

y

x
,
x

z
+

z

x
,
y

z
+

z

y
) = 0

Indeed, image of f=zeros of g.
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f : (C×)4 → C6,
(x1, x2, x3, x4) 7→ ( xi

xj
+

xj

xi
)1≤i<j≤4

g(X, Y, Z) = X2 + Y 2 + Z2 −XY Z − 4.

gi,j,k = g(
xi

xj

+
xj

xi

,
xi

xk

+
xk

xi

,
xj

xk

+
xk

xj

) = 0

image of f zeros of {gi,j,k}. Need

h = (X2
14 − 4)X23 −X14(X12X34 + X13X24)

+ 2(X12X13 + X24X34) (Xij =
xi

xj

+
xj

xi

)

(and similar polynomials obtained by permuting indices)
image of f = zeros of gi,j,k, h.
The same is true for ∀m ≥ 4.
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Given a symmetric association scheme

→ (pji) → linear constraints on {αih},
∑

i,h αihpjipjh = n
which must satisfy also

gi,j,k = 0 and h = 0

If ∃{αih}i,h ⊂ (−2, 2), then

∃{ai}i such that αij =
ai

aj

+
aj

ai

.

We may assume a0 = 1. Then

a2
i − α0iai + 1 = 0

−2 < α0i < 2 =⇒ |ai| = 1.
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q: a power of 2, q ≥ 4,

Ω = PG(2, q): the projective plane over Fq,

Q = {[a0, a1, a2] ∈ Ω | a2
0 + a1a2 = 0}: quadric,

X = {[a0, a1, a2] ∈ Ω \Q | [a0, a1, a2] 6= [1, 0, 0]},
|X| = q2 − 1.

(Ai)xy =


1 i = 1, |(x + y) ∩Q| = 2,

1 i = 2, |(x + y) ∩Q| = 0,

1 i = 3, |(x + y) ∩Q| = 1,

0 otherwise.

∃ a complex Hadamard matrix in its Bose–Mesner algebra.



q: a power of 2, q ≥ 4→ q = 4,

Ω = PG(2, q): the projective plane over Fq,

Q = {[a0, a1, a2] ∈ Ω | a2
0 + a1a2 = 0}: quadric,

X = {[a0, a1, a2] ∈ Ω \Q | [a0, a1, a2] 6= [1, 0, 0]},
|X| = q2 − 1.

(Ai)xy =


1 i = 1, |(x + y) ∩Q| = 2,

1 i = 2, |(x + y) ∩Q| = 0,

1 i = 3, |(x + y) ∩Q| = 1,

0 otherwise.

∃ a complex Hadamard matrix in its Bose–Mesner algebra.



q: a power of 2, q ≥ 4→ q = 4,

Ω = PG(2, q): the projective plane over Fq,

Q = {[a0, a1, a2] ∈ Ω | a2
0 + a1a2 = 0}: quadric,

X = {[a0, a1, a2] ∈ Ω \Q | [a0, a1, a2] 6= [1, 0, 0]},
|X| = q2 − 1 → 15.

(Ai)xy =


1 i = 1, |(x + y) ∩Q| = 2,

1 i = 2, |(x + y) ∩Q| = 0,

1 i = 3, |(x + y) ∩Q| = 1,

0 otherwise.

∃ a complex Hadamard matrix in its Bose–Mesner algebra.



q: a power of 2, q ≥ 4→ q = 4,

Ω = PG(2, q): the projective plane over Fq,

Q = {[a0, a1, a2] ∈ Ω | a2
0 + a1a2 = 0}: quadric,

X = {[a0, a1, a2] ∈ Ω \Q | [a0, a1, a2] 6= [1, 0, 0]},
|X| = q2 − 1 → 15.

(Ai)xy =


1 i = 1, |(x + y) ∩Q| = 2,

1 i = 2, |(x + y) ∩Q| = 0,

1 i = 3, |(x + y) ∩Q| = 1,

0 otherwise.

∃ a complex Hadamard matrix in L(O3).


