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Definition of a Spherical Design

A spherical /-design X is afinite subset of the unit sphere S*~! c R
S.t.

fSn 1fd:u Zf
T \X! =~

holds for any polynomial f(z) of degree

Thisisuseful if one wants to investigate properties of a spherical
design, but not convenient if one wants to prove something is a
spherical design. ...

Equivalently, > Q;((z,y)=0 (j=1.2,...,1),

where {Q; }52, are suitably normalized Gegenbauer polynomials,
defined by Qo( ) =1, Qi(z) = nz,
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Assoclation Scheme

A (symmetric) association schemeisapair (X, {R;}% ), where X isa
finite set, R; Isa(symmetric) relation on X x X such that

Ry 1sthe diagonal relation.
{Ri}Ogigd isapartitiOn of X x X.
Foranyi,j,k € {0,1,...,d}, the number

pi; = {7y € X | (@,7) € Ri, (v,6) € B}

IS independent of the choice of (o, 3) in R, and p,]fj = p;?i.
For: € {0,...,d}, let A; bethe adjacency matrix of therelation R;:

(Ai)oz,ﬁ = {1 L (a’ﬁ) € I,

0 otherwise.
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Bose-Mesner Algebra

The linear combinations of the adjacency matrices form a commutative
algebra over R called the Bose—Mesner algebra .

Let /7 be a primitive idempotent of 2, I # |71|J' Then £ isareal

symmetric positive-semidefinite matrix of rank n = tr E.
E='FF

where F'isan x | X| matrix

E="FF diagonals = 1

where F'isan x | X| matrix (z-th column=7), and
{column vectorsof F} = {Z |z € X} c S" ' C R".

If | X|E =29 6:A;, then
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Spherical Representation

A spherical representation of a symmetric association scheme forms a
spherical ¢-design iff

Equivalently,

d o+
Do kQi(H) =0 (G=12....8)
1=0

where k; isthe valency of the relation R;, i.e.,

I
. IR

O XT
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Spherical Representation

always hold, so aspherical representation X of asymmetric
association scheme X always give a spherical ~-design.
X isa -designiff (£ o E)E = 0.

Suppose X is Q-polynomial, i.e., if v (z): polynomial of degreez,
such that
1
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Q-Polynomial Scheme

xvf(x) = Cj+1v;;k+1($) T ajv;‘(x) T b:—1vf—1(x)

Lemmal. Let X denote the embedding of a Q-polynomial association
scheme X into the unit sphere viathe primitive idempotent £ = E;.

(i) X isa -designif andonly if a* = 0.

(i) X isa !-designif andonly if «* = 0 and
bibcs + 2(bics — bt + %) = 0.

(iii) X isa -designif and only if X isa4-design and a3 = 0.
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U,4(2) Dual Polar Graph

Among the known infinite families of P- and Q-polynomial association

schemes, the following family produces spherical 4-designs, when
embedded into the unit sphere via the primitive idempotent £ = E;:

The dual polar graph associated with the unitary group Usq(2).
vertices. maximal totally Isotropic subspaces
adjacency: intersect at dimensiond — 1

22d 4 9 0 1.
n = rank F, = ;_ , L = (—5)9.

n

In fact, this gives a spherical 5-design if d > 3.
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Strongly Perfect L attices

A lattice whose minimal vectors form a spherical -design is called
strongly perfect.

Up to dimension , only certain root lattices and their duals are
stronlgy perfect.

Theorem 1 (Nebe-Venkov). There are exactly strongly perfect
lattices in dimension | (: Martinet’s lattice K, and itsdual (K7{,)*.

K7, has 270 vectors of norm 4.
(K1,)* has 240 vectors of norm 6.

These lattices look very special — it must be very nicee —

sufficient
condition
spherical t-design — association scheme
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Degree of a Spherical Design

The degree of afinite subset 2 S !is

{(z,y) | 2,y € Q, v #y}|.

Theorem 2 (Delsarte-Goethals-Seldel). If €2 iIsaspherical /-design
of degree s and 2s — 2 < /7, then () carry a structure of an association
scheme.

The shortest vectors of K7, have norm 4, with degree
s=1|{ 2,1,0,—1,—-2,—-4}| = 6,while
The shortest vectors of (K7,)* have norm 6, with degree

s=1\{,3,2,1,0,—1,—2,-3,—6} = 8§, while
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Molien Series

Let G be afinite irreducible subgroup of the real orthogonal group
O(n,R). The Molien seriesof GG is

a(4) |Grzdet T—q-9)

gelG

Theorem 3 (Goethals-Seldel, 1979). Every GG-orbit on the sphereisa
spherical /-design Iff

(1_q2)q)G((]):1+9'Q+"'+O’qj+at+1qt+1+“‘

N

D pur(xy,) (@) = 1+ 2 +3¢° +
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PSp(4,3)

0 . . 2
PSp(4,3) D linestabilizer > H

l l
Sy o Ay

Then one obtains an commutative (but not symmetric) association
scheme X = PSp(4,3)/H on 80 points with 2nd eigenmatrix

30 24 15 5 5
-30 24 15 —5 —5

0 4 -5 5//-3 —=5//-3

0 4 -5 —-5//-3 5/v/-3
10/3 -8/3 5/3 —5/3 —~5/3

1
1
1
@=1,
1
1 —10/3 —8/3 5/3  5/3 5/3
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30 X 3 = 240

The direct product of two association schemes X and Zs hasits 2nd
eilgenmatrix the tensor product:

10/3 —8/3 5/3 —5/3 —5/3 : .
~10/3 —8/3 5/3  5/3 5/3

1 30 24 15 5) 5)
1 —30 24 15 —9 —9 11
0 1 0 4 —9 5/\/—3 —5/\/—3 1 5
= W w
1 0 4 —9 —5/\/—3 5/\/—3 .
1l w* w
1
1

Fusing complex conjugates. . ..
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30 X 3 = 240

valency
110 48 30 10 10 - 1
1 5 24 —15  —10 5 ... 2
1 5 4 5 0 5 ... 24
1 10/3 -16/3 10/3 10/3 10/3 --- 27
1 5/3 8/3 —5/3 —10/3 5/3 .- 54
1 0 S —10 0 0 - 24
1 -5/3 8/3 —5/3 10/3 —5/3 --- 54
1 —-10/3 —16/3 10/3 —10/3 —10/3 --- 27
1 -5 4 5 0 5 ... 24
1 -5 —24 —15 10 5 .. 2
1 —10 48 30 —10 —10 1
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Cosine Seguence

valency

110 ... |

[ 2 1 ] 1
B o 24 1/2 | 26
1 10/3 - 27 1/3 | 27
1 5/3 ... 54 dives the 1/6 | 54
1 0 24 . 0 24
1 5/3 ... 2 COSine sequence 16| 54
L1 - 27 —1/3| 27
[ 24 ~1/2| 26
1 —10 1
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Conclusion

* The set of 240 shortest vectors of Martinet’slattice (K7,)* can be
reconstructed from

permutation representation
R
of degree 80 of PSp(4, 3)

Can we generalize this construction to obtain more spherical
5-designs?

e 2/0 shortest vectors of K}, form an association scheme?

* Nonsymmetric ® Nonsymmetric C symmetric?

Thank you for your attention.
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