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1. Backgrounds
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1.1. Probability Theory Encountering Quantum Theory

.
Wiener–Itô–Segal isomorphism
..

......

L2(E∗, µ) ∼= ΓBoson(H), H = L2(R) etc.

ϕ(x) =

∞∑
n=0

⟨:x⊗n : , fn⟩ ↔ ϕ = (fn)

Bt ↔ (0, 1[0,t], 0, 0, . . . ) Brownian motion

.
Annihilation and Creation Operators ⇔ Bose Field
..

......

A(f) : (0, . . . , 0, ξ⊗n, 0, . . . ) 7→ (0, . . . , 0, n⟨f, ξ⟩ξ⊗(n−1), 0, 0, . . . )

A∗(f) : (0, . . . , 0, ξ⊗n, 0, . . . ) 7→ (0, . . . , 0, 0, ξ⊗n⊗̂f, 0, . . . )

.
Quantum Brownian Motion and Quantum White Noise
..

......

Bt (as multiplication operator on L2(E∗, µ)) = A(1[0,t]) +A∗(1[0,t])

Wt =
d

dt
Bt = at + a∗

t

though almost all sample paths are nowhere differentiable [Payley–Wiener–Zygmund]
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1.2. Our Stand Point: Fusing Hida’s and Hudson–Parthasarathy’s Calculi

Brownian Mo�on

Ito Calculus (1940s)

SDE

Hida Calculus (1975)

white noise

Quantum Brownian Mo�on

Quantum Poisson Process

Hudson-Parthasarathy Calculus (1984)

QSDE

Quantum Probability TheoryClassical Probability Theory

Quantum White Noise Calculus

{ B  }t

{ B  }t

{ P  }t

{ dB  }t

{ W  }t

dB t

dt
W   =t

{ dA  , dA  ,  dΛ  }t t t
∗

{ a  , a   }t t
∗

dBt = dA  + dA  t t
∗

W  = a  + at t t
∗

dA t

dt
a  =t

dA t

dt
a  =t
∗

∗
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2. Elements of Quantum White Noise Calculus
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2.1. White Noise Distributions

T : a topological space (time interal, space-time manifold, even a discrete space,...)
.
Gelfand (nuclear) triple for H = L2(T )
..

......

E ⊂ H = L2(T ) ⊂ E∗, E = proj lim
p→∞

Ep , E∗ = ind lim
p→∞

E−p ,

where Ep is a dense subspace of H and is a Hilbert space for itself.

Example: E = S(R) = proj limp→∞ Sp(R)
.
The Boson Fock space over H = L2(T ) is defined by
..

......

Γ(H) =
{
ϕ = (fn) ; fn ∈ H⊗̂n , ∥ϕ∥2 =

∞∑
n=0

n!|fn|20 < ∞
}
,

where |fn|0 is the usual L2-norm of H⊗̂n = L2
sym(Tn).

.
Gelfand (nuclear) triple for Γ(H) [Kubo–Takenaka PJA 56A (1980)]
..

......
(E) ⊂ Γ(H) ⊂ (E)∗, (E) = proj lim

p→∞
Γ(Ep), (E)∗ = ind lim

p→∞
Γ(E−p)
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2.2. CKS- and GHOR-Approaches for W ⊂ Γ(H) ∼= L2(E∗, µ) ⊂ W∗

.
Cochran–Kuo–Sengupta IDAQP 1 (1998)
..

......

Γα(Ep) =

{
ϕ = (fn) ; fn ∈ E⊗̂n

p , ∥ϕ∥2
p,+ =

∞∑
n=0

n!α(n)|fn|2p < ∞
}
,

W = proj lim
p→∞

Γα(Ep),

.
Gannoun–Hachaichi–Ouerdiane–Rezgui JFA 171 (2000), also Lee JFA 100 (1991)
..

......

Exp(Ep, θ,m) =

{
f : Ep → C ;

entire holomorphic,

∥f∥θ,p,m = supx∈Ep
|f(x)|e−θ(m|x|p) < ∞

}
Fθ(E

∗) = proj lim
p→∞,m→+0

Exp(E−p, θ,m),

W = {Taylor coefficients of ϕ ∈ Fθ(E
∗)}

.
Theorem (Asai–Kubo–Kuo, Hiroshima Math. J. 31 (2001))
..
......The above two classes of Gelfand triples coincide.
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2.3. White Noise Operators

.
Definition
..

......

A continuous operator from (E) into (E)∗ is called a white noise operator. The space of

white noise operators is denoted by L((E), (E)∗) (bounded convergence topology).

.
The annihilation and creation operator at a point t ∈ T
..

......

at : (0, . . . , 0, ξ⊗n, 0, . . . ) 7→ (0, . . . , 0, nξ(t)ξ⊗(n−1), 0, 0, . . . )

a∗
t : (0, . . . , 0, ξ⊗n, 0, . . . ) 7→ (0, . . . , 0, 0, ξ⊗n⊗̂δt, 0, . . . )

The pair {at, a
∗
t ; t ∈ T} is called the quantum white noise on T .

.
Theorem
..

......

at ∈ L((E), (E)) and a∗
t ∈ L((E)∗, (E)∗) for all t ∈ R. Moreover, both maps

t 7→ at ∈ L((E), (E)) and t 7→ a∗
t ∈ L((E)∗, (E)∗) are operator-valued test

functions, i.e., belongs to E ⊗ L((E), (E)) and E ⊗ L((E)∗, (E)∗), respectively.

Remark: Without a Gelfand triple, at and a∗
t are considered as (unbounded) operator-valued

distribution,

a(ξ) =

∫
T
ξ(t)at dt, a∗(ξ) =

∫
T
ξ(t)a∗

t dt (smeared operators)
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2.3. White Noise Operators (cont)

.
For Ξ ∈ L((E), (E)∗) the symbol is defined by
..

......

Ξ̂(ξ, η) = ⟨⟨Ξφξ, φη⟩⟩ , ξ, η ∈ E,

where φξ =
(
1, ξ,

ξ⊗2

2!
, · · ·

)
is an exponential vector.

E = {φξ ; ξ ∈ E} ⊂ (E) is linearly independent dense set

=⇒ A linear operator Ξ is uniquely specified by the action on E
.
Characterization theorem for symbols [O. JMSJ 45 (1993)]
..

......

Let Θ be a C-valued function on E × E. Then there exists a white noise operator

Ξ ∈ L((E), (E)∗) such that Θ = Ξ̂ if and only if

...1 (analyticity) for any ξ, ξ1, η, η1 ∈ E, the function Θ(zξ + ξ1, wη + η1) is an

entire holomorphic function of (z, w) ∈ C × C;
...2 (growth condition) there exist constant numbers C ≥ 0, K ≥ 0 and p ≥ 0 such

that
|Θ(ξ, η)| ≤ C exp

{
K(|ξ|2p + |η|2p

)}
, ξ, η ∈ E.

We have similar conditions for Ξ ∈ L((E), (E)).
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2.4. Integral Kernel Operators and Fock Expansion

.
Definition (Integral kernel operator)
..

......

Given κl,m ∈ (E⊗(l+m))∗, l,m = 0, 1, 2, . . . ,

Ξl,m(κl,m) =

∫
T l+m

κl,m(s1, · · · , sl, t1, · · · , tm)

a∗
s1 · · · a∗

slat1 · · · atmds1 · · · dsldt1 · · · dtm

is a well-defined white noise operator and is called an integral kernel operator.

In fact, Ξl,m(κl,m) is defined by its symbol:

⟨⟨Ξl,m(κl,m)φξ, φη⟩⟩ = ⟨κl,m, η
⊗l ⊗ ξ⊗m⟩e⟨ξ, η⟩,

where

φξ =
(
1, ξ,

ξ⊗2

2!
, · · ·

)
(exponential vector).
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2.4. Integral Kernel Operators and Fock Expansion (cont)

.
Theorem (O. JMSJ 45 (1993); tracing back to Haag, Berezin, Krée,...)
..

......

Every white noise operator Ξ ∈ L((E), (E)∗) admits the Fock expansion:

Ξ =

∞∑
l,m=0

Ξl,m(κl,m), κl,m ∈ (E⊗(l+m))∗,

where the right-hand side converges in L((E), (E)∗). If Ξ ∈ L((E), (E)), then

κl,m ∈ E⊗l ⊗ (E⊗m)∗ and the series converges in L((E), (E)).

Applications:
...1 rotation-invariant operators (N , ∆G, ∆∗

G) [O. MZ 210 (1992)]
...2 derivations and Wick derivations [Chung–Chung (1996), Chung–Chung–Ji (1998),

Huang–Luo (1998), etc.]
...3 irreducibility of energy representation of gauge groups [Shimada IDAQP 8 (2005)]

.
Our Standpoint
..

......

A white noise operator Ξ as a function of quantum white noise:

Ξ = Ξ(as, a
∗
t ; s, t ∈ T )

=⇒ We treat {as, a
∗
t ; s, t ∈ T} as a coordinate system for white noise operators.
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2.5. Wick Product

Let us introduce a product of operators, different from the usual composition.

.
Definition (Wick (normal-ordered) product)
..

......

For Ξ1,Ξ2 ∈ L((E), (E)∗) the Wick (or normal-ordered) product Ξ1 ⋄ Ξ2 is defined

by

(Ξ1 ⋄ Ξ2)̂ (ξ, η) = Ξ̂1(ξ, η)Ξ̂2(ξ, η)e
−⟨ξ,η⟩, ξ, η ∈ E,

where Ξ̂(ξ, η) is the symbol of a white noise operator Ξ ∈ L((E), (E)∗) defined by

Ξ̂(ξ, η) = ⟨⟨Ξϕξ, ϕη⟩⟩, ξ, η ∈ E,

where ϕξ = (1, ξ, · · · , ξ⊗n/n!, · · · ) is an exponential vector.

Some properties:

...1 For any Ξ ∈ L((E), (E)∗) we have

at ⋄ Ξ = Ξ ⋄ at = Ξat , a∗
t ⋄ Ξ = Ξ ⋄ a∗

t = a∗
tΞ.

...2 Equipped with the Wick product, L((E), (E)∗) becomes a commutative algebra.
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2.5. Convolution Product = Wick Product

.
Definition (Ben Chrouda–El Oued–Ouerdiane Soochow JM 28 (2002))
..

......

With each Φ ∈ W∗ we associate the convolution operator CΦ ∈ L(W,W) defined by

[H(CΦϕ)](x) = ⟨⟨Φ, T−xϕ⟩⟩, x ∈ E∗.

.
Theorem (O.–Ouerdiane IDAQP 14 (2011))
..

......

CΦ = (M⋄
Φ)∗, M⋄

Φ = (CΦ)∗, Φ ∈ W∗,

where M⋄
Φ ∈ L(W∗,W∗) is the Wick multiplication operator defined by

M⋄
ΦΨ = Φ ⋄ Ψ, Ψ ∈ W∗.

In some literatures, the “convolution product” of Φ,Ψ ∈ W∗ is defined by

⟨⟨Φ ⋆Ψ, ϕ⟩⟩ = ⟨⟨Ψ, CΦϕ⟩⟩.

Using CΦ = (M⋄
Φ)∗ we see that

⟨⟨Ψ, CΦϕ⟩⟩ = ⟨⟨M⋄
ΦΨ, ϕ⟩⟩ = ⟨⟨Φ ⋄ Ψ, ϕ⟩⟩

Therefore, the convolution product = the Wick product: Φ ⋆Ψ = Φ ⋄ Ψ
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3. Quantum Stochastic Gradients
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Motivation

.
Quantum stochastic integrals of Itô type [Hudson–Parthasarathy (1984)]
..

......

Ξt =

∫ t

0

EdAs +

∫ t

0

FdA∗
s +

∫ t

0

GdΛs for adapted integrands

1) taking the actions on exponential vectors (operator symbols)

2) and using parallel arguments as in the case of classical Itô integrals

.
Generalizations to non-adapted integrands [Belavkin (1991), Lindsay (1993)]
..

......

δ+(Ξ)ϕ = δ(Ξϕ), δ−(Ξ)ϕ =

∫
R
Ξ(t)(∇ϕ(t))dt, δ0(Ξϕ) = δ(Ξ∇ϕ),

1) ∇ : D → L2(R,Γ(H)) is the classical stochastic gradient: ϕ(t) = atϕ,

2) δ = ∇∗ : L2(R,Γ(H)) → D∗ is the divergence operator,

3) and ϕ is a nice vector.

The divergence operator δ = ∇∗ defines (non-adapted) stochastic integrals which

generalize the Itô integrals (Hitsuda-Skorokhod, Zakai-Nualart-Pardoux).

How about introducing the quantum stochastic gradients?
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Classical Stochastic Gradient and Hitsuda–Skorohod Integral

∇ : (E) → S(R) ⊗ (E) ∼= S(R, (E)) defined by

∇ϕ(t) = atϕ, ϕ ∈ (E), t ∈ R.

.
Classical stochastic gradients with several domains of ∇
..

......

(E) −−−−−→ G −−−−−→ D −−−−−→ Γ(H) −−−−−→ G∗

∇
y ∇

y ∇
y ∇

y ∇
y

S(R, (E)) −−−−−→ L2(R,G) −−−−−→ L2(R,Γ(H)) −−−−−→ L2(R,D∗) −−−−−→ L2(R,G∗)

.
Adjoint actions of classical stochastic gradients
..

......

L2(R,G) −−−−−→ L2(R,D) −−−−−→ L2(R,Γ(H)) −−−−−→ L2(R,G∗) −−−−−→ S′(R, (E)∗)yδ=∇∗ δ

y δ

y δ

y δ

y
G −−−−−→ Γ(H) −−−−−→ D∗ −−−−−→ G∗ −−−−−→ (E)∗

δ(Ψ): the Hitsuda–Skorohod integral, generalizing the stochastic integral of Itô type.
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Creation Gradient ∇+ and Creation Integral δ+

Classical stochastic gradient ∇ : (random variables) → (stochastic processes)

Quantum stochastic gradient

∇ϵ : (quantum random variables) → (quantum stochastic processes)

• (quantum random variables) ≈ L((E), (E)∗)

• Choose suitable domains for ∇ϵ, based on the inclusion relations:

(E) ⊂ G ⊂ D ⊂ Γ(H) ⊂ D∗ ⊂ G∗ ⊂ (E)∗

Consider ∇+ acting on L((E),D)

L((E),D)
∼=−−→ D ⊗ (E)∗

∇⊗I−−−−→ L2(R,Γ(H)) ⊗ (E)∗

∼= ind lim
p→∞

L2(R,Γ(H)) ⊗ Γ(E−p)

∼= ind lim
p→∞

L2(R,Γ(H) ⊗ Γ(E−p))
def
= L2(R,Γ(H) ⊗ (E)∗)

∼= ind lim
p→∞

L2(R,L2(Γ(Ep),Γ(H)))
def
= L2(R,L((E),Γ(H)))

Thus, the creation gradient is defined:

∇+ : L((E),D) → L2(R,Γ(H) ⊗ (E)∗) ∼= L2(R,L((E),Γ(H)))
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.

......

L((E)∗,D) −−−−→ L2(Γ(Ep),D) −−−−→ L((E),D)

∇+

y ∇+

y ∇+

y
L2(R,L((E)∗,Γ(H))) −−−−→ L2(R,L2(Γ(Ep),Γ(H))) −−−−→ L2(R,L((E),Γ(H)))

.

......

L((E)∗,Γ(H)) −−−−→ L2(Γ(Ep),Γ(H)) −−−−→ L((E),Γ(H))

∇+

y ∇+

y ∇+

y
L2(R,L((E)∗,D∗)) −−−−→ L2(R,L2(Γ(Ep),D∗)) −−−−→ L2(R,L((E),D∗))

Explicit norm estimates are possible, for example,

.
Theorem (Ji–Obata IIS 15 (2009))
..

......

For any Ξ ∈ L2(Γ(H),D) we have∫
R
∥∇+Ξ(t)∥2

L2(Γ(H),Γ(H))dt ≤ ∥Ξ∥2
L2(Γ(H),D).

Therefore, ∇+Ξ(t) is a Hilbert–Schmidt operator on Γ(H) for a.e. t ∈ R.
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.
Definition (Creation integral δ+ = (∇+)∗)
..

......

L2(R,L((E)∗,Γ(H))) −−−−−→ L2(R,L2(Γ(Ep),Γ(H))) −−−−−→ L2(R,L((E),Γ(H)))

δ+

y δ+

y δ+

y
L((E)∗,D∗) −−−−−→ L2(Γ(Ep),D

∗) −−−−−→ L((E),D∗)

L2(R,L((E)∗,D)) −−−−−→ L2(R,L2(Γ(Ep),D)) −−−−−→ L2(R,L((E),D))

δ+

y δ+

y δ+

y
L((E)∗,Γ(H)) −−−−−→ L2(Γ(Ep),Γ(H)) −−−−−→ L((E),Γ(H)).

.
Relation to the classical HS-integral
..

......

For Ξ ∈ Dom(δ+) in the above diagrams we have

⟨⟨δ+(Ξ)ϕ, ψ⟩⟩ =

∫
R
⟨⟨Ξ(t)ϕ,∇ψ(t)⟩⟩ dt

for a pair ϕ, ψ in the domains. Therefore, denoting (Ξϕ)(t) = Ξ(t)ϕ we have

δ+(Ξ)ϕ = δ (Ξϕ) , ϕ ∈ (E).

Therefore, δ+(Ξ) coincides with the non-adapted quantum stochastic integrals defined by

Belavkin (1991) and Lindsay (1993) when Ξ is in the common domain.
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Regularity of the creation integrals follows from the corresponding norm estimates of the

creation gradient.

Estimates for the creation gradient is often more straightforward than the integrals.

.
Theorem (Ji–Obata IIS 15 (2009))
..

......

(1) We have norm estimates of δ+(Ξ), for example,

∥δ+(Ξ)∥2
L2(Γ(Ep),D∗) ≤

∫
R
∥Ξ(t)∥2

L2(Γ(Ep),Γ(H)) dt

∥δ+(Ξ)∥2
L2(Γ(Ep),Γ(H)) ≤

∫
R
∥Ξ(t)∥2

L2(Γ(Ep),D) dt

(2) [Hilbert–Schmidt criterion] For any Ξ ∈ L2(R,L2(Γ(H),D)) the creation integral

δ+(Ξ) is a Hilbert–Schmidt operator on Γ(H).

(3) [Boundedness criterion] For any Ξ ∈ L2(R,L(Γ(H),D)) the creation integral

δ+(Ξ) is a bounded operator on Γ(H).
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creation gradient

∇+ : L((E),D)
∼=−−→ D ⊗ (E)∗

∇⊗I−−−−→ L2(R,Γ(H)) ⊗ (E)∗ ∼= · · ·
annihilation gradient

∇− : L(D∗, (E)∗)
∼=−−→ (E)∗ ⊗ D

I⊗∇−−−−→ (E)∗ ⊗ L2(R,Γ(H)) ∼= · · ·
conservation gradient

∇0 : L((E)∗,D)
∼=−−→ D⊗(E)

∇⊘∇−−−−→ L2(R,Γ(H)⊗(E))
∼=−−→ L2(R,L((E)∗,Γ(H))),

where [(∇ ⊘ ∇)ϕ⊗ ψ](t) = ∇ϕ(t) ⊗ ∇ψ(t) (“diagonalized” tensor product).
.
Annihilation integrals δ− = (∇−)∗
..

......

L2(R,L(Γ(H), (E))) −−−−→ L2(R,L2(Γ(H),Γ(Ep))) −−−−→ L2(R,L(Γ(H), (E)∗))

δ−
y δ−

y δ−
y

L(D, (E)) −−−−→ L2(D,Γ(Ep)) −−−−→ L(D, (E)∗)

.
Conservation integrals δ0 = (∇0)∗
..

......

L2(R,L((E),D)) −−−−→ L2(R,L((E),Γ(H)))

δ0

y δ0

y
L((E),Γ(H)) −−−−→ L((E),D∗).
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4. Quantum White Noise Derivatives
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4.1. Motivation

.
Aim
..

......

For a white noise operator

Ξ = Ξ(as, a
∗
t ; s, t ∈ T )

we should like to define the derivatives with respect to as and a∗
t :

δΞ

δas
and

δΞ

δa∗
t

Expected properties:

δ

δas

∫
f(t)atdt = f(s)I

δ

δas

∫
f(s, t)asatdsdt =

∫
f(s, t)at dt+

∫
f(t, s)at dt

δ

δa∗
t

∫
f(s, t)asa

∗
tdsdt =

∫
f(s, t)as ds
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4.2. Definition

.
Definition (Ji–O. Sem. et Congres 16 (2008))
..

......

For Ξ ∈ L((E), (E)∗) and ζ ∈ E we define D±
ζ Ξ ∈ L((E), (E)∗) by

D+
ζ Ξ = [a(ζ),Ξ], D−

ζ Ξ = −[a∗(ζ),Ξ].

These are called the creation derivative and annihilation derivative of Ξ, respectively.

Both together are called the quantum white noise derivatives.

Note: For ζ ∈ E, both

a(ζ) = Ξ0,1(ζ) =

∫
T
ζ(t)at dt, a∗(ζ) = Ξ1,0(ζ) =

∫
T
ζ(t)a∗

t dt,

belong to L((E), (E)) ∩ L((E)∗, (E)∗).

Some properties:

...1 (D+
ζ Ξ)∗ = D−

ζ (Ξ∗) and (D−
ζ Ξ)∗ = D+

ζ (Ξ∗).

...2 D±
ζ is a continuous linear map from L((E), (E)∗) into itself.

...3 Moreover, (ζ,Ξ) 7→ D±
ζ Ξ is a continuous bilinear map from E × L((E), (E)∗)

into L((E), (E)∗).
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4.3. Examples

The canonical correspondence (kernel theorem) between S ∈ L(E,E∗) and

τ = τS ∈ (E ⊗ E)∗ is given by ⟨τS, η ⊗ ξ⟩ = ⟨Sξ, η⟩ for ξ, η ∈ E.

.
(1) The generalized Gross Laplacian associated with S is defined by
..

......

∆G(S) = Ξ0,2(τS) =

∫
T×T

τS(s, t)asat dsdt

Note that ∆G(S) ∈ L((E), (E)). Then,

D+
ζ ∆G(S) = 0, D−

ζ ∆G(S) = a(Sζ) + a(S∗ζ)

In fact, since

D−
t ∆G(S) =

∫
T

τS(s, t)as ds+

∫
T

τS(t, s)as ds

we have

D−
ζ ∆G(S) =

∫
T×T

τS(s, t)asζ(t) dsdt+

∫
T×T

τS(t, s)asζ(t) dsdt

=

∫
T

Sζ(s)as ds+

∫
T

S∗ζ(s)as ds = a(Sζ) + a(S∗ζ)
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4.3. Examples (cont)

.
(2) The adjoint of ∆G(S) ∈ L((E)∗, (E)∗) is given by
..

......

∆∗
G(S) = Ξ2,0(τS) =

∫
T×T

τS(s, t)a
∗
sa

∗
t dsdt

The quantum white noise derivatives are given by

D−
ζ ∆∗

G(S) = 0, D+
ζ ∆∗

G(S) = a∗(Sζ) + a∗(S∗ζ)

.
(3) The conservation operator associated with S is defined by
..

......

Λ(S) = Ξ1,1(τS) =

∫
T×T

τS(s, t)a
∗
sat dsdt

In general, Λ(S) ∈ L((E), (E)∗).

The quantum white noise derivatives are given by

D−
ζ Λ(S) = a∗(Sζ), D+

ζ Λ(S) = a(S∗ζ).
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4.3. Wick Derivations

(L((E), (E)∗), ⋄) is a commutative algebra.
.
Definition (Wick derivation)
..

......

A continuous linear map D : L((E), (E)∗) → L((E), (E)∗) is called a Wick

derivation if

D(Ξ1 ⋄ Ξ2) = (DΞ1) ⋄ Ξ2 + Ξ1 ⋄ (DΞ2), Ξ1,Ξ2 ∈ L((E), (E)∗).

.
Theorem (Ji–O. JMP 51 (2010))
..

......The creation and annihilation derivatives D±
ζ are Wick derivations for any ζ ∈ E.

.
Theorem (Ji–O. JMP 51 (2010))
..

......

A general Wick derivation D is expressed in the form:

D =

∫
T

F (t) ⋄D+
t dt+

∫
T

G(t) ⋄D−
t dt,

where F,G ∈ E ⊗ L((E), (E)∗).

Wick derivations for white noise functions [Chung–Chung JKMS 33 (1996)].
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5. Wick Type Differential Equations for White Noise Operators

Nobuaki Obata based on the long term collaboration with Un Cig Ji (GSIS, Tohoku University)An Introduction to Quantum White Noise Calculus CNU (Cheongju), July 24, 2012 29 / 49



5.1. A General Result

.
Theorem (Ji–O. JMP 51 (2010))
..

......

Given a Wick derivation D and a white noise operator G ∈ L((E), (E)∗), consider a

Wick type differential equation for white noise operators:

DΞ = G ⋄ Ξ. (*)

Assume that there exists an operator Y ∈ L((E), (E)∗) such that DY = G and

wexp Y is defined in L((E), (E)∗). Then every solution to (*) is of the form:

Ξ = (wexp Y ) ⋄ F,

where F ∈ L((E), (E)∗) satisfying DF = 0.

.
Wick exponential
..

......

wexp Y =

∞∑
n=0

1

n!
Y ⋄n, Y ∈ L((E), (E)∗),

whenever the series converges in L((E), (E)∗).
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5.2. Example (1)

.
Let us consider the (system of) differential equations:
..

...... D+
ζ Ξ = 0, ζ ∈ E. (1)

By Fock expansion we see that the solutions to (1) are given by

Ξ =

∞∑
m=0

Ξ0,m(κ0,m) contains no creations

.
In a similar manner, the solutions to
..

...... D−
ζ Ξ = 0, ζ ∈ E, (2)

are given by

Ξ =

∞∑
l=0

Ξl,0(κl,0) contains no annihilations

Consequently, a white noise operator satisfying both (1) and (2) are the scalar operators

(irreducibility of the canonical commutation relation).
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5.2. Example (2)

.
Let us consider the differential equation:
..

...... D−
ζ Ξ = 2a(ζ) ⋄ Ξ, ζ ∈ E. (3)

Apply our general result (Theorem).

...1 We need to find Y ∈ L((E), (E)∗) satisfying D−
ζ Y = 2a(ζ).

...2 In fact, Y = ∆G is a solution.

...3 Moreover, it is easily verified that wexp ∆G is defined in L((E), (E)).

...4 Then, a general solution to (3) is of the form:

Ξ = (wexp ∆G) ⋄ F,

where D−
ζ F = 0 for all ζ ∈ E.
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5.2. Example (3)

.
Now we consider the differential equation:
..

......

D
−
ζ Ξ = 2a(ζ) ⋄ Ξ, ζ ∈ E,

D+
ζ Ξ = 0.

(4)

By Example (2) the solution is of the form:

Ξ = (wexp ∆G) ⋄ F, D−
ζ F = 0 for all ζ ∈ E.

We need only to find additional conditions for F satisfying D+
ζ Ξ = 0.

Noting that D+
ζ ∆G = 0, we have

D+
ζ Ξ = (wexp ∆G) ⋄D+

ζ F = 0.

Hence D+
ζ F = 0 for all ζ ∈ E, so F is a scalar operator (Example (1)).

Consequently, the solution to (4) is of the form:

Ξ = C wexp ∆G, C ∈ C.
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6. Applications
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6.1. Integral Representation of Quantum Martingales

.
Theorem (Ji–O. CMP 286 (2009))
..

......

Let ζ ∈ E and Ξ ∈ L2(R,L((E), (E)∗)). Then we have

D+
ζ (δ+(Ξ)) = δ+(D+

ζ Ξ) +

∫
R
ζ(t)Ξ(t)dt, D−

ζ (δ+(Ξ)) = δ+(D−
ζ Ξ).

D+
ζ (δ−(Ξ)) = δ−(D+

ζ Ξ), D−
ζ (δ−(Ξ)) = δ−(D−

ζ Ξ) +

∫
R
ζ(t)Ξ(t)dt,

D+
ζ (δ0(Ξ)) = δ0(D+

ζ Ξ) + δ−(ζΞ), D−
ζ (δ0(Ξ)) = δ0(D−

ζ Ξ) + δ+(ζΞ).

⋆ We wish to put ζ = δt to obtain more direct formulas.

.
Definition
..

......

A white noise operator Ξ ∈ L((E), (E)∗) is called pointwisely differentiable if there

exists a measurable map t 7→ D±
t Ξ ∈ L((E), (E)∗) such that

⟨⟨(D±
ζ Ξ)ϕξ, ϕη⟩⟩ =

∫
R+

⟨⟨(D±
t Ξ)ϕξ, ϕη⟩⟩ζ(t)dt, ζ ∈ H, ξ, η ∈ E.

Then D+
t Ξ (D−

t Ξ) is called the pointwise creation- (annihilation-) derivative of Ξ.
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.
Definition (Belavkin (1991), Lindsay (1993))
..

......

Admissible white noise functions:

G = proj lim
p→∞

Gp, Gp =

{
ϕ = (fn) ∈ Γ(H) ;

∞∑
n=0

n!e2pn|fn|20 < ∞
}
,

where G is a countably Hilbert space but not nuclear. We have

(E) ⊂ G ⊂ Γ(H) ⊂ G∗ ⊂ (E)∗ and L(G,G∗) ⊂ L((E), (E)∗).

.
Theorem
..

......

Every Ξ ∈ L(G,G∗) is pointwisely differentiable and D±
t Ξ ∈ L((E), (E)∗) is

determined for a.e. t ∈ R.

.
Theorem
..

......

For Ξ ∈ L2(R,L(G,G∗)), the quantum stochastic integrals δϵ(Ξ) are pointwisely

differentiable. Moreover, for a.e. t ∈ R+ we have

D+
t (δ+(Ξ)) = δ+(D+

t Ξ) + Ξ(t) , D−
t (δ+(Ξ)) = δ+(D−

t Ξ),

D+
t (δ−(Ξ)) = δ−(D+

t Ξ), D−
t (δ−(Ξ)) = δ−(D−

t Ξ) + Ξ(t) ,

D+
t (δ0(Ξ)) = δ0(D+

t Ξ) + Ξ(t)at , D−
t (δ0(Ξ)) = δ0(D−

t Ξ) + a∗
tΞ(t) .

For example,

D+
t

(∫
R
a∗
s Ξ(s) ds

)
=

∫
R
a∗
s(D

+
t Ξ(s)) ds+ Ξ(t)

Nobuaki Obata based on the long term collaboration with Un Cig Ji (GSIS, Tohoku University)An Introduction to Quantum White Noise Calculus CNU (Cheongju), July 24, 2012 36 / 49



.
Theorem (Ji JFA 201 (2003), also Parthasarathy–Sinha JFA 67 (1986))
..

......

A regular quantum martingale {Mt}t∈R+
⊂ L(Gp(R+),Gq(R+)) admits an integral

representation:

Mt = λI +

∫ t

0

(EdA+ FdA∗ +GdΛ),

where {Et}, {Ft}, {Gt} in L(Gp(R+),Gq(R+)) are adapted processes and λ ∈ C.

.
Theorem (Ji–O. CMP 286 (2009))
..

......

The integrands of Mt is obtained by

Es = D−
s

[
Ms −

∫ s

0

a∗
u(D

+
uMu)du

]
,

Fs = D+
s

[
Ms −

∫ s

0

(D−
uMu)audu

]
,

Gs = D+
s

[∫ s

0

{
D−

u

(
Mu −

∫ u

0

Evavdv −
∫ u

0

a∗
vFvdv

)}
du

]
.
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6.2. Finding a Normal-Ordered Form of White Noise Operators

.
Question
..

......

Find the normal-ordered form of e∆G(S)e∆
∗
G(T ) (S = S∗, T = T ∗).

i.e., e∆G(S)e∆
∗
G(T ) = (creation part)(annihilation part),

Set Ξ = e∆G(S)e∆
∗
G(T ) and derive a Wick type differential equation.

D+
ζ Ξ = e∆G(S) · 2a∗(Tζ) · e∆

∗
G(T )

=
{
−2[a∗(Tζ), e∆G(S)] + 2a∗(Tζ)e∆G(S)

}
e∆

∗
G(T )

=
{
2D−

Tζe
∆G(S) + 2a∗(Tζ)e∆G(S)

}
e∆

∗
G(T )

= 2 · 2a(STζ)e∆G(S) · e∆
∗
G(T ) + 2a∗(Tζ)Ξ

= 4a(STζ)Ξ + 2a∗(Tζ)Ξ

= 4D+
STζΞ + 4Ξa(STζ) + 2a∗(Tζ)Ξ

Hence

D+
(I−4ST )ζΞ = (4a(STζ) + 2a∗(Tζ)) ⋄ Ξ
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Assume that I − 4ST is invertible. Then we obtain

D+
ζ Ξ =

{
a(((I − 4ST )−1 − I)ζ) + 2a∗(T (I − 4ST )−1ζ)

}
⋄ Ξ (1)

Similarly,

D−
ζ Ξ =

{
a∗(((I − 4TS)−1 − I)ζ) + 2a(S(I − 4TS)−1ζ)

}
⋄ Ξ (2)

General solutions to (1) and (2) are obtained by our general result before:

Ξ = wexp ∆∗
G(T (I − 4ST )−1) ⋄ wexp Λ((I − 4ST )−1 − I) ⋄ (annihilations)

= (creations) ⋄ wexp Λ((I − 4TS)−1 − I) ⋄ wexp ∆G(S(I − 4TS)−1)

Assuming that ST = TS, we obtain

Ξ = C wexp ∆∗
G(T (I − 4ST )−1)

⋄ wexp Λ((I − 4ST )−1 − I) ⋄ wexp ∆G(S(I − 4ST )−1).

Consequently,

e∆G(S)e∆
∗
G(T ) = Ce∆

∗
G(T (I−4ST )−1) Γ((I − 4ST )−1) e∆G(S(I−4ST )−1),

where the constant C is obtained from vacuum expectation (C = det(1− 4ST )−1/2).
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6.3. The Implementation Problem for CCR

Let S, T ∈ L(E,E) and consider transformed annihilation and creation operators:

b(ζ) = a(Sζ) + a∗(Tζ), b∗(ζ) = a∗(Sζ) + a(Tζ),

where ζ ∈ E. We know that b(ζ), b∗(ζ) ∈ L((E), (E)) ∩ L((E)∗, (E)∗).

.
The implementation problem
..

......

is to find a white noise operator U ∈ L((E), (E)∗) satisfying

(E)
U−−−−→ (E)∗

a(ζ)

y yb(ζ)

(E) −−−−→
U

(E)∗

(E)
U−−−−→ (E)∗

a∗(ζ)

y yb∗(ζ)

(E) −−−−→
U

(E)∗

.
Key observation
..

......

Ua(ζ) = b(ζ)U ⇐⇒ D+
SζU = [a(ζ − Sζ) − a∗(Tζ)] ⋄ U,

Ua∗(ζ) = b∗(ζ)U ⇐⇒ (D−
ζ −D+

Tζ)U = [a∗(Sζ − ζ) + a(Tζ)] ⋄ U.
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6.3. Solution to the Implementation Problem (1)

.
Theorem (Ji–O. JMP 51 (2010))
..

......

Assume that S is invertible and that T ∗S = S∗T (⇐⇒
[b(ζ), b(η)] = [b∗(ζ), b∗(η)] = 0). Then a white noise operator U ∈ L((E), (E)∗)

satisfies the intertwining property:

Ua(ζ) = b(ζ)U, ζ ∈ E,

if and only if U is of the form

U = wexp

{
−1

2
∆∗

G(TS−1) + Λ((S−1)∗ − I)

}
⋄ F, (5)

where F ∈ L((E), (E)∗) fulfills D+
ζ F = 0 for all ζ ∈ E.

Remark: Note that

wexp

{
−

1

2
∆∗

G(TS−1)

}
= e−

1
2
∆∗

G(TS−1), wexp
{
Λ((S−1)∗ − I)

}
= Γ((S−1)∗),

where Γ((S−1)∗) is the second quantization of (S−1)∗. Hence, (5) becomes

U = e−
1
2
∆∗

G(TS−1) ⋄ Γ((S−1)∗) ⋄ F = e−
1
2
∆∗

G(TS−1)Γ((S−1)∗)F.
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6.3. Solution to the Implementation Problem (2)

.
Theorem (Ji–O. JMP 51 (2010))
..

......

Assume the following conditions:

(i) S is invertible;

(ii) T ∗S = S∗T ⇐⇒ [b(ζ), b(η)] = [b∗(ζ), b∗(η)] = 0;

(iii) S∗S − T ∗T = I ⇐⇒ [b(ζ), b∗(η)] = ⟨ζ, η⟩;

(iv) ST ∗ = TS∗.

Then a white noise operator U ∈ L((E), (E)∗) satisfies the intertwining property:

Ua∗(ζ) = b∗(ζ)U, ζ ∈ E,

if and only if U is of the form:

U = wexp

{
−1

2
∆∗

G(TS−1) + Λ((S−1)∗ − I) +
1

2
∆G(S−1T )

}
⋄G,

where G ∈ L((E), (E)∗) is an arbitrary white noise operator satisfying

(D−
ζ −D+

Tζ)G = 0 for all ζ ∈ E.
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6.4. Solution to the Implementation Problem (3)

.
Theorem (Ji–O. JMP 51 (2010))
..

......

Assume the following conditions:

(i) S is invertible;

(ii) T ∗S = S∗T ⇐⇒ [b(ζ), b(η)] = [b∗(ζ), b∗(η)] = 0;

(iii) S∗S − T ∗T = I ⇐⇒ [b(ζ), b∗(η)] = ⟨ζ, η⟩;

(iv) ST ∗ = TS∗.

A white noise operator U ∈ L((E), (E)∗) satisfies the following intertwining properties:

Ua(ζ) = b(ζ)U, Ua∗(ζ) = b∗(ζ)U, ζ ∈ E,

if and only if U is of the form:

U = C wexp

{
−1

2
∆∗

G(TS−1) + Λ((S−1)∗ − I) +
1

2
∆G(S−1T )

}
= C e−

1
2
∆∗

G(TS−1)Γ((S−1)∗) e
1
2
∆G(S−1T ),

where C ∈ C. This is a (generalization of) Bogolubov transformation.

Nobuaki Obata based on the long term collaboration with Un Cig Ji (GSIS, Tohoku University)An Introduction to Quantum White Noise Calculus CNU (Cheongju), July 24, 2012 43 / 49



References

We introduced the concept of quantum white noise derivatives

The work together with applications is now in progress.

...1 U. C. Ji and N. Obata: Generalized white noise operators fields and quantum white

noise derivatives, Sem. Congr. Soc. Math. France 16 (2007), 17–33.

...2 U. C. Ji and N. Obata: Annihilation-derivative, creation-derivative and

representation of quantum martingales, Commun. Math. Phys. 286 (2009),

751–775.

...3 U. C. Ji and N. Obata: Quantum stochastic integral representations of Fock space

operators, Stochastics 81 (2009), 367–384.

...4 U. C. Ji and N. Obata: Quantum stochastic gradients, Interdisciplinary Information

Sciences 15 (2009) 345–359.

...5 U. C. Ji and N. Obata: Implementation problem for the canonical commutation

relation in terms of quantum white noise derivatives. J. Math. Phys. 51 (2010),

123507.

...6 U. C. Ji and N. Obata: Quantum white noise calculus and applications, a book

chapter, to appear.

Nobuaki Obata based on the long term collaboration with Un Cig Ji (GSIS, Tohoku University)An Introduction to Quantum White Noise Calculus CNU (Cheongju), July 24, 2012 44 / 49


	Backgrounds
	Elements of Quantum White Noise Calculus
	Quantum Stochastic Gradients
	Quantum White Noise Derivatives
	Wick Type Differential Equations for White Noise Operators
	Applications
	Integral Representation of Quantum Martingales
	Finding a Normal-Ordered Form of White Noise Operators
	The Implementation Problem for CCR




