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1. Asymptotic Spectral Analysis of Growing Graphs
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1.1. Graphs and Spectra

Definition (graph)

A graph is a pair G = (V, E), where V is the set of vertices and E the set of edges.
We write  ~ y (adjacent) if they are connected by an edge.

complete graph K5 star graph 2-dim lattice homogeneous tree 74

» In this talk we consider only finite graphs.
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1.1. Graphs and Spectra

G = (V, E): afinite graph, i.e., |V| < oo
Definition (adjacency matrix and spectrum)

The adjacency matrix of a graph G = (V, E) is defined by

1, z~y
A= [Amy]w,yev Azy = ’ ,
0, otherwise.

The spectrum of G is defined by

m; m; : multiplicities

Spec (G) = < I V) > A; : distinct eigenvalues of A

» Spec (G) is a fundamental invariant of finite graphs.

[1] N. Biggs: Algebraic Graph Theory, Cambridge UP, 1993.
[2] D. M. Cvetkovi¢, M. Doob and H. Sachs: Spectra of Graphs, Academic Press, 1979.
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1.2. Growing Graphs

G = (V™ E™): a growing graph (v: growing parameter)

Problem (asymptotic spectral analysis) J

Describe the asymptotic behaviour of Spec(G(“)) as v — o0.

» Potential application: Modeling a growing complex network in the real world
= “spectral model” or “spectral reconstruction” of networks (in progress)
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1.3. Formulation of Problem

Q Adjacency algebra A(G), that is, the x-algebra generated by A.
@ Equipped with a state ¢(-) = (-), A(G) becomes an algebraic probability space.
© The adjacency matrix A as a real (algebraic) random variable of (A, ).

» In this talk we consider the normalized trace:

1 1
r= —Tr = — 6z 61 G
(a)e V] (a) V]| a:EEV:< ya0z), a € A(G)
» The spectral distribution p of A is determined (uniquely because G is finite) by

+oo
(A™)er = / " u(dz), m=1,2,....
—oo

» 1 coincides with the eigenvalue distribution of A:

1 e i L
H:mzmi(sAi, SPEC(G): <... ---)

m;
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1.3. Formulation of Problem (cont)

Main Problem

Let G = (V™) E™) be a growing graph and let ¢, (-) = (-),, be a state on
A(G™). Find a probability distribution g on R satisfying

<(%)m>u N /_—:oagmu(dw), m=1,2,...,

where the left-hand side is normalized with

(A™)Y,, : mean,
22(AM) = (A® — (A™),)?), : variance.

The above p is called the asymptotic spectral distribution of G in the states (-),..

@ If the limit of LHS exists, so does p by Hamburger's theorem.

@ Uniqueness of p does not hold in general due to the indeterminate moment problem.
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1.4. Quantum Probabilistic Approach

@ Quantum decomposition of adjacency matrix
— One-mode interacting Fock spaces
—> Orthogonal polynomials and classical analysis
homogeneous trees, Hamming graphs, Johnson graphs, odd graphs,
other distance regular graphs, Cayley graphs of S, spidernets, ...

@ Graph product structure
— Adjacency matrix as a sum of “independent” random variables
=—> quantum central limit theorem
direct product, free product, comb product (hierarchical product of
Godsil-McKay, 1978), star product

[1] A. Hora and N. Obata: Quantum Probability and Spectral Analysis of Graphs,
Springer, 2007.

[2] Refinements, generalizations, applications during the last few years:
digraphs, weighted graphs, ...., random walks, quantum walks, ...
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1.4. Quantum Probabilistic Approach (illustration)

adjacency matrix

Ay

v

quantum decomposition
Ay = Ay + Ay +Ay

quantum CLT
. A}

lim =¥ - g¢
v Zy B

combinatorics

|:>

linear algebra

spectral distribution

Hy

scaling limit

asymptotic

use of independence
spectral

Ay =X+~ +X,

—

quantum

distribution u

interacting Fock space

I ({o,},{0}) B, B°

CLT

+ o_

orthogonal polynomials

{Pn} (@) {0y}

ata (GSIS, Tohoku University)
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2. Distance k-Graphs of Direct Product Graphs
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2.1 Distance k-Graph

Definition (Distance k-graph)
Let G = (V, E) be a graph. For k > 1 the distance k-graph of G is a graph

G* = (v,E™), EM™ = ({z,y}; z,y € V, dc(z,y) = k},

where d¢ (, y) is the graph distance.

» The adjacency matrix of G coincides with the k-th distance matrix of G defined by

1, Og(z,y) =k
Dy = [(Di)aylewev  (Di)ey = ( | )=k
0, otherwise.

Nobuaki Obata (GSIS, Tohoku University)
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2.2. Distance k-Graphs of Direct Product Graphs

G = (V, E): a finite graph with |V| > 2

GN = G x --- x G: N-fold direct power (N > 1)
GWNRL: the distance k-graph of G (1 < k < N)
AL the adjacency matrix of GIV¥

Ky xKyx Ky (szszKz)[Z]
Our Question

For fixed k > 1 find the asymptotic spectral distribution of AVl 35 N — oo in the
normalized trace.

Nobuaki Obata (GSIS, Tohoku University)
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2.3 AINE] for K =1

G = (V, E): a finite graph with |V| > 2, Dj: the l-th distance matrix of G
GN = G x --- x G: N-fold direct power (N > 1)

GWN-k]: the distance k-graph of G (1 < k < N)

AIVEL the adjacency matrix of GV

For k = 1 we have GVl = GV and

N
AN Z 10--- D1 ®---R1 (D1 at ¢-th position),

=1

where Dy is the adjacency matrix (1st distance matrix) of G

Theorem (Commutative (classical) central limit theorem)

A[N,l] m 2|E| 1/2
Niz o\ v g

where g is a real algebraic random variable obeying the normal law N (0, 1).

(convergence in moments),

We only need to note that

2 2|E|
¢er(D1) =0, per(D1) = m = (mean degree of G)
Nobuaki Obata (GSIS, Tohoku University) Distance k-Graphs CIRM, Luminy, 2012.10.05
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2.4. Special Case: Distance k-Graphs of Hypercubes

GN = K2 X -+ X K2: N-dimensional hypercube
GWNokL: the distance k-graph of GY (1 < k < N)

Theorem (Kurihara—Hibino (IDAQP, 2011))

For k = 2 we have

AlN2] m oo e~ (VZaz+1)/2
lim | | — = " ———dx, m=12,...,
N_)OOSO N\1/2 1
(3) RV w(vV2x + 1)

where the probability distribution in the right-hand side is the normalized x3-distribution.

In our notation we have

A[N’2] m 1 =
— — H .
N 5 2(9)

» Proof is by quantum decomposition. (The case of k > 3 is not covered.)

» The distribution of

is the normalized x2-distribution.

Ha(9) _g°—1
2

V2
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2.4. Special Case: Distance k-Graphs of Hypercubes (cont)

Theorem (O. (BCP, 2012))

For a general k > 1 we have

(M) ") = [T B@) " L, m=12

where Hy,(x) are the “normalized” Hermite polynomials (OP wrt N(0,1)):
Ho(z) =1, Hi(z) =z, xHp(z)= Hpi1(x)+ kHi_1(x).

In our notation we have
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2.4. Special Case: Distance k-Graphs of Hypercubes (cont)

Theorem (O. (BCP, 2012))

For a general k > 1 we have

(M) ") = [T B@) " L, m=12

where Hy,(x) are the “normalized” Hermite polynomials (OP wrt N(0,1)):
Ho(z) =1, Hi(z) =z, xHp(z)= Hpi1(x)+ kHi_1(x).

In our notation we have

Q0 AMAW = (k. +1)A+Y) L (N — k4 1)AF1

Q ANK = K,(CN)(A[N’l])/k!, where K,(CN)(w) are Krautchouk polynomials
modified so as to be OP wrt Bn = >_; (™) 25 6—N+2j

J J

Q@ An ~ N(0,N) and N“*2KN) (/N z) ~ Hy(x)
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3. Asymptotic Spectral Distribution of GIN* as N — oo

Joint work with

Yuji Hibino (Saga University, Japan) and
Hun Hee Lee (Chungbuk National University, Korea)
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3.1. Main Result

G = (V, E): a finite graph with |[V| > 2

GN = G x --- x G: N-fold direct power (N > 1)
GWNR]: the distance k-graph of G (1 < k < N)
AIVFEL the adjacency matrix of GIN*]

regarded as a real random variable of (A(G™*), p4r)

Theorem (Hibino-Lee-O. (2012))
For any k > 1 we have

ANEL (2|E|)k/2 1

Nk/2 V] w1 He(9);

where g is a real algebraic random variable ~ IN(0,1). The limit distribution does not

depend on the detailed structure of G!

Hj,(x): the “normalized” Hermite polynomials (OP wrt N (0, 1)) verifying
Ho(z) =1, Hi(z) =2z, zHp(x) = Ho11(z) +nH,_1(x)

» For k > 3 the uniqueness of the limit distribution is not known. Probably does not
hold, cf. [Berg (Ann. Prob. 1988)].
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3.2. Idea of the Proof

G = (V, E): a finite graph with |V'| > 2 with the I-th distance matrix Dy
GN =G x --+ X G: N-fold direct power (N > 1)

GIN:k]: the distance k-graph of GN (1 < k < N)

AINK]: the adjacency matrix of GINV:K]

Lemma
AN — BINH L G(N, k),
where
BNk =Zl®...®pl®...®D1®---®1 (D1 appears k times)
C(N,k) = > Cc), A= (k0,0,...),

AEA(K)\{X o}
CAH=>18--®D:1®---®Di®---®1,

D, appears j; times according to X = (j1,jz2,...) € A(k)

Strategy:

BINKE L r2|B|\*/% 1 _ C(N,k) m
Nk/2

EHk(g)’ ————-- — 0 = Result

|V| Nk/2
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3.3. Algebraic Convergence Lemma (A Technical Tool)

Definition (Convergence in moments)

For an = aj, in (An,pn) and a = a™ in (A, ¢) we say that

an =3 a <= lim p,(al) = p(a™), m=1,2,....
n— 00

» For any polynomial p(x) we have
an =y a —> p(arn) SN p(a).
» However, it does not hold in general that
an =5 a, bp, =3b = p(an,bn) —> p(a,b)

for a non-commutative polynomial p(x, y).
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3.3. Algebraic Convergence Lemma (A Technical Tool)

Lemma (Algebraic convergence lemma)

Let an = @}y 21n = 2Ziny ..« Zkn = Zpy, be real random variables in (An, ©n),
n =1,2,.... Assume the following conditions are satisfied:

(i) There exist a real random variable a = a* € A and {1,...,Ck € R such that

an = a, Zin — 1, i=1,2,...,k;
(i) {@nyZiny. .., 2kn} have uniformly bounded mixed moments in the sense that
Crn = supmax{lgp(a%lzf:i...ZZ;...azizf:l...zzil...)l;
n
ai, Biyvi > 0 are integers } < oo;
il +Bi+ 7)) =m

(iii) n is a tracial state formn =1,2,....

Then, for any non-commutative polynomial p(x,y1,...,Yr) we have

P(@nyZiny -« -y Zkn) s p(a,(11,...,Ck1).

Nobuaki Obata (GSIS, Tohoku University) Distance k-Graphs CIRM, Luminy, 2012.10.05 21/29



5 k/2 ~
3.4. Convergence (1): % _m, <2|EI> l

5N, k] ~ - B 2|E| —1/2
B 221®--~®D1®---®D1®---®1, Dl:(m) D,
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5 k/2 ~
3.4. Convergence (l): % o <2|E|> l

BINK _ ~ ~ ~ 2|E|\~Y?
=>1®--®D1®---®D:1®---®1, Dl:(m) D,

Bl
N1/2
(k+1)BF = BB _ (N — k4 1)B* Y — Fn

@ Foreach k =1,2,... there exists a polynomial px(x,y1,...,Yr—1) such that

BW B Fi(2) Fz(2) Fi—1(2) 1z
Nk/z2 T PR\ N1z TN P NB/2 T T Nk/2 .

= 9g=H; (g) (commutative CLT)

©

Moreover, where the arguments are mutually commutative and

Fz(Z) m

NE+D/2 0, i=12...,k—1, Zign—0

@ By induction
Ble+1] m - - -
(k+1)! NIz gH(g) — kHr-1(9) = Hik+1(9)
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, k/2 | .
3.5. Convergence (ll): % —= <M> + Hy(g)

AlNK] _ BNk C(N, k)
Nk/2 = |Nk/2 Nk/2
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, k/2 | .
3.5. Convergence (ll): % —= <M> + Hy(g)

AlNK] _ BNk C(N, k)
Nk/2 = |Nk/2 Nk/2

@ We have shown that

BN (2B\"? 1

@ It is sufficient to show that
C(N,k) m
NFZ —0

@ C(N,k) is a sum of
CA) =) 1 --®D1®-+-®Di®---®1, A€ A(k), X# (k,0,0,,...),

where D; appears j; times according to X = (j1,J2,...) € A(k)
@ Counting the number of terms of C(\) and noting uniformly bounded mixed

moments, we can show

CA) m
Nk/2

™0, A€ A(k), X#(k0,0,,...)
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4. g-Deformation (in Case of Hypercubes)

Joint work with

Hun Hee Lee (Chungbuk National University, Korea)
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4.1. N-Dimensional Hypercube

©,0,1) (0.1.1)
———»
(1,0,1) (LLI)
G=K,=(V,E), V={0,1}, (0.0.0)
D = D;: adjacency matrix (0,1,0)

GN =G x -++ X G: N-dimensional hypercube
(1,0,0) (1,1,0)
The adjacency matrix of GIN'*l is given by

AlNF] :Zl@---@D@---@D@---@l (D appears k-times)

(This exact identity is valid only for G = K3)

Our Result (revisited)

AN AINKL
N1/2 > g, Nk/2 ? EH"?(Q)
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4.2. Bébé Fock Space (Meyer)

(0.0.1) (0,1,1) X3 X3
f » 2
(1,0,1) (LLD X5 123
A
0,0,0 X, bY
OO0 | (010 ’ o
< g
(1,0,0) (1,1,0) e %2 xp,

» Adjacency matrix of GV is given by
N N
AN 2(51 +67) = ZD[i]’
=1 i=1

T\{i}s t € J; Tyoiy, L€ J;

iy = 5::&] =
0, otherwise, 0, otherwise
1 7 j
> DUIDY] ~ e(isd) DUIDE] = 205 with e(isi) =1 " 177
-4, 1=7].
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4.3. g-deformation (Biane, 1997)

{e(i,j) = €(4,%) € {£1}; 1 < i < j}: iid random variables;  €(¢,i) =1

Sy — [Te()zongy, € J; Stay = [Te(zsugiy, @ € J;
T - T -
0, otherwise, 0, otherwise.

N 7
A[N,l] — ZD[’L] x13 6‘(],3)8(2,3).}(123

i= A
adjacency matrix of a “weighted graph” Xy 5;

o X9
- J
£(1,2) X, P X,

Theorem (g-CLT (Speicher 1992, Biane 1997))
A[Nvl]
N1/2

m

—> gq (q-Gaussian) for almost surely in €.
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4.4. Main Result

A g-analogue of the adjacency matrix of the distance k-graph of the hypercube
GN = K; X --- X K3 with weights

1 . .
AR — o E DJi1] - - - D[is]
D dn,e ik
£

Theorem (Lee-O. (2012))

ANVEL

NEz T Rl H(gq) for almost surely in e.
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4.4. Main Result

A g-analogue of the adjacency matrix of the distance k-graph of the hypercube
GN = K; X --- X K3 with weights

1 . .
AR — o E DJi1] - - - D[is]
D dn,e ik
£

Theorem (Lee-O. (2012))
m_ 1

A[N7k] .
NEE T Rt H}(gq) for almost surely in e.

Q For Xkl — % AWk Sfter taking E we have
x [NoE+1] _ x[NG1] ¢ [NGR] [k']qX[N’k] + Yngr_1, k> 1.
@ Here [k]q is obtained from expectation of “correlated” random walk
Wi = €i,iq """ €iyigy + €iyig »* €4y + -+ -+ 1

© After convergence estimation by induction on k we have the reccurence relation
same as the g-Hermite polynomials:

cH(z) = Hi,,(z) + [kl Hi_, (), k> 1.
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Summary

@ For GIN'*! (distance k-graph of the direct product G) we obtained:
ANE]
Nk/2

@ Purely algebraic (combinatorial) proof based on the convergence lemma:

m

1 -

An =5 ay zin — Gl = P(Any Ziny - -+ 2Zkn) —= p(a,C1l,...,Cel).
@ A g-deformation for hypercubes (K2V) is introduced by means of “weights on

edges” and the asymptosic spectral distribution is obtained.

ARy
WHEHg(Qq)
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Summary

@ For GIN'*! (distance k-graph of the direct product G) we obtained:

AR 1

@ Purely algebraic (combinatorial) proof based on the convergence lemma:
An =5 ay zin — Gl = P(Any Ziny - -+ 2Zkn) —= p(a,C1l,...,Cel).

@ A g-deformation for hypercubes (K2V) is introduced by means of “weights on
edges” and the asymptosic spectral distribution is obtained.

ARy
WHEHg(Qq)

Some questions
@ More explicit expression of AR n terms of g-Krautchouk polynomials?
@ g-deformation for GIN-*l: try first G = K,? then a general graph G?
© Direct product = Another product structures
@ Direct product of K, (Hamming graph) == More genaral distance-regular graphs

@ Further generalization to association schemes (relation to Terwilliger algebras), ...
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