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1 Introduction
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dp(t)

=5 = mpO{1—p(t)} —ep(t).
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2 Model

We consider the following population dynamics in a multi-patchy envi-

ronment with m patches (Fig.1):

dN;(t)
dt

= {ri = BiNi(t)}Ni(t) — Ei(Ni(t))

+HE(NL (1), Na(t), -+, N (8) (1 = 0) D Ei(Ni(1)) (1)
k=1
(t=1,2,---,n—1,m),
where N;(¢) is the local population size in patch ¢ at time ¢, m (> 2) the to-
tal number of patches in the considered environment, 7; the intrinsic growth
rate within patch 4, §; the Verhulst coefficient within patch ¢ which repre-
sents such density effect that the growth rate gets smaller as the population
size increases. E;(N;) gives the emigration rate from patch 4. In this paper,

we assume the following function of N; for E;(N;):
EZ(NZ) = (ai + biNi)Ni, (2)

where a; + b;N; is the per capita emigration rate from patch ¢ with local
population size N;. Parameters a; and b; are positive constants. In (1), any
disperser is assumed to be able to access any patch evenly. o (0 < o < 1)
is the death rate for dispersers. F;(Ni, Na,---, Np,) indicates the fraction
of dispersers which immigrate into patch 4, given by
__~
LR

when p; is a positive constant which means the density-independent dis-

Fi(NhNQa"'aNm) (3)

perser’s preference according to which patch it tends to immigrate into.



We may regaerd such preference as depending on the quality of patch or
on some characteristics attracting the disperser to the patch. It is satis-
fied that ;. , Fr, = 1 for any ¢. With this function (3), dispersers tend
to avoid crowded patches, and to be attracted to less crowded, while such
tendency is modified by the patch preference {p1, p2, -, pm}. Only when
pr=p2=-=pyand Ny = Ny == Np,,

1
F; = — for any i. (4)
m

3 Analysis

3.1 Case of Identical Patches

In this case, the environment of every patch is identical, so that r; = r,

Bi; = 3, a; = a and b; = b for any i.

3.1.1 Case without patch preference

When the population has no patch preference in dispersion, that is, in
the case when p; = pa = - -+ = py,, the equilibrium population distribution
of (N1, Ng,- -+, Np,) for (1) is (0,0,---,0) or (N*, N*,---, N*), where N* =
(r —ao)/(B + bo). The latter exists only when o < r/a.

Eigenvalues for the zero equilibrium (0, 0, - - -, 0) are given by the following
two:
Aon = 1 —ao; (5)
1—o0
s = r—all . 6
o = r=a(147=5) )
On the other hand, as for the non-zero even equilibrium (N*, N*,--- N*),

eigenvalues Ao and Ay, are obtained as follows:

ac —r; (7)
.

(n = 1)(B + bo)

x [{nbr + (2n — 1)af + (n — 1)ab}o

—(n—1)rB —naB + (2n — 1)br]. (8)

A1

Ay =

With fundamental analysis for the above eigenvalues, we can derive the

following necessary and sufficient condition for the local stability of each
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. the zero equilibrium

|:| the non-zero equilibrium
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equilibrium(Fig.2):

2<0 for (0,0,---,0); 9)

2 > for (N*,N*,.-- N*). (10)

3.1.2 Two patches case with preference

In this section, we consider the population dynamics in the environment

with two patches:

dff;t(t) = {r—BNi(&)}N1(t) - B(N:(¢)
+F1(N1(t), N2(1))(1 — o ZQ:E (Ni(t (1)
d]\;i(t) —  {r— BN2()}Na(t) — E(Na(1))

+F (N1 (1), No(t))(1 — & ZE (12)

;-.

where E and F; (i = 1,2) are given by (2) and (3) with m = 2. Equilibrium
population distribution for (N1, N3) is (0,0) or (N7, N3 ).



When p; = % + € and pg = % — € with € < 1, that is, when the patch

preference is much weak, let
N} = N* +eny + O(?) (13)
N3 = N* + eny + O(e?). (14)
(13)0(14)0 (11)0(12)0000000e00000OODOOUOOOOO
ny+ne =0 (15)
go0ooOoOoOoQoQoQoOobO egooogooo
Ni = N* +eny + emy + O(€%) (16)
Nj = N* + eng + €2ma + O(€%). (17)

0000(16)0(17)0 (11)0(12)000000e000000000000
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2
mq +m2=—w<0. (18)
00000000000, Op00p1=p.=1/200000000000
O00000ON;+ Ny <2N*0000000ODDDO Lastly, it is shown that
N7 + NJ is locally maximum when p; = py = 1/2.
Next, we consider the case when p; = € and ps = 1 — ¢, where 0 < € < 1.
This is the case that almost all dispersers immigrate into patch 2, and only
a certain small portion immigrates into patch 1.

If e = 0, the non-trivial equiliblium (N7, N3,) is given by

r—ao
Ny, = ——
10 2(3 + bo)
L= a0)®(B+6) + 4(1 = 0)(8 + bo)(Ba + rb)(r — a))?
2(6+bo) (3 +b)
(19)
. r—a
N3y = s (20)
When € > 0, to consider the non-trivial equilibrium, put
Ni = Nj, +eny + O(€?) (21)
Nj = Njy + eng + O(€?). (22)

(21)0(22)0 (1IHO(12)0000000e00DO0OO0OOOODOODOO
N3 X * \ ATH 1-0)(a+2bN;
(1-o0) N%Z (@ + bN1o«)NTp + (a + bN3y ) N3 t { (Tf(ggNg()()af(aJrf&)vgo) - 1}
(r —2BN3,) — o(a + 2bN3;,)

ny =

(23)

—(1-o0) %;Z{(a + bN10.)Nip + (a + bN3) N3y}

(r —28Ny,) — o(a + 2bN{,) (24)

Ng =
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3.1.3 Four patch case with preference
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3.2 Case of Qualitatively Different Patches
3.2.1 m patch case with 1 —oc=¢< 1

oo mO0DO0OD0D00D00O0l-0o=ex 1000000000000
OO0D0OOdisperser OO0 O0O0O0O0OO0DOOOO

Nj = (ri —a;)/(Bi + bi) + eni + o(€?) (25)
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3.2.2 Two patch case
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4 Conclusion

gobogoboooboobooboboobooboobooboboon
gbobooboboooboboooboboooooboboobobog
gbooooboooobOoboooobooooboboooboOobooon
gboooobobooooobooboobooooboboooooobooobooon
googboooboooboobooooboobooboobobooobo
gobogbooobooobgooboboobooboobooboboobo
bobooooobooooboobooboooobobooooooOobooon
gboooobobooobOoboooobooboooboboooOobooon
gobogbooobooobgooboboobooboobooboboobo
gobogbooobooobgooboooobooboobooboboobo
gobooO0oooboooooooooobbooboooooboooooboooon
gboooobobooobOobooooboboooboboooOoboooon
gobooboooboobgo

12



Appendix A

Method of determine {p;} to maximizes (minimizes) Y- N;
in case of 1 —0 =€ < 0.

Assuming N7 = N}y + en; + o(€?) (Nj, = Z5% > 0), the following is

Bi+b;
obtained:
™ (ap + b NN, i
n; = 1 (ak k1 ko) kO P*Q, (26)
ZPkN_;;U N
m m Zm_ P';
% % k=1 ZN*T 2
Dok = Y (ak +beNi) Ny = (27)
k=1 k=1 2kt PN,

1
Z Pig*2
When 27"1“ is maximum, so is Y ;- ; ng. Now, let us define
Pk -

F3
kO

(o0 )= (o o e ). )

then
1
N 0 1
( xl .« .. CL"rrL )
1 1
Z pkNL* xr1
kO
( 1 - Tm )
Tm
1 Z1
NG 0 IEi]
— i Lo
- (& e ) (30)
1 Tom,
0 Moo IEil
Without loss of generality, we assume
Niy >+ > Ny (31)
For exploring extermal values of
1 T
NG 0 ]
( IEil B ) : S E (32)
1 Ty
0 N Bl
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we use the Lagrange’s method. Assuming

x1 Tm, : leo " ﬁ
F<W""’W’A) = (& =)
1 z
0 oo E|
“All]* - 1). (33)
We consider the solution for 8’9‘5” =0 and %—I; = 0. From % =0, we can
get the following:
T o A= (). (34)
] Nio
From the difinition (28), Hi_ll\ == HI;,IL\ = 0 is not satisfied, as for at least

one, there exists 7 such that ﬁ—lﬂ # 0. Since all of N}, are not identical, we

have

o Tigi _
] ]

0 (V). (35)
Lastly, we find m candidates of {z;} for the maximum (minimum) of (27).

Maximum of }_ nj: Since (30) becomes = when (35) is satisfied, Y-, | ny
10

is maximized when i = m because 1= is the smallest with it from (31), that
10

is,

5]
5

(ﬂ ce. EZmea ﬁ):<0 ) 1). (36)
Using p1 + -+ pm = 1, we can get the following {p;} to maximize (27) :
(o1 o pma om )=(0 0 1). (37)

Minimum of }_ny:  Since (30) becomes + when (35) is satisfied, >, ; ny,
i0

is minimized when i = m because 1= is the largest with it from (31), that
0

is,

(e e o mm)=(10 - o), (38)

Using p1 + - + pm = 1, we can get the following {p;} to minimize (27) :

(p1 pa o pm>=(10"'0)- (39)

14
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