20258 H (August 2025)

Let D = {(z,y) e R* | -1 < 2z+1 < z+y < 0}. Answer the following questions.

(1) Draw a picture of the region D in the zy-plane.

(2) Find the set of points in the region {(r,f) € R* | r > 0,0 < § < 27} that are
mapped to D by the two-dimensional polar coordinate transformation.

(3) Evaluate the double integral

1 Y
//D W arctan ; dCCdy,

T
where arctan denotes the inverse of tan : (—5, 5) — R.

2 Let ¢ be a real number. For the two matrices
1 200 1 010
A 2 4 00 . B- 0 20 4 7
00 3 3 1 010
00 ¢ ¢ 01 0 2

we define the linear mappings fa, fg: R* — R* by fa(x) = Az and fp(x) = Bx, where
x denotes a column vector in R*.

(1) Find a basis of the kernel Ker f4 of f4.
(2) Find a basis of the kernel Ker fz of fg.

(3) Suppose that the intersection of the image fg(Ker f4) of Ker f4 under fp and the
image fa(Ker fg) of Ker fg under fs contains a nonzero vector. Find the real
number c.
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R? E 2 ZEEAEL f(z,y) = (x —y)(|z| + |y| +1) ZEZX 3.
(1) K(0,0) ICBWVT f(z,y) PMRMITAIRETH 5 Z & 2Rt

(2) 5(0,0) IZBNVT f(z,y) DEWAARETH 5 Z & 2Rt

(3) flz,y) ZR? ETC 3R SRVI L RRE.
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Consider the two-variable function f(z,y) = (z —y)(Jz| + |y| + 1) on R?.

(1) Show that f(x,y) is partially differentiable at (x,y) = (0,0).
(2) Show that f(z,y) is totally differentiable at (x,y) = (0,0).

(3) Prove that f(z,y) is not of class C! on R?.
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Let A =

. For column vectors u and v in the vector space R*, their
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standard inner product is denoted by (u,v).

(1) Find the eigenvalues and the eigenvectors of A.



. . u, Au )
(2) Find the maximum value of (u, Au) when u varies over the nonzero column vectors

(u, u)
in R%,
!/
w1 w1
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(3) Assume that two column vectors w = and w' = 2| in R* satisfy
ws W4
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(w,w) = (w,w)=1 and (w,w')=

Define a 4 x 2 matrix S by
Sz(u: w’): 02

and let B =!SAS. Here, 'S denotes the transpose of S. Show that the maximum
of the eigenvalues of B does not exceed the maximum of the eigenvalues of A.



