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e Graph

V . aset vertex set

FE : a collection of 2-elements subsets of V' edge set

r = (V,E) (simple) graph

Ex. 1 1 5
V = {1,2,3,4}

E = {{1,2}, (2,3}, {3,4}, {1,4}}



Ex. 2V = (Z,)?

E = {{a,b} | #{i|ai#b} =1}
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I' = (V,E) : graph r,y eV
path of length t from « to y : (x = oy T1,..., 2 = Y)

{zi1,z:} € E (i=1,...,1)



Or(x,y) : distance : length of shortest path from = to y

d := max{0r(z,y) | x,y € V} : diameter of T

Ex.
z Or(z,y) = 2
Or(y,z) = 1
Or(z,z) = 3
Yy
d =3



Lj(z) = {veV|dr(z,v) =75}

Ex. Io(x) Ti(x) Ta2(x) Ts(x)




I' : distance-regular < c;:= |Tj_1(x) NIy (y)|
a; := |Fj(z) NT1(y)|
bj = |Tja(x) NT1(y)]

are constants whenever 9r(x,y) = j
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Ex. Cube Io(x) Ti(x) Ta(x) Ts(x)
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Ex. Octahedron To(x) 'y (@) T2 (x)
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e Association Scheme

X @ aset

RoUR{U --- URg;: apartition of X X X
Ry = {(z,2) |z € X}

(z,y) E R; & (y,xz) € R;

ph, = {z € X | (z,2) € Ri, (,y) € Ry}

are constants whenever (z,y) € Ry (Vi, 3, h)

(X, {R;}o<i<a) :  (Symmetric) Association Scheme



e Association Scheme

X =V : vertex set of D.R.G. T' = (V, E) of diameter d
R; = {(=,y) | Or(z,y) = i}

Ry = {(z,z) |z € X}

(z,y) € R, & (y,z) €ER;

pt; = {2 € X | (,2) € Ry, (2,) € Ry}

are constants whenever (z,y) € Ry (Vi, 3, h)

(X, {R;}o<i<a) :  (Symmetric) Association Scheme



e Association Scheme

X =V : vertex set of D.R.G. T' = (V, E) of diameter d

R, = {(z,y) | Or(z,y) = ¢}

P;;

(X, {R;}o<i<a) :  (Symmetric) Association Scheme



e Association Scheme

I' = (X, E) : D.R.G. of diameter d

JL

(X, {R;}o<i<a) :  (Symmetric) Association Scheme



e Association Scheme

I' = (X, E) : D.R.G. of diameter d

JL W

(X, {Ri}0§i§d> : “P-polynomial” Association Scheme



e Distance-Transitive

I' = (V,E) : graph
o : automorphism of I' <& o : bijection on V' such that
(o(z),0(y)) € E if (z,y) € E

Aut(T') : automorphism group of '

I' : distance-transitive & Ve,y,z,w € V with
81"(1"7 y) = aI‘(Za w)
Jdo € Aut(T") such that

o(x) =z, o(y) =w



e D.T = D.R

I' : distance-regular < c;:= |Tj_1(x) NIy (y)|
a; := |Fj(z) NT1(y)|
bj = |Tja(x) NT1(y)]

are constants whenever 9r(x,y) = j
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e Hamming graph

V = (Zn)? Hamming graph H(d, n)

E = {{a,b} | #{i|a:i# b} =1}



e Hamming graph

V = (Zy)3 Hamming graph H (3, 2)

E = {{a,b} | #{i|a:i# b} =1}
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e Hamming graph

Hamming graph H (3, 3)
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e Hamming graph

V = (Zn)? Hamming graph H(d, n)

E = {{a,b} | #{i|a:i# b} =1}

Or(xz,y) = #{i| a; # b;} Hamming distance

d : diameter



e Hamming graph

T'o(0) I'1(0)
O )
(a0...0)
(00...0) | (0b--.0)
(00...c)
A

bo = d(n— 1)

L;_1(0)

)

I';(0) L'j+1(0)
Y )
A




e Hamming graph

I'o(0)

I';(0)
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e Hamming graph

T'o(0) ', (0) [j-1(0)  T;(0) I'j11(0)
N N 7Y YN
(1...10...0)
(00...0)
(al..10...0)
(1..1¢0...0)

a;j =j(n—2)



e Hamming graph

I'o(0)
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e Hamming graph

I'o(0)
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e Hamming graph

V = (Zn)? Hamming graph H(d, n)

E = {{a,b} | #{i|a:i# b} =1}

Or(xz,y) = #{i| a; # b;} Hamming distance

d : diameter



e Hamming graph

V = (Zn)? Hamming graph H(d, n)
Wt(x) = #{i | x; # O} Hamming weight
Or(x,y) = #{i |z # vi} Hamming distance

= #{i| 2 — yi # 0} = Wi(z — y)
(@ —zy—2) = Wt((@—2) - (y—2))

= w(e—y) = oy
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e Eigenvalues

I' = (V,E) : graph
if (z,y) € E

A : |V| X |V |-matrix with A,,, = _
0 if (z,y)¢FE

adjacency matrix

01011000
10100100
010100710

4_|10100001
10000101
010010710
00100101

(00011010,




e Eigenvalues

I' = (V,E) : graph
if (z,y) € E

A : |V| X |V |-matrix with A,,, = _
0 if (z,y)¢FE

adjacency matrix

Eigenvalues of I' is eigenvalues of its adjacency matrix A



e Eigenvalues

Ex. I' : H(d,n) Hamming graph

V = (Zn)? V| = n?
|H(3,2)] = 23 = 8
|H(3,3)| = 3% = 27

|H(5,5)] = 5° = 3125

Eigenvalues of I' is eigenvalues of its adjacency matrix A



e Eigenvalues

I' : distance-regular graph of diameter d with ¢;, a;, b;

ap bo
c1 a by
Czx Q2 b,

0 Cd—1

aq—1
Cd

ba—1
aq

intersection matrix



e Eigenvalues

Hamming graph H (3, 2)

03 00
1 0 2 0
B_O201
00 30
* 1 2 3
O 0O o0 o
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Hamming graph H (3, 3)
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Eigenvalues

3,1, —1, —3
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e Subgraph

I = (V,E) graph
DAV ' CV

E = {(x,y) € E|xz,y e V'}

I = (V',E) induced subgraph on V’



e Subgraph

' = (V,E) Hamming graph H (3, 3)
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e Subgraph

Hamming graph H (3, 3)



e Subgraph

' = (V,E) Hamming graph H (3, 3)
I’ = (V,E) Hamming graph H (2, 3)
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e Subgraph

' = (V,E) Hamming graph H (3, 3)
I’ = (V,E) Hamming graph H (2, 3)
r” = (V",E") Hamming graph H (2, 2)
[ * '
[ ° °




e Subgraph

V = (Zn)? Hamming graph H(d, n)
E = {{a,b} | #{i|a:i# b} =1} vt < d
vm < n
M={0,1,...,m —1} C Z,
V' = {CCE(Zn)d|iEl,...,CUt6M,$t+1:'°':wd:0}
x = (T1y ... y24,0,...,0)
Yy = (Y1, -+ »¥:,0,...,0)
vV = (M)? Hamming graph H (t, m)

E* = {{o,y} | #{i| @ £y} =1}



e Subgraph

r = (V,E) graph DAWCV

or(W,z) = Or(x, W) := min{ap(a:,w) | w e W}
p(W) = max {Br(:c, W) |xe V} covering radius of W

;W) = {z €V |oh(Wa) =]



e Completely Regular

W : completely regular < ~; := |T;1(W) N Ty (x)|
a; = |I;(W) N ()]
Bj = T2 (W) NTy ()|

are constants whenever 9r (W, x) = j
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e Completely Regular

Hamming graph H (3, 3)
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e Completely Regular

Hamming graph H (3, 3)
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° Completely Regular

Hamming graph H (3, 3)
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e Completely Regular

W : completely regular < ~; := |T;1(W) N Ty (x)|
a; = |I;(W) N ()]
Bj = T2 (W) NTy ()|

are constants whenever 9r (W, x) = j
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e Eigenvalues

W : completely regular of p = p(W) with ~;, o, B; in T

ag Bo
1 o1 B 0
Y2 a2z B
Q=
O Yp—1 Cp_1 /Bp—l
L Yo xp

quotient matrix with respect to W



W . completely regular subset in a D.R.G. T ( p=p(W) )
() : quotient matrix with respect to W

Then each eigenvalue of @ is an eigenvalue of T°

Proof. S : |V| X (p + 1)-matrix characteristic matrix of W
1 if ze€l';(W
with Se.s :{ 0 if QFZEW;
Then AS = SQ 0 : eigenvalue of Q
= 0# u st Qu=0u
= 0%# 3Su st. A(Su) = (SQ)u = S(0u) = 0(Su)



AS = SQ

(AS)m’j = Z AzySy,;j Ary =14 (z,y) € E

= {yeV|(z,y) €E, yecj(W)}



AS = SQ Jj—1 J

a2 7Y

S
0,

\__/ \\5 i

= H{yeV|(z,y) €E, yecj(W)}

/Bj—l if x € Fj_l(W)
o if ©el;(W)
Yi+1 if ® € T (W)
0 if otherwise

(AS)s; =



AS = SQ
d Sm,t =1&x € Ft(W)
(SQ)aj = > S0iQiyj

=0
ap  Bo
Y1 o1 B
Y2 o o2 B2

= Q; e

TYp—1 xXp—1 13;.—1
Yp Cp

/Bj—l if x € Fj_l(W)
o if ©el;(W)
Yi+r iz €T (W)
0 if otherwise

(AS)s; =



e Eigenvalues

W : completely regular of p = p(W) with ~;, o, B; in T

ag Bo
1 o1 B 0
Y2 a2z B
Q=
O Yp—1 Cp_1 /Bp—l
L Yo xp

quotient matrix with respect to W



e Eigenvalues

I' : distance-regular graph of diameter d with ¢;, a;, b;

ag b 0
ca ay b
C2 a2 by
B =
O Ci—1 Qg—1 bg_1
Cq aq

intersection matrix of T



e Eigenvalues

W ={x}: C R of p=d with ¢, a;, b inT

Qg b() 0

ca a by
Cz2 Q2 b,

O Ci—1 Qg—1 bg_1
Cd aq

intersection matrix of T



e T : tri-diagonal matrix with ¢; > 0, b; > 0 (V%)

Then d + 1 eigenvalues of T are distinct.

Qg b()
b, 0

C1 a;
C2 Q2 b,

O Cia—1 Qg—1 bg_1
Cd aq




e T : tri-diagonal matrix with ¢; > 0, b; > 0 (V%)

Then d + 1 eigenvalues of T are distinct.

e I : D.R.G. of diameter d

Then T' has exactly d + 1 eigenvalues



W . completely regular subset in a D.R.G. T
(@) : quotient matrix with respect to W
Then each eigenvalue of @ is an eigenvalue of T°

Corollary 2

B : intersection matrix of D.R.G. T' of diameter d
09,01,...,0, : eigenvalues of B

Then {60p,601,...,04} are the set of all distinct eigenvalues of T’

In particular, the multiplicity m(0) of 6 as an eigenvalue of T'

can be calculated by B



e Eigenvalues of H(3,2)

Hamming graph H (3, 2)

03 00
1 0 2 0
B_O201
00 30
* 1 2 3
O 0O o0 o
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e Eigenvalues of H(3,2)

03 00 Tg Zo
1 0 20 Iy — 0 Iy
0 201 ||z | — T2
003 0] s zo # 0
( 3.’B1 = HSU()
— 1
lxg + 22, = 0Ox, T, = 30
_ 1
2%1 + 1333 = 0%2 T2 = 6(02 — 3)
L 3z, = 0&33 Ty = %(03 — 70)

(02 —9)(62—1) = 0
6 = 3,1, -1, —3



e Eigenvalues

[0 b 0 O 1 1

Cci aq b1 0 Uy Uy
= 0

0 Ca Q2 b2 U2 U2

L 0 0 Cz Qs Us us
( b0u1 = 0’U,0
ciug + aju; + biuy = Ouy
Couy + asuz + baus = Ou,
[ C3u2 + azug = Ous

Uip1 = bli ((9 —a;)u; — Ciui—l)

(9 — ad)ud — CqUg—1 = 0



e Eigenvalues of H(3,2)

0300
1020
(Yo, Y1,U2:U3) | g o o 1 | = O(Wo>¥15Y2:Ys)
0030
Y1 9y0
— 0
Yo+ 2y2 = 6Oyy %
1
2y1+3y3 — gyz y2 _— 5(02 _3)
Yo = Oys ys = 5(6° —76)

(02 —9)(82 —1) = 0
6 = 3,1, -1, —3



e Eigenvalues of H(3,2)

0 3 00
1 0 2 0
(’yanl,yz,y3) 0201 = 9(y0a ylayZayS)
0 0 30
g = 1 Yo — 1
_ 1 _
ri1 = §0 Yy — 0
z, = (6% —3) x3 Y, = 5(0°—3)
T3 = %(03—70) X1 Ys = %(03—70)
(62 —9)(62 —1) = 0 (62 —9)(62 —1) = 0

6 = 3,1, -1, —3 6 = 3,1, -1, —3



e Eigenvalues of H(3,2)

xr, = %0 y1 = 6

xy = (0% —3) X3 y2 = 3(6% —3)

r3 = (0% —170) X1 ys = 5(6° —76)
(62 —-9)(6>—-1) =0 (62 —-9)(6>—-1) = 0

6 = 3,1, -1, —3 6 = 3,1, -1, —3



e Eigenvalues

0 bp 0 O

CcCi ai bl 0
(1’ ’111,'1]2,’1)3) 0 Co Qs bz

0 0 Cg das

= 0(1avla’U29 ’03)

C1V; = 0

bovo + a1v1 + cov2 = Ov,
bivi + azvy + czvs = 0Ov,
bavs + asvs = 0Ovs

Vigr = — ((9 —a;)v; — bi—l'vi—l)

Ci+1

(0 — aq)vg — bg—1v4-1 = 0



e Eigenvalues

If @ = by, then v;(0) = |Ti(x)| =:k;

Vigr = — ((9 —a;)v; — bi—l'vi—l)

Ci+1

(0 — aq)vg — bg—1v4-1 = 0



e Eigenvalues

If @ = by, then v;(0) = |Ti(x)| =:k;

1
u1(0)
Vo i= (1,v1(0),v2<0),...,vd(e)), Up = | u2(6)

| wa(0)
(Vo, Up) = > vi(6)ui(0)

=0



e Multiplicity formula

I' : D.R.G.

the multiplicity m (@) of 6 as an eigenvalue of T’

can be calculated by

Vi

m(d) = ———
<V07 U0>
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e Eigenvalues of H(3,3)

k;, = 1, 6, 12, 8

06 0O
1140
(1,0, vz, v3) 02 2 2 = 6(1,0,v;,v3)
00 3 3
6+ 160 + 2v, = 02
40 + 2’02 + 3’03 = 0’()2
2vy + 3vs = 0Ovs
vy = 1(6 —3)(0 +2) (6 —6)(0%2—-9)0 = 0

U3 = %((9 - 2)’02 - 40) 6 =6,3,0, -3



e Eigenvalues of H(3,3)

ki =1, 6, 12, 8
6=6 = (v;) = (1,6, 12, 8)

6=3 = (v) = (1,3,0, —4)
6=0 = (v) = (1,0, —3,2)

6=-3 = (v;) = (1, -3, 3, —1)

vy = 1(6 —3)(0 +2)

vs = :((6 — 2)vy — 40) 6 = 6,3,0, —3



e Eigenvalues of H(3,3)

() m(0)

0=6 = (v;) = (1, 6, 12, 8) 27 1
=3 = (v) = (1, 3,0, —4) 2 6
6=0 = (v;) = (1,0, =3, 2) 2 12
0=-3 = (v) = (1, =3, 3, —1) = 8

1 6 12 8 1 1 1 1

1 3 0 —4 1 3 0 -2

1 0 -3 2 1 0 —3 1

1 -3 3 -1 1 -2 I —%



