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Definition: Cayley graph

G: afinite abelian group

D: an inverse-closed subset of G(0 ¢ D and D = —D)
E:={(xy)IxyeGx-ye D}

(G, E) is called a Cayley graph, denoted by Cay(G, D).

D is called the connection set of (G, E).
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(0,0)

(0,1) (1,1)
(1,0) (1,2)
(2,1) (2,0)

(2,2) (0,2)

G=1%Z3x%Z3 D= {(09 1)9 (09 2)s (2s 1)5 (1s 2)}
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Definition: Translation scheme

I'i := (G, Ej), 1 <i £ d: Cayley graphs on an abelian group G
R;: connection sets of (G, E;j)
Ro := {0}.

(G, {Ri}id—o) is called a translation scheme (TS)
if (G, {I‘i}id_ 0) is an association scheme (AS).

In other words...

° Uid=oRi =G, RNR; =9

@ |{z](x,2) € Ej, (Y, 2) € Ej}| is const. according to £ s.t.
(X9 y) € Et’-
& [{z|x—-z€ Rj,y - z€ Rj}| is const. according to £ s.t.
X=YE€Ry.
& |(Ri + x = y) N Rj| is const. accordingto £s.t. X —y € Ry.
& |(Ri +w) N Rj| is constant according to £ s.t. w € Ry.
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A character ¢ of G is a homomorphism from G to C*.
G: the set of all characters of G
e the exponent of G

Remark

The image of ¥ is an eth root of unity since
¥(x)° = ¢(x°) = y(le) = L.

Note that Y(1g) = 1 by ¥ (1)? = ¥(1g).
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@ Define yo(Q) := 1for Vg € G. Then ¥y is a character, called
the trivial character.

@ Define y~1(g) := y(g)~! for a character ¢. Theny~tis a
character, called the inverse of y.

o Define y1y2(9) := ya1(Q)p2(9) for characters ¢, Y. Then
Y1, is a character.

The set G forms a group isomorphic to G.
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Example: Z3

Possible cases:

¥((0,1,2) = (1, 1,1),(L, 1, 0), (1, 1,0, (1, w, 1), (1, w?, 1),
1, w, w), (1, w, ®?), (1, 0%, ), (1, %, ).

By noting that
y(Aw(2)=y(1+2)=y(0)=1,

Only ¥((0,1,2)) = (1,1, 1), (1, w, @?), (1, w?, w) are possible.
These three are all characters of Zs.
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(1) For y, ¢’ € G,

Z ‘ﬁ(g)m = 6%1,(/12|G|’

geG

1 ify =y,
where 8yy = { 0 ifyEy

(2) For g, h € G, L
D w(@w(h) = 6gnlGl.

yeG
1 ifg=h,
where dgh = { 0 if g b
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Proof of (1): Put¢ = yy’'™L.

If ¢ = o,
D#(@)=),1=1Gl.
geG geG
If ¢ £ yo,
#() D d(9) = D #(d)p(a) = > #(g9) = ). #(9),
geG geG geG geG

which implies that ¥’ gec ¢(g) = 0.
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I': a Cayley graph on an abelian group G with connection set D
G: the character group of G

M: the character table of G. (Each of rows and columns are
labeled by the elements of G and the elements of G, respectively.
The (¥, g)-entry is defined by ¥(Qg).)

A: the adjacency matrix of I' (Each row and column are labeled
similar to the columns of M.)

Theorem: Eigenvalues and character sums
T

MAM =diag[2¢(x)] :
Gi |

xeD

i.e., the eigenvalues of A are given by y(D), ¥ € G.
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—T — 1, [ 1G] ity =y,
(|V| M )l/l,l/l' - ge‘ﬁ(h)'p (h) - %‘p‘ﬁ (h) - { 0 iflﬁ + (p',

This implies that M/ \/lGl is an orthogonal matrix. By
(MAYg= D, w(h)= Z y(e+ g),

heG;h—-geD
we have
MAM )y = 3 S wte+ v (@ = 3 @ S waw (@
geG eeD eeD geG
= Z (e > vy’ ~(q)
geG
_ { IGl Xecp ¥(€) ify =y,
- 0 ify #y'.
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I': a Cayley graph on an abelian group G with connection set D

Lemma

I' is connected & (D) # |D] for any nontrivial ¢ € G.

For any graph T,
@ I has valency k = T contains k as an eigenvalue.

@ I' has valency k and is connected & k occurs exactly once as
an eigenvalue.

I' has valency | D|, and all eigenvalues are given by (D).
For trivial g € G, yo(D) = |DI.
I' is connected iff (D) # | D] for any nontrivial ¢ € G.
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Ro = {0}, Ry, Ry, ..., Rq4: an (inverse-closed) partition of G

This paEition induces a partition S = {¥o}, S1, S, ... Se, Of G:
¥,¢ € G\ {yo} are in the same S iff Yy(R;j) = ¢(R;) for L < Vi < d.

Theorem (Bridges-Mena, 1982)

It holds that d < e. In particular, (G, {Ri}id=0) formsa TS iffd = e

Ro| Ri | R | Rs
Yo€ S 1 IR1| | IR2| | IRs]
YyesS 1 ay a as
eS| 1 by b, bs
l/l" €S 1 C1 Cy C3

If (G, {Ri}id=o) forms a TS, then so does (G, {Si}id=o)' which is called
the dual of (G, {Ri}id= o) IGIP™! is the first eigenmatrix of G, {s}id= N
for the first eigenmatrix P of (G, {Ri}id=o)'
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[Fy: the finite field of order q
[F7,: the multiplicative group of IF
C:< ]Fa st.C=-C

Lemma: Cyclotomic scheme

The partition ]F’a/C of ]Fa gives a TS on ([Fg, +), called a cyclotomic
scheme.

Each coset (called a cyclotomic coset) of F’;/C is expressed as

M =yoM, 0<isN-1,

where N | g — 1is a positive integer and vy is a fixed primitive
element of [Fy. Forw € CiN’(D,

o, = 1™ +w) n M= [N+ 1) I,

Iy

Hence, pfj is depending on £ not w.
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There are two kinds of characters for finite fields, which are
additive characters and multiplicative characters.

Lemma

For a fixed primitive element y € IFq, xj : Fy » C*,0< j<q-2
defined by
S
Xir’) =4,
2ni
are all multiplicative characters of [fy,, where {41 = eI,

Define the trace Tr gqm;q from Fgqm to IFq by

m-1

2
Trgm/q(X) = X+ x4+ x5 +... 4+ x9 7,

which is a homomorphism from (Fgm, +) to (Fg, +).
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Lemma

The function yj : Fq — C*, j € [F, defined by

Sy
lﬁJ(X) = {prQ/P(JX)
are all additive characters of IF.

It holds that (X + y) = ¢(X)¢¥(y) since Tr is a homomorphism
from [Fq to IFp,.

Y1 is called canonical. L
Note that ¥4(x) = ¥1(ax) and Y(x) = ¥ (—X).
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For the canonical additive character ¢ of IFq and a nontrivial
multiplicative character y of [Fg, the sum

Glx) := ) v(x(x)

xe]F’;
is called a Gauss sum.

For two multiplicative characters xi, x2 of IFg, the sum

J(x1,x2) = Z Xx1(1 = X)x2(X)

xeFq\{0,1}

is called a Jacobi sum.
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Lemma

For any nontrivial multiplicative characters y1, x2 of Fg s.t. y1x2 is

nontrivial, then G(x1)G(x2)
J(Xla/\/Z) = W. (1)

Lemma

For any nontrivial multiplicative character y of IFg,
GGW) = a.

The lemma above implies that |G(x)| = /3.
Furthermore, by (1), we have [J(x1,x2)| = VG.
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Proof:
GG = . Ya(Wa(=yw (1Y)
x,ye]l?’;4
= > v - Yy, @
x,ye]Fa

Write z = xy~1. Then,

@ = ) x(@yy(z-1)
y,ze]F*(‘1
= Yx(@ ) nlz-1)- Y x(@=q
zeIFa yelq zeIF;1
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Definition

|(Ci(N’q) +1)nCc™¥ 0<i,j < N -1, are called cyclotomic
numbers, denoted by (i, j)N-

Computation of (i, j)n: The characteristic function of Ci(N’q) on ]F’a is

given by
=
() = — —ik k¢, a
fily%) = N kz=;)§N X (%),
where y is a multiplicative character of order N of [Fg s.t.
x(®) = £5. Then, we have

(in= D, fi0fix=1). 3)

x€Fg\{0,1}
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N-1
1 (ki
@ = — D Nk (x - 1)
N xeFg\{0,1} k,¢=0
15 ke
= S0 THED ) X ex+ )
k,£=0

9

xeFq\{0,1}

pz4
2N

1 —(ik+]e
k,£=0

~

pfj could be expressed as a linear combination of Jacobi sums!
Since |J(x*, x| = yaqfor k, £,k + € Z 0 (mod N),

q-3N+1 y (N2=3N +2)vq

(|9J)N - NZ N2
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The eigenvalues are given by «ﬁ(Ci(N’O')), Ve G, called Gauss
periods.

We can write y(x) = y1(ax) for some a € [Fq, where ¢ is the
canonical additive character of IF.

Thus, tp(Ci(N’q)) = aﬁl(Ci(:';q)), where a € Cﬁ,N’q).

Write 5 = xpl(Ci(N’q)). Then, the first eigenmatrix of the cyclotomic
scheme is given by

g-1 g1 g-1 g-1
Mo M1 M2 e 7IN-1
m n2 n3 - 1o

1 gn-1 Mo M1 ce AN-2
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Lemma: Gauss periods and Gauss sums

1 N-1 _
0 Q™) =5 e "e),
h=0
N-1

i Gl =) v ™M),

i=0

where y is a multiplicative character of order N of IF.
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ya(C™Y)

= Z Ya(y'xN)
xe]F*

~ Z D 2 i) 3 XX )
erE“* yeIF* )(eIE‘*

1 )
—— 3 3 G w'xN)
(q - 1)N xe]I«"‘é‘1 Xeﬁﬁ

e 3 G Y a0

XE IE‘* el

= Z GG,

)(ECJ'

where Cg is the subgroup of ﬁi consisting of all y trivial on CéN’q).
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@ (Small order ) Gauss sums of order N < 24 have been
partially evaluated (Berndt et. al., 1997).

@ (Pureness ) When Gauss sums take the form {n y/q was
determined (Aoki, 2004, 2012). In particular, if
-1 € (p) (mod N), then G(y\) takes a rational value
(Baumert et al, 1982).

@ (Index 2 or 4 case) In the case where [Z*';l “{(P)] = 2, Gauss
sums have been completely evaluated (Yang et al., 2010).
In the case where [Z’,"\l 1 {p)] = 4, Gauss sums have been
partially evaluated (Feng et al., 2005).
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Hasse-Davenport product formula

n: a mult. character of order £ > 1 of IF ;.
For V nontrivial mult. character y of Iy,

GxY) = G(n')
G = —.
2 Xx{(f) D G(xn')

Hasse-Davenport lifting formula

X’ anontrivial mult. character of [Fy
qM-1

Xx: the lift of y to Fgqm, i.e., x’(@) = x(a «T) for @ € Fgm.

Then
Ggn(x) = (-1)™H(Gqlx")™

Cyclotomic schemes and related problems
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Stickelberger’s formula

N: a positive integer

p: a prime s.t. gcd (p, N) = 1

f: the order of pin L,

Ow: the rings of integers of M = Q({n, ¢p)
p: a prime ideal of Oy lying over p

o i€ Gal(M/Q(p) by 7i(¢n) = &), | € Z,
T:= ZL/(p)

Then, it holds that

q =1)
Gf(X 1)OM _ pZteT Sp(—— )0' ,

where s,(X42) is the sum of all & for {91 = =3" ap.
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A useful algorithm for computing the p-divisibility of Gauss sums
was found by Helleseth et al., 2009, called the modular p-ary
add-with-carry algorithm.

A generalization of Stickelberger’s formula (congruence) in p-adic
fields was found by Gross and Koblitz, 1979.
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@ The computation of eigenvalues of cyclotomic schemes is
equivalent to that of weight distributions of certain cyclic
codes, called irreducible cyclic codes.

@ A strongly regular graph obtained as a fusion of a cyclotomic
scheme is described in terms of projective geometry.
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Definition: Irreducible cyclic code

f(x): an irreducible divisor of x™ -1 € Fy[x], where gcd (m, p) = 1.
The cyclic code of length mover I, generated by (x™ — 1)/ f(x) is
called an irreducible cyclic code. (This code has no proper cyclic
subcodes.)

o f: the order of pmodulo m

e q:=p' =1+km

@ y: a primitive root of IFq

o f(x):= ]'[ifz_ol(x - ykd) € [Fp[x] irreducible over [F,
® g(x) := Mees(X = "), where

S={10<¢<m-17¢ % apower of p(mod m)}.
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Lemma

C: the cyclic code generated by g(x)
The g codewords in C are given by

ho(x) := (Tr(@), Tr(ay ™), Tr(ay™9),..., Tr(ay™™DX), @ € Fy.

Proof:
m=1 _ _
ho(X) := Z Tr(ay )X, @ € T,
j=0
Forany f € S,
m-1
ha(r") = ZTrq/p(W Kyl = Z Pyl =g,
j=0 i=0 j=0

Hence, g(X) | he(X), i.e., hy(X) € C.
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Since |C| = q, it remains to show that h,(x) are all distinct.
Assume hy(X) = hg(x). Then, forw := a — B € Fy

T w) = Tr(wy™) = THwy ) = +++ = Tr(wy M™% = 0.

For any choice of a; € I,

f-1 f-1
0= ajTr(w'y_jk) =T(w Z ajy_jk).
j=0 j=0

Since {1,y7K, ...,y ("~} is a basis of Fq over IFp, the above is
impossible. o
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Theorem (McEliece)

Let N :=gcd (k,(q—1)/(p= 1)). Then,

R -1 -1 f
w(ha(9) = m(pp ) e,

Proof: Let y be a mult. character of order k of FFq.

w(h,(x)) =m - = Z D" ya(xay)

i=0 xelFp

M _ EZ 3 paay¥)

i=0 erE‘*

0D LSS Gyl
p pk j= Oxe]F*
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Since forany y € ]F;

DA =D Xy =x) Y A,

% % %
erE‘p erFp xer

ZXGF;,\(](X) = 0iff yJ is nontrivial on I},
Let x” be a mult. character of order N of IFq. Then,

—— mp-1) p-1%F
wW(hy(X)) = - Gy W' (@)
p pk ,Zzz‘,

m(p-1) p-1 o
= D - pk l/ll(a’CéN P )).

Problem
Characterize all two or three weight irreducible cyclic codes.

|.
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Given a d-class AS (X, {Ri}_d_ ), we can take union of classes to
form graphs with larger edge sets (this process is called a fusion).

Problem

Given an N-class cyclotomic scheme on [, determine its fusion
schemes.

Xj, ] =1,2,...,d: apartition of Zn

The Bridges-Mena theorem (more generally, the Bannai-Muzychuk
criterion) implies that Ulex, C(N’q)’s forms a TS

iff 3a partltlon Yh, h=1, 2 ,d, of Zy s.t. each

U(y? U.ex, ’q) is const. accordlng to a € Yh.
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W consider 2-class fusion schemes (strongly regular graphs) of

m
. -1
cyclotomic schemes of order N = qul.

Proposition

Let y be a mult. character of order N of [Fgm. Let
So := {log, x (mod N) | Tr gm/q(x) = 0, x # 0}. Then,

Gly) = a4 ) x(@).
i€y

L :=a system of representatives of IE";m /IF"‘(;.

Gl) = 3 D @, Y = N p() Y gy )

ae]F’a xeL XxeL aeIE“a
=(q-1) ) x0") = >, x()=a) x(').
€Sy ieL\Sy i€Sy
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X: a subset of Zy .
Whenis T = Cay(Uiex Ci(N’q )) strongly regular?

(T is strongly regular iff (32 Uiex ci(N’qm)), a=0,1,...,N—-1,
take exactly two values.)

o ) == 3 S el i) - I

ieX ieX x#xo
q i IXIL+ diSol)
EOPDRCREES
X ieX je

=X N (So - a)l = IXl,

where y ranges through all mult. characters of exponent N of [Fgm.
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Proposition (Delsarte, 1972)

Cay(Uiex Ci(N’qm)) is strongly regular iff | X N (S — a)|, a € Zy, take
exactly two values.

Note that each Sy — a is a hyperplane of PG(m - 1, ).

Find a subset X of PG(m — 1, g), which has two intersection
numbers with the hyperplanes of PG(m - 1, q).
(X is called a two-intersection set in PG(m — 1, ).)

See Caldervbank-Kantor (1986) for more on the geometric aspect
of strongly regular graphs on .
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Gauss sums and related character sums

© B. Berndt, R. Evans, K.S. Williams, Gauss and Jacobi Sums,
1997.

@ K. Ireland, M. Rosen, A Classical Introduction to Modern
Number Theory, 2nd ed., 2003.

@ R. Lidl, H. Niederreiter, Finite Fields, 1997.

© W.M. Schmidt, Equations over Finite Fields: An Elementary
Approach, 2nd ed., 2004.

@ A. Robert, A Course in p-adic Analysis, 2000.

Linkage with difference sets
© T. Storer, Cyclotomy and Difference Sets, 1967.

© R.J. Turyn, Character sums and difference sets, Pacific J.
Math., (1965).
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Linkage with codes

@ AR. Calderbank, W.K. Kantor, The geometry of two-weight
codes, Bull. London Math. Soc., (1986).

@ B. Schmidt, C. White, All two-weight irreducible cyclic codes?,
Finite Fields Appl., (2002).
Computations of Gauss sums

© L.D. Baumert, W.H. Mills, R.L. Ward, Uniform cyclotomy, J.
Number Theory, (1982).

@ K.Q. Feng, J. Yang, S.X. Luo, Gauss sums of index 4: (1)
cyclic case, Acta Math. Sin, (2005).

@ J. Yang, S.X. Luo, K.Q. Feng, Gauss sums of index 4: (2)
non-cyclic case, Acta Math. Sin., (2006).

© J. Yang, L. Xia, Complete solving of explicit evaluation of
Gauss sums in the index 2 case, Sci. China Ser. A, (2010).

© N. Aoki, On pure Gauss sums, Com. Math. Univ. Sancti Pauli,
(2012).
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General theory
@ A.E. Brouwer, W.H. Haemers, Spectra of Graphs, 2012.

@ A. Terras, Fourier Analysis on Finite Groups and Applications,
1999.

p-divisibility: Modular  p-ary add-with-carry algorithm
@ T. Helleseth, H.D.L. Hollmann, A. Kholosha, Z. Wang, Q.

Xiang, Proofs of two conjectures on ternary weakly regular
bent functions, IEEE Trans. Inform. Theory, (2009).

Japanese book
QO NUX—AHEE—SBEE, RIIES, @FEE, FRILANZE,
2001.

Q ABRMEAM-ARLEITEESIIVY VIS T7- ENE, A
2T, 2003.
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