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The adjacency matrix of an undirected simple graph
Γ = (X,E):

(A)xy =

{
1 if {x, y} ∈ E,
0 otherwise.

Then

(A2)xy =
∑
z∈X

(A)xz(A)zy

= # path of length 2 from x to y

=

{
deg x if x = y,
# common neighbors otherwise.
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6 ∃ triangle
∀x, y non-adj., ∃ 3 common neighbors

(A2)xy =

{
deg x if x = y,
# common neighbors otherwise

A2 = 3 · I + 0 · A+ 3 · (J − I − A).
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Need “distance matrices”. ∂(x, y) = distance between
x, y.

(Ai)xy = δi,∂(x,y).
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A2 = 3 · I + 0 · A+ 2 · A2 + 0 · A3 =⇒ A2 =
1

2
(A2 − 3I).

(A2A)xy =
∑
z∈X

(A2)xz(A)zy

A2A = 0 · I + 2 · A+ 0 · A2 + 3 · A3.

=⇒ A3 = polynomial of degree 3 in A

Similarly, A3A = A2, and this (deg 4 = deg 2) implies A
satisfies a polynomial of degree 4.

=⇒ A4 ∈ 〈I, A,A2, A3〉 ⊂ 〈I, A,A2, A3〉
By induction An ∈ 〈I, A,A2, A3〉 for all n ∈ N.

R[A] = 〈I, A,A2, A3〉.
where R[A] is the subalgebra of the full matrix algebra
MatX(R) generated by A.
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algebra = vector space + ring

F: field =⇒ Fm: vector space =⇒ Fm: algebra with
entrywise multiplication, identity = (1, . . . , 1).
A ⊂ R3: subalgebra

If (1, 2, 3) ∈ A =⇒

(1, 4, 9) ∈ A, also (1, 1, 1) ∈ A
=⇒ dimA = 3 =⇒ A = R3.

Using Vandermonde’s determinant,

Fm ⊃ A 3 ∃a, ∀i 6= ∀j, ai 6= aj =⇒ A = Fm.

More generally

Fm ⊃ A 3 a, ∀i ∈ [m],
∑
j∈[m]
aj=ai

ej ∈ A.

a =(a, . . . , a, a′, . . . , a′, . . . ) ∈ A
=⇒ (1, . . . , 1, 0, . . . , 0, . . . ) ∈ A
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Lemma
Let A ⊂ Fm be a subalgebra. Define
i ∼ j ⇐⇒ ∀a ∈ A, ai = aj, and denote by I1, . . . Id its
equivalence classes. Then

A = 〈
∑
i∈I1

ei, . . . ,
∑
i∈Id

ei〉.

Proof. Clearly, “⊂” holds, so we only prove “⊃”. We may
assume 1 ∈ I1, and it suffices to show∑

i∈I1

ei ∈ A.

For b ∈ A, set I(b) = {i ∈ [m] | bi = b1}. Then∑
i∈I(b)

ei ∈ A.
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k ∈ [m] \ I1 ⇐⇒ k 6∼ 1

⇐⇒ ∃b(k) ∈ A, k /∈ I(b(k))

Thus

⋂
k∈[m]\I1

I(b(k)) = I1.

A 3
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Definition
A coherent algebra A is a subalgebra of Matn(C)
containing J , closed under the entrywise product ◦ and
transposition >.

Definition
A coherent configuration is a pair (X, {Ri}di=0) where
{Ri}di=0 is a partition of X ×X such that
(i) {(x, x) | x ∈ X} is a union of some Ri’s,
(ii) ∀i ∈ {0, 1, . . . , d}, ∃i′, R>

i = Ri′, where

R>
i = {(x, y) ∈ X ×X | (y, x) ∈ Ri}.

(iii) ∀h, i, j ∈ {0, 1, . . . , d},

|{z ∈ X | (x, z) ∈ Ri, (z, y) ∈ Rj}| = constant

independent of (x, y) ∈ Rh. This constant is denoted by
phij. These constants are called the intersection numbers.
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The adjacency matrices of the relations of a coherent
configuration form a basis of a coherent algebra, and
every coherent algebra arises in this way.

X ×X =
d⋃

i=0

Ri ⇐⇒ J =
d∑

i=0

Ai ∈ A

{(x, x) | x ∈ X} =
⋃
i∈I0

Ri ⇐⇒ I =
∑
i∈I0

Ai ∈ A

∀i, ∃i′, R>
i = Ri′ ⇐⇒ closed under >

phij independent ⇐⇒ AiAj =
d∑

h=0

phijAh

⇐⇒ closed under multiplication.
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Definition
If a coherent configuration (X, {Ri}di=0) satisfies the
additional property
(iv) R0 = {(x, x) | x ∈ X}
=⇒ association scheme.
If an association scheme satisfies
(v) phij = phji for all h, i, j ∈ {0, 1, . . . , d},
=⇒ commutative.
If it satisfies
(vi) R>

i = Ri for all i ∈ {0, 1, . . . , d}
=⇒ symmetric.

symmetric =⇒ commutative.
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For a symmetric association scheme (X, {Ri}di=0), the
coherent algebra A spanned by its adjacency matrices
Ai’s is called the Bose–Mesner algebra.

Ai’s are pairwise commutative symmetric matrices
=⇒ ∃T : orthogonal, TAT−1 ⊂ {diagonal matrices}

As an algebra

{diagonal matrices} ∼= Rn with entrywise multiplication.

Lemma
Let

A = 〈
∑
i∈I1

ei, . . . ,
∑
i∈Id

ei〉.
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A = 〈E0, E1, . . . , Ed〉.
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n
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Ai ◦ Aj = δijAi,

AiAj =
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h=0

phijAh,

EiEj = δijEi.

To be complete, we need

Ei ◦ Ej =
1

n

d∑
h=0

qhijEh.

qhij are called Krein parameters. It is known that qhij ≥ 0.
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∃ nonsingular matrix P :

(A0, A1, . . . , Ad) = (E0, E1, . . . , Ed)P

P :first eigenmatrix
Q = nP−1 :second eigenmatrix
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1
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i=0

QijAi.

Pij are eigenvalues of Aj, since AjEi = PijEi.
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