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What is Delsarte Theory?

@ Philippe Delsarte,
An algebraic approach to the association schemes of coding
theory,
Philips Res. Rep. Suppl. No. 10 (1973).

@ ... studies codes and designs within the unifying framework of
association schemes;

@ ... has been playing a central role in Algebraic Combinatorics;

@ ... is still important. Applications include extremal set theory and
finite geometry.

Hajime Tanaka Introduction to Delsarte Theory Summer School 2014 2/50



What is Delsarte Theory?

@ Keywords:

o codes

e designs

e linear programming bound

@ P-polynomial and Q-polynomial properties
]

4 fundamental parameters (including minimum distance and
strength)

duality (in the case of translation association schemes)
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Coding theory (in a very general form)

@ X : afinite set = a set of codewords

X —— | channel receiver

!

noise

@x~y &L v and y can be “confused” (x,y € X)

@ Find a large subset C of X which can be sent without confusion !! J
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Coding theory: an example
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Coding theory: an example

e C={0}
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Coding theory: an example

e C=1{0,1}
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Coding theory: an example

e C=1{02}

Hajime Tanaka Introduction to Delsarte Theory Summer School 2014 8/50



Coding theory: an example

e C=1{0,2,4}
0
1 5
2 4
3
° Find;[he independence number of the graph !! J

a good upper bound on
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Coding theory: another example

@ H(6,2) = (X,{R;}5_,) : the binary Hamming scheme of class 6
e X=1{0,1}°
@ Consider the binary symmetric channel with error probability p < 1
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Coding theory: another example

@ Let us send 000000.

@ Prob[000000 —» 100000] = p(1 — p)°

@ Prob| 1 error occurs] = 6 x p(1 — p)’

@ Prob[ 000000 —» 110000] = p*(1 — p)*

@ Prob[2errors occur] = (§) x p(1 — p)* = 15 x p*(1 — p)*
° —p)’ =20xp’(1-p)’

xXp
— () % 3
Prob| 3 errors occur | = (3) x p*(1

20 x pP(1 —p)3 < 15 x p*(1 — p)* < 6 x p(1 —p)’

\ Ignore this possibility, i.e., at most 2 errors occur !!
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Coding theory: another example

@ We assume that at most 2 errors occur.

@ 000000 and 100000 can be confused.
@ 000000 and 110000 can be confused.
@ 000000 and 111000 can be confused. Indeed:

000000 —— 100000 <+— 111000

@ 000000 and 111100 can still be confused. Indeed:
000000 —— 110000 +— 111100

@ 000000 and 111110 (or 111111) can not be confused.

@x~y < 0<0(x,y) <5
@ The edge set of our graph is R; U Ry UR3 U Ry.
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® X = (X,{R}%,) : a symmetric association scheme
@ Ag,Ay,..., A, : the adjacency matrices

\A\‘T:.\,

@ 2A = (Ag,A,...,Ay) : the Bose—Mesner algebra (over R)
@ Ey,Eq,...,E;: the primitive idempotents

N E =E] =E
@ P, Q : the first and second eigenmatrices, i.e.,

d

d
1
A= ZPj,iEj; E; = X ZQj,iAj
=0

Jj=0
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e MC{l,2,...,d}

@ C C X :an M-code

&L ¢ anindependent set of the graph (X, J,., R:)

= (CxC)NUieyRi=10
<~ (CxC)NR; =0 for VieM
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A review

@ B: a(real) n x n matrix
@ u € R" : an n-dimensional column vector

n
o uTBu: E BiJuiuj
ij=1
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M-codes (continued)

e CCX
@ \ € RX : the (column) characteristic vector of C, i.e.,

| ifxecC
w=d TFEE hex
0 ifxgC

@ XTAix = ) (Adey xxXy = |(C x C) NRy]
x,yeX

@ C C X :an M-code
<~ (CxC)NR; =0 for VieM
— YTA;x =0 for VieM
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t-(v,d, \) designs

@ (: afinite set with || =v

o (7)) : the set of k-subsets of © )
e DC () :ar(v,d,\) design
sze(?) |{xED:z§x}‘:)\ 2 6
3 4 5
a 2-(7,3,1) design

@ Given t,v,d, find a small -(v,d, \) design !! J

(;) A ("/) D|
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t-(v,d, \) designs

@ J(v,d) = (X,{R;}L,) : the Johnson scheme
Q

° X =,

eDCX

@ Y € R¥ : the characteristic vector of D

Theorem (Delsarte, 1973)

@ D :at-(v,d,\) design (for some \)
— X'Ex=0 for Vie {l1,2,...,1}
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More generally:
o MC{l,2,...,d}
@ D C X:anM-design <% \TE =0 for Vie M

@ CCX:anM-code <= x'A;x=0 for Vie M l
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Theorem (Delsarte, 1973)
@ Suppose X = H(d, q).
@ D:a{l,2,...,t}-design
<= D : an orthogonal array of strength t

@ Many more concepts of r-designs can be viewed as Delsarte
M-designs in some association schemes.

@ See, e.g., [7, Section 8].
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A review

@ B : areal symmetric n x n matrix
@ B : positive semidefinite

n
g u'Bu = ZBiJu,-uj >0 for Vu e R"
ij=1
@ n1,m,...,n, € R: the eigenvalues of B

@ B : positive semidefinite <= 1 >0, 7, >0,...,7, >0

Proof.
@ JU : an orthogonal matrix (i.e., U~! = UT) s.t.
U'BU = Diag (01,12, -« - 1)
@ Setv=Uu=0U"u

n
® u"Bu = (U»)"B(Uv) =vT(UTBU) = > n;v} O
i=1
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The linear programming bound for M-codes

C C X :an M-code
x € RX : the characteristic vector of C

XTAiX = Z (Ai)x,y XxXy = ‘(C X C) mRi| =0
x,yeX

i=0 = x"Aox=1|C| (. Ag=1)
ieM = xTAix=0

X' x = Z Jey XaXy = |C x C| = |C|?
x,yeX
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The linear programming bound for M-codes

@ E;: areal symmetric matrix

@ E?=FE, & E(E;—1)=0
<= every eigenvalue is 0 or 1
= E; : positive semidefinite

@ \'Eix=0
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The linear programming bound for M-codes

\ X Aox \ XTAix \ XTAix \ X" x \ X"Eix
ieM | ie{l1,2,... d\M ie{l,2,....d}
e T o T s TErl a0 |
XTAix
@ Set ¢; = \C\l e = (e, e1,...,eq) : the inner distribution of C
d d
o xx=x" <2Ai> x=1c> e
i=0 i=0
T 1 |C|
@ X Eix=x WZQL i X_‘X‘ZQL i€
j=0
e | e e PO BB BN R
ieM | ief{1,2,....d\M ie{1,2,...,d}
Tol s0 @l so |
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The linear programming bound for M-codes

@ View the ¢; as real variables !! J

Theorem (Delsarte, 1973)

@ Consider the following linear programming problem:
d
maximize ¥ = Zei
i=0
subject to e ¢ =1
0¢,=0 forieM
@ ¢ >0 for ie{l,2,...,d}\M

d
® > 0ie>0 for i€ {l,2,...,d}
=0

@ IfC is an M-code, then |C| < .
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The linear programming bound for M-codes

@ Linear programming problems can be solved by the simplex
method.

@ Suppose X =H(16,2), M ={1,2,3,4,5}.
@ Then ¥ = 256.

@ This is attained by the Nordstrom—Robinson code.
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Remarks on the linear programming bound

@ Delsarte’s linear programming bound, combined with the duality of
linear programming, provides us with the most powerful method
for bounding the sizes of general M-codes in association
schemes.

@ Seeg, e.g., [6].

@ Similarly, Delsarte formulated the linear programming (lower)
bound for the sizes of M-designs.
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P-polynomial association schemes

Definition (Delsarte, 1973)

@ X : P-polynomial w.r.t. the ordering {R;}¢_,
&L Jvo(),v1(0), . .. ,va(t) € R[], 360,01,...,04€R sit.
o degvi(t) =i (0<i<d)

o Pj7,' = v,~(9_,~) (0 S i,j < d)

@ By the orthogonality relation of P, the v;(¢) form a system of
orthogonal polynomials:

vi(0r) vi(Oe) me = 0; ;- [X| ki (0 <i,j<d)
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P-polynomial association schemes

@ The Hamming scheme H(d,q)
@ The Johnson scheme J(v,d)
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Distance-regular graphs

@ I' = (X,R) : adistance-regular graph with diameter d

I, I(x) I
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Distance-regular graphs

@ 0 : the path-length distance | FTEO TS STES T PE))
@ A; : the i distance matrix: a8 A A
1 ifo(x,y) =i - ; Wb
(Ai)x,y = . 4
0 otherwise
@ Ag=1

@ Ag+A +---+A=J
@ AJA;=bi_1Ai_1 +a;A; + cir1Air WhereA_ | =A;.1 =0

(A1A)yx = |T1(y) N Ty(x)]
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Distance-regular graphs = P-polynomial schemes

@ Ay=1 @Ay +A +---+As=J
@ AlA; =bi_1Ai_1 +ajAi +ciy1Aip1 WhereA_1 =A;11 =0

® X = (X,{R}%,) : a symmetric association scheme, where

Ri:={(xy):9(xy) =i} (0<i<d)

@ Set vy(r) =1,vi(t) =t,and
tvi(t) = bi—1vi—1(x) + @i vi(x) + ciprvip(t) (1<i<d—1).

@ A;=vi(A])) = Pj;=v(6;) where 6 :=p())

@ X : P-polynomial w.r.t. the ordering {R;}_, J
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P-polynomial schemes — distance-regular graphs

@ Conversely, if a symmetric association scheme X is P-polynomial
w.r.t. the ordering {R;}%_, then the graph I" = (X, R;) is
distance-regular.

@ This follows from the three-term recurrence relation for a system
of orthogonal polynomials.
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Codes in P-polynomial schemes

@ Suppose X is P-polynomial w.r.t. the ordering {R;}<_,.
e CCX (l1<|C<|X])
@ Y € RX : the characteristic vector of C

@ §:=min{i # 0: x"A;x # 0} : the minimum distance of C
=max{i#0: Cisa{l,2,...,i—1}-code}
@ s :=|{i #0: x"Exx # 0}| : the dual degree of C

2777

Theorem (Delsarte, 1973)

@ § <25+ 1;
@ Ifé = 2s* — 1 then C is completely regular.
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Codes in P-polynomial schemes

@ Complete regularity of C is illustrated as follows:

L © L) L (©)

@ p:=max{Jd(x,C): x € X} : the covering radius of C
@ \; € R¥ : the characteristic vector of I';(C) (0 <i < p)

@ Arxi = Bi—1 Xi—1 + @i Xi + Yit1 Xi+1 Where x_; = xp+1 =0 |
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The role of s*: the outer distribution of C

@ st = ‘{l #0: XTEiX # 0}‘ +—— computable from the inner distribution

D

T
X Jx
o XTE()sz>O

o x"Eix = X"(E)*x = (Ex)T(Eix) = ||Eix||*, so that
s* = |{i #£0: Eix # 0}|.
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The role of s*: the outer distribution of C

@ B=[Aox, AiX, ..., Agx] : the outer distribution of C:

Bei=(An)s =Y (A)sy Xy = [Ti(x) N C| (x€X, 0<i<d)
yeX

d
1
@ Recall Ejx = X E 0jiAjx.
j=0

1

o mBQ = [E()Xa ElX?’ L) EdX]

@ rank B = rank BQ = s* + 1 )
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The role of s*: the outer distribution of C

@ As an example, suppose X = H(4,2) and C = {0000, 1111}:

/ covering radius

0i=4, p=2, =2 = §=22s5"—1

S~ minimum dm dual degree

@ Some of the rows of B: 10 0 0 17 0000 row
01 0 1 Of-— 0001™ row
00 2 0 Of-— 0110 row
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The role of s*: the outer distribution of C

@ Some of the rows of B: 1 0 0 0 1] 0000t row
01 0 1 0Of: 0001t row
00 2 0 Of- 0110 row

Observation
@ Aox,A1x;-..,Apx - linearly independent

Theorem (Delsarte, 1973)
@ p<s*

@ dim(Agx,A1X,...,Agx) =rank B = s* + 1 O
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Perfect codes and Lloyd polynomials

Theorem (Delsarte, 1973)

@ 0 <25+ 1;
@ Ifo > 2s* — 1 then C is completely regular.

@ U,(x) :={ye€X:0(x,y) <r}:the “ball” of radius r centered at x

o C:perfect <& x = [Tv.
xeC
@ L.(1) :=vo(t) +vi(t) +---+v.(¢) : the Lloyd polynomial of degree r

Theorem (Delsarte, 1973; “Lloyd Theorem?”)

@ 0=2s"+1 < C:perfect = p=s*andL,(t) has p simple
roots/in {60,01,...,04}.

an extremely strong condition !!
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Perfect codes and Lloyd polynomials

Theorem (Delsarte, 1973; “Lloyd Theorem”)

@ =25 +1 <= C:perfect = p=s*andL,(t) has p simple
roots in {0y, 01, ...,04}.

@ X=H(3,2)
@ C={000,111} 000
@ Li(t) =1+t

=U;(111)

o {00a017‘92763} = {37 17 717 _3}
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Q-polynomial association schemes

Definition (Delsarte, 1973)

@ X : Q-polynomial w.r.t. the ordering {E;}%,
&L 3k (1), 1), .., vi() € R[], 365,0%,...,05 €R sit.
@ degvi(r)=i (0<i<d)

° 0 =vi(f) (0<ij<d)

@ By the orthogonality relation of Q, the v?(z) form a system of
orthogonal polynomials:
d
vi (67) v (67) ke = 6ij - |[X|m; (0 <i,j<d)

=0
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Q-polynomial association schemes

@ The Hamming scheme H(d,q)
@ The Johnson scheme J(v,d)
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Designs in Q-polynomial schemes

@ Suppose X is Q-polynomial w.r.t. the ordering {Ei}l‘.’ZO.
e DCX (l<|Dl<|X])
@ \ € RX : the characteristic vector of D

@ 7:=min{i #0: x"E;x # 0} — 1 : the (maximum) strength of D
=max {i: D isa{l,2,...,i}-design}
@ s5:= |[{i #0:xTA;x # 0}| : the degree of D

Theorem (Delsarte, 1973)

@ 7 < 2s;

@ Ift>2s—2then (D,{(DxD)N R,-}fzo) is a Q-polynomial
scheme (called a subscheme).

remove empty relations
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Tight designs and Wilson polynomials

Theorem (Delsarte, 1973)

@ 7 < 2s5;
@ IfT >2s—2then (D,{(DxD)N Ri}?zo) is a Q-polynomial
subscheme.

@ Ingeneral, [D| > mo +my + -+ +m| ;5 (the Fisher type bound).

o Ditight g |D’=mo+l’Il1+--'—|—m|_7_/2J

@ W.(1) :==vj(t) +vi(t) + - -+ vi(r) : the Wilson polynomial of
degree r

Theorem (Delsarte, 1973)

@ 7 =25 < D :tight = W(t) has s simple roots
in {63,0%,...,0%}.

Hajime Tanaka Introduction to Delsarte Theory Summer School 2014



Translation association schemes

@ Suppose X = (X, {R;}%_,) is a translation scheme on the abelian
group X.

e X = (X,{Si}%,) : the dual of X, where X : the character group of X

@ X : P-polynomial <= x: Q-polynomial
@ X : Q-polynomial <= x: P-polynomial
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Translation association schemes

@ C < X :asubgroup of X
e Cl={feX:f(x)=1forvxeC} <X

Theorem (Delsarte, 1973)

o Let MC{1,2,....d}.
@ C:anM-code < C* :an M-design
@ C :anM-design <= C* : an M-code

@ In particular, if X is P-polynomial and/or Q-polynomial, then

S(C)=7(CH) +1, s*(C) = s(Ch),
7(C) = 6(ChH) — 1, / s(C) = s*(Ch).
/ \ strength \ degree
minimum distance dual degree

Hajime Tanaka Introduction to Delsarte Theory Summer School 2014 47 /50



Further reading

@ Classification problem of P- & Q-polynomial schemes

e See, e.g., [1, Chapter Ill], [2, Chapters 8,9], [4, Section 5].
o The Terwilliger algebra; cf. [9]
@ Orthogonal polynomials, Leonard pairs, tridiagonal pairs; cf. [10]

@ Two more fundamental parameters (width w, dual width w*) [3]

@ The semidefinite programming bound [8]
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