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Motivation/Background

Bose—Mesner algebra (1959) Terwilliger algebra (1992)

@ commutative @ non-commutative

@ codes and designs @ more information
(Delsarte, 1973) @ SDP bound

@ LP bound (Schrijver, 2005)

Extend the Delsarte theory based on the Terwilliger algebra!!

Today’s topic: the Assmus—Mattson theorem
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Basic notations from coding theory

In this talk, we consider codes of length D over F,.
@ 0:=(0,0,...,0) : the zero vector
@ J(x,y) := {1 <i<D:x; #y;}| :the Hamming distance
@ supp(x) = {1 <i<D:x #0}:the support of x
@ wt(x) := 9(x,0) = |supp(x)| : the Hamming weight of x
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@ Ac Math((C) : the adjacency matrix:

4= {1 if 9(x,y) = 1

0 otherwise
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The Bose—Mesner algebra (of the Hamming scheme)

@ Ac Math((C) : the adjacency matrix:
1 ifo(x,y) =1
Ay = ;
0 otherwise

o M:=C[A] C Math(C) : the Bose—Mesner algebra
@ Ey,Eq,...,Ep : the primitive idempotents of M
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The Terwilliger algebra

@ EjEf,... ,E} € Mat]Fé)(C) : the dual idempotents:

1 ifwtlx) =i, x=y

(Ef ) 0 otherwise
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The Terwilliger algebra

@ EjEf,... ,E} € Mat]Fé)(C) : the dual idempotents:

1 ifwtlx) =i, x=y
E".k pu—
(ED {0 otherwise

o T:=C[A,E}, Ef, ..., Ep) - the Terwilliger algebra
@ 77V :=Spanc{i:x € FY}

e V, (,):the standard T-module ((x,y) := dx)

@ MO : the primary T-module
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The Assmus—Mattson Theorem (1969)

@ CC IFqD : a linear code with minimum weight ¢
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The Assmus—Mattson Theorem (1969)

@ CC IFqD : a linear code with minimum weight ¢

@ C* CF2 : the dual code of C, with minimum weight *
@ xc € V : the characteristic vector of C:

Xc = ch

xeC
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The Assmus—Mattson Theorem (1969)

Assumption

Suppose ¢t € {1,2,...,D} is such that at least one of the
following holds:

® {I<i<D—t:Exc#0}/ <9
@ {1<i<D-1: E*xC%0}|< 5" —t

Hajime Tanaka Assmus—Mattson theorem



Introduction Motivation/Background
Preliminaries
The Assmus—Mattson Theorem

The Assmus—Mattson Theorem (1969)

Suppose ¢t € {1,2,...,D} is such that at least one of the
following holds:

Si<D—t:Exc#0}[ <9
@ {I<i<D-t: E*XC#O}yg 0 —t

Conclusion
Forevery 0 < k < D,

{supp(x) : x € C, wt(x) = k} (counting repeats)

forms a combinatorial #-design.
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The goal of this talk

Interpret the Assmus—Mattson theorem in terms of the
irreducible T-modules!

(Algebraic property of C) «—— (Combinatorial property of C) J
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The Hamming lattice (Delsarte, 1976)

@ F, U {oo} : the “claw semilattice” of order g + 1

F,
\o./
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The Hamming lattice (Delsarte, 1976)

@ F, U {oo} : the “claw semilattice” of order g + 1

F,
&\Z%

@ (¢, =) : the direct product of D claw semilattices:
o £ = (FyU{oo})P
ousxv<—uy=occoruy =v; (1 <i<D)

(Z, <) is ranked: rank(u) = |[{i : u; # oo}

F? forms the top fibre of (.Z, <).
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The Hamming lattice (Delsarte, 1976)

@ ue Z:rankt
@ Y., : the characteristic vector of {x € ]Ff; cu < x}

@-‘rankD
u ----rankt
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The Hamming lattice (Delsarte, 1976)

@ ue Z:rankt
@ Y., : the characteristic vector of {x € ]Ff; cu < x}

@-‘rankD
u ----rankt

EoV+E|V+---+EV =Span{xyy : u € £, rank(u) = t}
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Restatement of the conclusion (I)

The following are equivalent:
(@) {supp(x) : x € C, wt(x) = k} : a r-design.
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Restatement of the conclusion (I)

The following are equivalent:

(@) {supp(x) : x € C, wt(x) = k} : a r-design.

(b) {{1,2,...,D} —supp(x) : x € C, wt(x) =k} : a t-design.
(c) (Efxc,xs=u) is independent of u < 0 with rank r.
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Discussions The space A

Restatement of the conclusion (I)

The following are equivalent:
a) {supp(x) : x € C, wt(x) = k} : a r-design.

) {{1,2,...,D} —supp(x) : x € C, wt(x) = k} : a r-design.
(c) <EkXC7X>-u> is independent of u < 0 with rank .

) (0,0,...,0,00,00,...,00) < 0
———

{t-subsets of {1,2,...,D}} L {ue Z:u<0, rank(u) =t}
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Facts on irreducible 7-modules

@ W : anirreducible T-module in V
@ r:=min{i: EfW # 0} : the endpoint of W
@ d:=|{i: Ef'W # 0}| — 1 : the diameter of W
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@ W : anirreducible T-module in V
@ r:=min{i: EfW # 0} : the endpoint of W
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Facts on irreducible 7-modules

@ W : anirreducible T-module in V
@ r:=min{i: EfW # 0} : the endpoint of W
@ d:=|{i: Ef'W # 0}| — 1 : the diameter of W

W=EWLE_ WLl LE_W
—EW LE WL LE. W

MO : a unique irreducible T-module with r = 0 or d = D.
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The space A (Terwilliger, 2005)

@ Caughman (1999) showed 2r +d > D.
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@ Caughman (1999) showed 2r +d > D.
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The space A (Terwilliger, 2005)

@ Caughman (1999) showed 2r +d > D.
@ 7:=2r+d— D: the displacement of W > 0

Hajime Tanaka Assmus—Mattson theorem



The Hamming lattice

Discussions The space A

The space A (Terwilliger, 2005)

@ Caughman (1999) showed 2r +d > D.
@ 7:=2r+d— D: the displacement of W > 0

@ A : the linear span of the irreducible T-modules W with
displacement 0

W=EWLE W.L1l---LE) W
—EW LE WLl LEp W
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The structure of A

Lemma (lto-Tanabe-Terwilliger, 2001)

D
A= ((EgV+--+Ep V)N (EV+--+EV)) (direct sum).
i=0
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Lemma (lto-Tanabe-Terwilliger, 2001)

D
A= ((EgV+--+Ep V)N (EV+--+EV)) (direct sum).
i=0

@ u=<0:rankz

X=u € (ESV-F ce +E*thv) N (E()V‘i‘ s +E;V).
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The structure of A

Lemma (lto-Tanabe-Terwilliger, 2001)

D
A= ((EgV+--+Ep V)N (EV+--+EV)) (direct sum).
i=0

@ u=<0:rankz

X=u € (ESV-F ce +E*thv) N (E()V‘i‘ s +E;V).

A = Span{xy:u €., u< 0}
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Condition (c) is implied by the following:

(d) xc is orthogonal to every irreducible T-module W with
n=0and1 <r<t.
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Restatement of the conclusion (ll)

() (Efxc,xsu) is independent of u < 0 with rank +.

Condition (c) is implied by the following:

(d) xc is orthogonal to every irreducible T-module W with
n=0and1 <r<t.

(Algebraic property of C) (Combinatorial property of C)

~—
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@ The Assmus—Mattson theorem is valid for nonlinear codes
as well.
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@ The Assmus—Mattson theorem is valid for nonlinear codes
as well.

Example

The [12, 6, 6] extended ternary Golay code is self-dual and has
weight distribution

5=3
(1,0,0,0,0,0,264,0,0,440, 0,0, z:ﬁ).
=
#(dual)weights=2

Thus each coset of weight 3 (i.e., 6 = 3) supports 1-designs
since2 <3—1.
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@ The Assmus—Mattson theorem can be generalized to other
P-& Q-polynomial schemes.
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@ The Assmus—Mattson theorem can be generalized to other
P-& Q-polynomial schemes.

For Johnson schemes,

(designs & constant-weight codes) — (designs).
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Remarks

@ The Assmus—Mattson theorem can be generalized to other
P-& Q-polynomial schemes.

For Johnson schemes,

(designs & constant-weight codes) — (designs).

THE END.
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@ CCF):acode
@ ¢ : the characteristic vector of C

Definition

d:=min{i #0: E'xc # 0} (minimum weight)
0" :==min{i # 0 : E;xc # 0}
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Remarks

Definition of 4 and §*

@ CCF):acode
@ ¢ : the characteristic vector of C

Definition
d:=min{i #0: E'xc # 0} (minimum weight)
0" :==min{i # 0 : E;xc # 0}

If C is linear, then 6* equals the minimum weight of C-+.
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