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Relative t-designs in the n-cube Q,,

@ [n|:={1,2,...,n} (n€N) e {0, 1}” &L oln]

@ 9, :=2M={z:2C[n]}: the n-cube 01010---0 +— {1,3}
01110--~0<—>{1,2,3}
o011

A structure will be given later

o (M) ={ze2l:|a| =k}

@ N#Y c 2l
@ w:Y >Ry

Definition (Delsarte (1977))
@ (Y,w) : arelative t-design

Al g Ny M ERsg S fori=1,2,... ¢,

S ow)=x  (vee (™)

2Cyey

~—— “weighted” regular ¢-wise balanced design
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Delsarte’s design theory

|L| =1 (t-designs) |L| > 2 (relative ¢t-designs)
_—
Delsarte (1973) J Delsarte (1977) J

| |

Seletlioel el Euclidean t-designs

- - —>
Dl G;c;e;;als Sk Neumaier—Seidel (1988) J

>y 9
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Tight relative ¢-designs

Theorem (Bannai—Bannai (2012); Xiang (2012))

@ (Y,w) : arelative 2e-design
o L= {6 Y N ([QL]) = Q)} [+ additional assumptions on e and L ]

@ Then

Y= () + (") + N (o)

Fisher-type inequality

Definition

o (Y,w):tight &5 [Y|= () + (") + -+ (e— 1)
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The tight case with |L| =1

Remark (possibly incorrect and/or incomplete)
@ Ray-Chaudhuri and Wilson (1975): |Y| > ()

@

implies a has only zeros.

@ [to (1975), Bremner (1979): only 2 examples for e = 2

@ Peterson (1977): none fore =3

@ Bannai (1977): finite fore > 5

@ Dukes—Short-Gershman (2013): none fore =5,6,7,8,9
@ Xiang (unpublished?): none for e = 4
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Main result | (the tight case with |L| = 2)

@ L={¢{,m} where e<{<m<n-—e
o (Y,w) : tight relative 2e-design with Y C ([’g]) b ()
@ Then the polynomial

YE™ () = 3Py (‘5’ —ee—n—1 ‘ 1) e R[¢]

m—n,—¥

with degree e has only integral zeros.

a Hahn polynomial
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Main result | (the tight case with |L| = 2)

@ Bannai—Bannai—Zhu (2016+) found four tight relative 4-designs for
= 22;
n £ m £
22 6 7 3,5
22 6 15 1,3
22 7 16 1,3
22 15 16 3,5
@ The zeros ¢ are integers!!
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Main result | (the tight case with |L| = 2)

@ The existence of tight relative 4-designs with the following feasible
parameters were left open:

n ¢ m £

37 9 16 - (71++/337)
37 9 21 (55++/337)
37 16 28 (554 +/337)
37 21 28 L (71++/337)
41 15 16 2-(237 £+ V/1569)
41 15 25 o-(153 4 /1569)
41 16 26 o+(153 +V/1569)
41 25 26 o+(237+V1569)

@ The zeros £ are irrational, thus proving the non-existence!!
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An algebraic approach

@ X : afinite set

@ CX*X : the C-algebra of matrices indexed by X

@ [ : the identity matrix

@ J : the all 1’'s matrix entrywise (Hadamard) product

A C CX*X : a subalgebra consisting of symmetric matrices

A : a Bose—Mesner algebra ety Q@/,/cA

\ @ A :closed under o
always commutative
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An algebraic approach

@ H C CX*X : asubalgebra
@ H : a coherent algebra PN QIlJ/cH
@ H :closed under o

© H : closed under transposition

@ [ is a sum of diagonal 01-matrices in H:

= X =XoU---UX, : the fiber decomposition

@ Every Bose—Mesner algebra has only one fiber. \
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The Terwilliger algebra of Q,

@ Fori,j,h=0,1,...,n,define A" € c2"xal py

Ah~(x,y) _ 1 if |z| =1, |yl =4, lxtNy|=h,
I 0 otherwise.
y
X
j—h
i—h h

o T = span{Aﬁfj}?j L—o - @ coherent algebra
o 2l = (I 1y () ... 1y (")) : the fiber decomposition

o T : the Terwilliger algebra of Q,, = the commutant of &, N g[n]

non-commutative
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The tight case with |L| = 1, revisited

o L={/}
o Ay :=span{Al,}"_ (c c(P)*()) : a Bose-Mesner algebra
@ A,: the Bose—Mesner algebra of the Johnson scheme on ([’g])

o (Y,w) : tight relative 2¢-design with ¥ C (7))
@ Delsarte (1973) showed that

Aglyxy :={Blyxy : B€ A}

principal submatrix

is a Bose—MeKsner algebra.

commutative
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Main result Il (the tight case with |L| = 2)

@ L={{,m} where e<{<m<n—e
o (Y,w) : tight relative 2e-design with Y C ([’g]) u ()
@ Then

T‘YXY = {B’yxy :B e T}

isa cohergnt algebra.

non-commutative

Bose—Mesner algebra Terwilliger algebra

|L| =1 (t-designs) |L| =2 (relative t-designs)
(commutative) J (non-commutative) J
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Frequently asked questions

Q : What about the case |L| > 3?

@ This seems difficult. (I do not expect that similar results hold.)
@ The case |L| = 2 is particularly promising:
e similar results for tight Euclidean designs (Bannai—Bannai (2010))

e active research on cross-intersecting families (including an SDP
extension of Delsarte’s LP bound)

Q : What about other Q-polynomial association schemes?

@ In general we obtain only weaker results. What is special about
Q,, is that each fiber induces again a Q-polynomial association
scheme (a Johnson scheme).
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