Partial collapsing and the spectrum of
the Hodge-de Rham operator
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This talk is based on a joint work with Colette Anné in Université de Nantes, France
([AT12] and [AT13]).

Let M; and Mjy be two connected compact manifolds with the same boundary X, a
compact manifold of dimension n > 2. We denote by m = n + 1 the dimension of M; and
Ms5. We endow X with a fixed metric h.

Let M, be the compact manifold with conical singularity obtained from M; by gluing
M; to the Euclidean cone C(X) = [0, 1] x ©/{0} x . There exists a Riemannian metric g;
on M7 = M; Ug C(X) which is written by dr? @ 72h on the smooth part of the cone C(X).

We choose a metric go on My which is ‘trumpet like’, i.e., My is isometric near the

1
’2
from the boundary at s = 0.

boundary to [0, 1] x ¥ with the conical metric ds? @ (1 — s)2h, where s is the coordinate

For any € > 0, we define
Ca71(2) = {(r,y) € C(E) |T > 8} and Ml(E) = M Us 6571(2).

Our purpose is to determine the limit spectrum of the Hodge-de Rham operator A =
dd + do acting on the differential forms of the closed Riemannian manifold

(M, ge) = (Mi(e), 91) Ugne2 py (M2, €%g2)

which is obtained by gluing together (M (), g1) and (Ma,<2gs), as € goes to 0 (see Figure
1). We remark that, by construction, these two manifolds have isometric boundary and
that the metric g. obtained on M, is smooth.
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Figure 1: Partial collapsing of M.
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We can describe the limit spectrum as follows: it has two parts. One comes from the
non-collapsing part M, and is expressed by the spectrum of a suitable extension of the
Hodge-de Rham operator on this manifold with conical singularity. This extension is self-
adjoint and comes from an extension of the Gaufi-Bonnet operators. All these extensions
are classified by the subspaces W of the total eigenspace corresponding to the eigenvalues
within (—%, %) of an elliptic operator A acting on the boundary .

The other part comes from the collapsing part Ms,, where the limit Gauf3-Bonnet
operator satisfies boundary conditions of the Atiyah-Patodi-Singer type. This operator,
denoted by Ds, can also be seen on the quasi-asymptotically conical space Mg, which is
obtained from gluing M>s to the infinite cone:

(M%g?) = (Ma, g2) Us ([1,00) x £, dr? + r?h).

Our main theorem consists of two parts:
Main Theorem A. If the limit of the spectrum of M. is positive, then it belongs to the
positive spectrum of the Hodge-de Rham operator Ay yw on My, where Ay is a closed
extension obtained from the subspace

W C @ Ker(A — 7).
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This subspace W consists of extended solutions, not including L*, on the complete non-
compact Riemannian manifold Mo.

Main Theorem B. The multiplicity of 0 in the limit spectrum is given by
dim Ker(Aq,w) + dim Ker(Ds) + dim 71,
2

where Z1 denotes the linear subspace of Ker(A — %) spanned by the boundary values of
2

extended solutions on ]\% in the sense of the trace.

Furthermore, there will appear eigenforms whose norms concentrate on the singularity
of the cone C(X) in the limit. Such eigenforms correspond to the elements in Z1. This is
2
an entirely new phenomenon.
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