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p-SPECTRUM AND COLLAPSING OF CONNECTED SUMS

COLETTE ANNE AND JUNYA TAKAHASHI

ABSTRACT. The goal of the present paper is to calculate the limit of the spec-
trum of the Hodge-de Rham operator under the perturbation of collapse of
one part of a connected sum. It takes place in the general problem of blowing
up conical singularities introduced by R. Mazzeo and J. Rowlett.

1. INTRODUCTION

It is a common problem in differential geometry to study the limit of the spectrum
of Laplace type operators under singular perturbations of the metrics, especially for
the Hodge-de Rham operator acting on differential forms. The first reason is the
topological meaning of this operator and the fact that by singular perturbations
of the metric, one can change the topology of the manifold. A general framework
is the so-called collapsing, where the injectivity radius goes to zero while diameter
and curvature are bounded. The case of loss of dimension for the limit space has
been deeply studied by John Lott, following that of K. Fukaya [F'87]; see especially
[Lo02al, Lo02h] and the references therein. In fact, this situation appears to gener-
alize the adiabatic limit, studied by Mazzeo and Melrose in [MM90], because in the
situation of collapsing with bounded diameter and curvature to a space of lower
dimension, the manifold must fiber on this space.

J. Lott can prove that the operator whose spectrum is the limit, is the Laplacian
of a flat superconnection defined on a certain fiber bundle on the limit space. In
[Lo04], the hypothesis on curvature is weakened by the curvature bounded only
below, and he can give a lower bound for the number of small positive eigenvalues.

And what if there is no hypothesis on the curvature? Such a situation is given,
for instance, by the “collapse” (in general without bound on curvature) of thin
handles started in [AC95] and accomplished in [ACP09).

Here we study the perturbation when one is shrinking one part of a connected
sum, which is explained by Figure [l

More precisely, if the manifold M of dimension (n + 1), n > 2, is the connected
sum of My and M, around the common point pg, endowed with Riemannian met-
rics g1, g2, then, for the collapse of one part of the connected sum, we study the
dependence on € — 0 for the manifold

ME = (Ml - B(po,E)) U E'(M2 - B(p07 1))7
where ¢.(My — B(po, 1)) means (Mz — B(pg, 1),e%g2).
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Ficure 1. Collapsing of M,

To make this construction clear, we can suppose that the two metrics
are flat around the point py. Then the boundaries of (M; — B(po,€),91) and
(M3 — B(po,1),e%g2) are isometric to the sphere £.S™ and can be identified. One
can then define geometrically M. as a piece-wise C'*° Riemannian manifold.

This singular perturbation takes place in the general framework of resolution
blowups presented in Mazzeo [Ma06]. In his terminology, M, is the resolution
blowup of the (singular) space M7 with link S™ and asymptotically conical manifold
JT/[; if JT/[; is the complete manifold obtained by gluing the exterior of a ball in
the Euclidean space to the boundary of Ms — B(pg, 1). In fact, Rowlett studies, in
[Ro06, [Ro08], the convergence of the spectrum of a generalized Laplacian on such
a situation of blowup of one isolated conical singularity (Mazzeo presents more
general singularities in [Ma06]). Her result gives the convergence of the spectrum
to that of an operator on M, but it requires a hypothesis on Mg.

Our result is less general, applied only to the case of the Hodge-de Rham operator
and in a non-singular case, but it does not require this hypothesis and the limit
spectrum takes care of My; see Theorem [C] below.

Maybe, the most interesting part of our study is that we introduce new tech-
niques: to solve this kind of problem we have to identify a good elliptic limit
problem. This means, for the M part, a good boundary problem on My — B(pg, 1)
at the limit. It appears that, in contrast with the problem of thin handles in [AC95]
or the connected sum problem studied in [T02] for functions, this boundary prob-
lem is not a kind of local but ‘global’: we have to introduce a condition of the
Atiyah-Patodi-Singer (APS) type, as defined in [APS75].

Indeed, these APS boundary conditions are related to the Fredholm theory on
the complete manifold M, as explained by Carron in [CO1]. Details are given
below.

These techniques can be applied to study more singular situations, i.e. for general
links. It will be the subject of a forthcoming work.

1.1. The results. As mentioned above, the manifold M, of dimension n+1 > 3
(there is no problem in dimension 2), is the connected sum of two Riemannian
manifolds (M, ¢g1) and (Ma,g2) around the common point py, and we suppose
that the metrics are such that the boundaries of (M; — B(po,€),¢1) and (My —
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B(po, 1),€2g2) are isometric for all ¢ small enough. As a consequence, (M, g1) is
flat in a neighborhood of pg and 9(Mz — B(pg,1)) is the standard sphere. Indeed
one can write g; = dr? + r2h(r) in the polar coordinates around py € M; and the
metric h(r) on the sphere converges, as r — 0, to the standard metric. But if the
boundaries of (M; — B(po,¢),91) and (Mg — B(po, 1),£2g2) are isometric for all &
small enough, then h(r) is constant for r small enough, and the conclusion follows.

One can then define geometrically M, := (M; — B(po,e)) U e.(My — B(po, 1))
as the connected sum obtained by the collapse of M (the question of the metric
on M, is discussed below). On such a manifold, the Gaufl-Bonnet operator D,
Sobolev spaces and also the Hodge-de Rham operator A, can be defined as follows
(the details are given in [AC95]): on a manifold X = X; U X5, which is the union
of two Riemannian manifolds with isometric boundaries, if D; and Dy are the
Gauf3-Bonnet “d + d*” operators acting on the differential forms of each part, the
quadratic form

al9)i= [ IDi(e 1P, + [P 1P dux,
X1 X2
is well-defined and closed on the domain

Dom(q) := {¢ = (p1,92) € H'(AT*X1) x H' (AT*X5) | ¢1 faX1L=2 02 lox, ),

where the boundary values ¢; [ox, are considered in the sense of the trace opera-
tor, and on this space the total Gau-Bonnet operator D(p) = (D1(p1), D2(p2))
is defined and selfadjoint. For this definition, we have, in particular, to identify
(AT*X1) lox, and (AT*X5) [ox, - This can be done by decomposing the forms in
tangential and normal parts (with inner normal). The equality above then means
that the tangential parts are equal and the normal parts are opposite. This defini-
tion generalizes the definition in the smooth case.

The Hodge-de Rham operator (d 4+ d*)? of X is then defined as the operator
obtained by the polarization of the quadratic form ¢. This gives compatibility
conditions between ¢; and (9 on the common boundary. We do not give details
on these facts because, as remarked in the next section, it is sufficient to work with
smooth metrics on M.

The multiplicity of 0 in the spectrum of A, is given by the cohomology. It is then
independent of ¢ and can be related to the cohomology of each part by the Mayer-
Vietoris argument. The point is to study the convergence of the other eigenvalues,
the so-called positive spectrum, as e — 0. The second author has shown in [T03]
Theorem 4.4, p. 21] a result of boundedness.

Proposition A ([T03]). The superior limit of the k-th positive eigenvalue on p-
forms of M. is bounded, as ¢ — 0, by the k-th positive eigenvalue on p-forms of
M;.

Here we show that it is also true for the lower bound. Let ¢. be a family of
eigenforms on M. of degree p for the Hodge-de Rham operator,

Acpe = )\p(ME)QOEa
and take a subsequence &,,, m € N such that the following limit exists:

lim AP(M.,,) =\ < +o0.

m—ro0
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Theorem B. If \P(M, ) # 0, then NP # 0 and AP belongs to the spectrum of the
Hodge-de Rham operator acting on the p-forms of (M1, g1).

The first part is a consequence of the application of the so-called McGowan’s
lemma; indeed M. has no small eigenvalues as is shown in Proposition [I below.
To prove the convergent part of Theorem [B] we shall decompose the eigenforms
using the good control of the APS-boundary term. More precisely, there exist an
elliptic extension Dy of the GauBi-Bonnet operator Dy on Ma(1) = My — B(pg, 1)
and a family 9., bounded in H'(M;) x Dom(Dy) such that ||p., — 1., || — 0, as
m — 00.

This extension is defined by global boundary conditions, the conditions of APS
type, in relation to the works of Carron about operators non-parabolic at infinity
developed in [CO1]; see Proposition

We can apply this result for liminf. o AP(M,), and if we make this construction
for an orthonormal family of the first k£ eigenforms, we obtain, with the help of
Proposition [A], our main theorem.

Theorem C. Let M, = (M;— B(po,<))Ue.(Mz—B(po, 1)) be the connected sum of
the two Riemannian manifolds My and .My of dimension n+1. Forp € {1,...,n},
let 0 < N)(My) < My(My),... be the positive spectrum of the Hodge-de Rham
operator on p-forms of My and let 0 < N(M.) < M(M.),... be the positive
spectrum of the Hodge-de Rham operator on p-forms of M. Then, for all k > 1,
we obtain

lim AP (M.) = N (My).

e—0

Moreover, the multiplicity of 0 is given by the cohomology and
HP(M.;R) = HP(M1;R) ® HP(M>; R).

Remark 1.A. The result of convergence of the positive spectrum is also true for
p = 0 and has been shown in [T02]. Naturally H°(M.;R) = H°(M;;R) = R. By
the Hodge duality this also solves the case p =n + 1.

1.2. Applications. Results on spectral convergence in singular situations can be
used to give examples or counterexamples concerning possible links between spectral
and geometric properties. For instance, Colbois and El Soufi have introduced in
[CE03] the notion of conformal spectrum as the supremum, for each integer k, of
the value of the k-th eigenvalue on a conformal class of metrics with fixed volume.
Using the result of [T02], they could show that the conformal spectrum of a compact
manifold is always bounded from below by that of the standard sphere of the same
dimension.

In the same way, applying Theorem [C] to the case M; = S™*! and My = M, we
obtain

Corollary D. Let (M,g) be a compact Riemannian manifold of dimension m =
n + 1, for any degree p, any integer N > 1 and any € > 0. There exists on M
a metric g conformal to g such that the first N positive eigenvalues on p-forms
are e-close to those of the standard sphere with the same dimension and the same
volume as (M, g).
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Remark 1.B. For the completion of the panorama on this subject, let us recall
that Jammes has shown, in [JO7], that in dimension m > 4 the infimum of the
p-spectrum in a conformal class with fixed volume is 0 for 2 < p < m — 2 and
p # %, but has a positive lower bound for p = 7.

Next, we consider the blowup of a closed complex surface M of real dimension
4. If we blowup M at one point p € M, then the resulting manifold M is also a
compact complex surface which is diffeomorphic to M #CP?, that is, the connected
sum of M and CP?. Here, CP? means the reversed orientation of the complex

projective space CP?. Note that M is not biholomorphic to M4§CP?.
We study the spectrum of the Hodge-de Rham operator on these manifolds.
Take any Riemannian metric g; on M which is flat around at point p. Then, from

Theorem [Cl we can construct a family of C°° metrics ¢g. on M=M #CP? such
that the spectrum of the blowup manifold (M, g.) is as close as that of the original

manifold (M, g1). In particular, all the positive spectrum of (1\7 ,ge) converge to
those of (M,g1), as ¢ — 0. This is one of the expressions of the blow-down from

(J/W\ ,ge) to (M, g1). Indeed, the collapsing part CP? containing an exceptional (—1)-

curve CP' shrinks to a point.

Another example is the prescription of the spectrum. This question was intro-
duced by Colin de Verdiere in [CdV86, [CdV87] where he shows that he can impose
any finite part of the spectrum of the Laplace-Beltrami operator on certain mani-
folds. To this goal, he introduced a very powerful technique of transversality and
showed that this hypothesis is satisfied on certain graphs and on certain mani-
folds [CAV8E|. The other necessary argument is a theorem of convergence. The
solution of the problem of prescription, with limitation concerning multiplicity, has
been given by Guerini in [G04] for the Hodge-de Rham operator, and Jammes has
proven a result of prescription, without multiplicity, in a conformal class of the
metric in [JO§|, for certain degrees of the differential forms, that is compatible with
the restricted result mentioned above. In this context, our result gives, for example,

Corollary E. Let go be a metric on the sphere of dimension m. If gy satisfies the
Strong Arnol’d Hypothesis by the terminology of [CAV86|, for the eigenvalue \ # 0
on differential forms of degree p on the sphere, then for any closed manifold M,
there exists a metric such that A belongs to the spectrum of the Hodge-de Rham
operator on p-forms with the same multiplicity.

Indeed, we take a metric go on M, and for any metric g; close to gg, the positive
spectrum of M, = S™#¢e.M converges, as € — 0 to the spectrum of S™. Then, the
Strong Arnol’d Hypothesis assures that the map which associates to g1 the spectral
quadratic form relative to a small interval I around A also has, for ¢ small enough,
the matrix A - Id in its image.

Let us recall what we mean by spectral quadratic form. The linear space spanned
by eigenforms associated with eigenvalues in the interval I is finite dimensional, and
the Hodge-de Rham operator restricted to this linear space defines a quadratic form.
To consider the map which associates, for each metric, this quadratic form, we must
fix the space where it leaves this quadratic form. This is done by the construction
of small isometries between the different eigenspaces when the metric varies. The
existence of such isometries is a consequence of the convergence theorem; the details
of this construction can be found in [CdVS&S].
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This result could be used to prescribe high multiplicity for the spectrum of the
Hodge-de Rham operator. Recall that Jammes obtained partial results on this
subject in [J11]. His work is based on a convergence theorem (Theorem 2.8) where
the limit is the Hodge-de Rham operator with absolute boundary condition on a
domain. He also uses the fact that the Strong Arnol’d Hypothesis is satisfied on
spheres of dimension 2, as proved in [CAV88|. It would be interesting to obtain such
a result on spheres of larger dimension; the result of [CAV88| uses the conformal
invariance specific to this dimension.

We now proceed to prove the theorems. Let us first describe the metrics precisely.

2. CHOICE OF THE METRIC
From now on, we denote
Ms(1) := Ma — B(po, 1).

It is supposed here that the ball B(pg,1) can really be embedded in the manifold
Ms. This can always be satisfied by a scaling of the metric go on Ms.

Recall that Dodziuk has proven in [D82 Prop. 3.3] that if two metrics g, g on
the same compact manifold of n dimensions satisfy

(2.1) e g <g<ely,

then the corresponding eigenvalues of the Hodge-de Rham operator acting on p-
forms satisfy

e~ (MEEIAL (9) < AR(G) < TN (g).

This result is based on the fact that the multiplicity of 0 is given by the cohomology
and the positive spectrum is given by exact forms, hence the min-max formula does
not involve derivatives of the metric. It stays valid if one of the two metrics is only
smooth by part, because in the last case the Hodge decomposition still holds true.

Then, for a metric g1 on M, there exists, for each n > 0, a metric g; on M;
which is flat on a ball B,, centered at py and such that

e g1 < g, <e'g.

Then our result can be extended to any other construction which does not suppose
that the metric g; is flat in a neighborhood of py.

Now, we regard M, as the union of M; — B(py, 3¢) and £.M2(1), where M(1) =
(Bgn+1(0,3) — Bra+1(0,1)) U Ms(1) is endowed with a metric only smooth by part:
the Euclidean metric on the first part and the restriction of go on the second part.
But this metric can be approached, as close as we want, by a smooth metric which
is still flat on Bgn+1(0,3) — Bgn+1(0, 3); these two metrics will satisfy the estimate
@I). Thus, replacing 3e by e for simplicity, we can suppose, without loss of
generality, that we are in the following situation:

The manifold Ms(1) is endowed with a metric which is conical (flat) near the
boundary, namely go = ds? + (1 — s)%h, h being the canonical metric of the sphere
S™ = 0(Ms(1)) and s € [0, %) being the distance from the boundary (Ma(1) looks like
a trumpet) and My (e) = My — B(po,€) with a conical metric g1 = dr* +r*h around
the point pg. Thus, M, = M;(e) Ue.Mz(1) is a smooth Riemannian manifold.

Let C,,p be the cone (a,b) x S" endowed with the (conical) metric dr? + r2h.
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EMQ(l)
Ml(E)

FIGURE 2. Smoothing of (M., g.)

3. SMALL EIGENVALUES
Let us show that M. has no small eigenvalues.

Proposition 1. For 1 < p < n, there is a constant Ay > 0 independent of € such
that, if \P(M.) is an eigenvalue of the Hodge-de Rham operator acting on p-forms
such that \P(M.) # 0, then

)‘p(Ma) > )\O-

Proof. We shall use the McGowan lemma stated in [GP95, Lemma 2.3, p. 731].
Recall that this lemma, in the spirit of the Mayer-Vietoris theorem, gives control of
positive eigenvalues in terms of positive eigenvalues of certain covers with certain
boundary conditions. We use the cover M, = M;(g) Ue.(M2(1) UCq2). Set

U = Mi(e) and Uz = e.(M2(1) UCy 2).

Then U172 =UNU; = 6.6172 and Hpil(Ul N UQ,R) = prl(Sn;R) = 0 for
2<p<n.

Lemma 1 in [GP95] asserts that, in this case and for these values of p, the
first positive eigenvalue of the Hodge-de Rham operator on exact p-forms of M, is
bounded from below by

. 1 1 1 2Wp,n+1 Cp ) }—1
Aole) 8{ (M”(U1) " Mp(Uz)) (Mp_l(U1,2) 3 7
where p*(U) is the first positive eigenvalue of the Hodge-de Rham operator acting
on exact k-forms on U satisfying absolute boundary conditions, wp 1 is a combi-
natorial constant and c, is the square of an upper bound of the first derivative of
a partition of unity subordinate to the cover {U;, Us}.

In our case, ¢, uP(Us) and u?~*(Uy 2) are all of order e~ 2, but p?(Uy) is bounded
below for p < n as was shown in [AC93] (remark that the small eigenvalue exhibited
here in degree n is in the coexact spectrum). This gives a uniform bound for the
exact spectrum of degree p with 2 < p < n, but the exact spectrum for 1-forms
comes from the spectrum on functions which has been studied in [T02]. Thus the
exact spectrum is controlled for 1 < p < n; by the Hodge duality it gives a control

for all the positive spectrum in these degrees. Finally we can assert that there
exists A\g > 0 such that AP(M.) > Ag for any € > 0. ]
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The proof of the main theorem, Theorem [Bl needs some useful notation and
estimates. This is the goal of the following section.

4. ESTIMATES AND TOOLS

From now on we suppose, given a family ¢. of normalized eigenforms on M. of
degree p for the Hodge-de Rham operator,

Acpe = NP (M),
with limsup AP(M,) = A’ < 4o00. As in [ACPQ9], we use the following change of

e—0
variables: for ¢., we define ¢, . as

n+1

(41) Pl,e ‘= Pe er(E) and P2,e =€ 2

We write on the cone C. ;

“Poe ) -

Ple = dr A T_(%_p-‘rl)ﬂl,s + r_(%_p)aLs

and define o1 (r) = (B1(r), a1(r)) = U(p1)(r). The operator U is an isometry, and
its inverse is its adjoint U*.
On the other hand, it is more convenient to define r := 1 — s for s € [0, 1] and
write
pae=dr Ar~ TPy 4 (5 Py
near the boundary. Then we can define, for r € [1,1] (the boundary of My(1)
corresponds to r = 1),

2(r) = (Ba(r), az(r)) = U(p2)(r).

The L?-norm, for a p-form ¢ supported on M in the cone C. 1, has the expression

oleay = [ o dito + [ foal?, s
1 M(1)

€,

and the quadratic form we study is

¢:(0) = / (d+ d*)ol2. dpsg.
(4.2) M- .
- / UD\U (00)[2 dpigy + / 1D (02) 2, dpigs.
M, (¢) € My (1)

where D, resp. Dy, is the GauB-Bonnet operator of M;, resp. My, namely D; =
d + d* acting on differential forms. In terms of ¢y, which, a priori, belongs to
C>([e,1); C=(AP~IT*S™) @ C>°(APT*S™)), the operator has, on the cone of M,
the expression

n
) "_p _p,
)(&+—A)WM1A: 2 n
r ~Dy P-Z

« (0 1
UD,U" = (_1 0
where P is the operator of degree which multiplies by p a p-form and Dy is the
GauB-Bonnet operator of the sphere S™.

The Hodge-de Rham operator has, in these coordinates, the expression

1
UMU* = =07 + S A(A+1).
r

The same expressions are valid for UDyU* and UA;U* near the boundary of Ms(1),
but we shall not use them, since we need global estimates on this part.
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The compatibility condition is, for the quadratic form, e2aq(g) = as(1) and

£281(e) = Ba(1) or
(4.3) o2(1) = e% 0y (e).

The compatibility condition for the Hodge-de Rham operator, of the first order,
is obtained by expressing that Dy ~ (UD1U*a1,e 1UDyU*03) belongs to the
domain of D. In terms of o it gives

(4.4) oh(1) = 30} (e).

Let & be the cut-off function on M; around pq:

1 fo<r<i
— =Ty,
&ulr): {0 i1 <7

Proposition 2. For our given family p. satisfying Ap. = NP (M, )p. with AP(M,)
bounded, the family (1 — &1).p1,¢ is bounded in H' (AP My, g1).

Then it remains to study &;.¢1 -, which can be expressed with the polar coordi-
nates. This is the goal of the next section.

Remark 3. The same cannot be done with the component on Ms, or more precisely
this does not give what we want to prove, namely that this component goes to 0
with €. To do so we first have to consider ¢, . in the domain of an elliptic operator.
This is the main difficulty, in contrast with the case of the functions. In fact, we will
decompose ¢ . in a part which clearly goes to 0 and another part which belongs
to the domain of an elliptic operator. This operator is naturally Ds, but the point
is to determine the boundary conditions.

4.1. Expression of the quadratic form. For any ¢ such that the component
is supported in the cone C; ¢, one has, with 01 = Uy and by the same calculations
as in [ACPQ9],

/ ‘DISD‘gQJldMgl :/ H (87‘ + _A)Ul ’
65,1 € r

dr

L2(S)
' /12 2 / 1 2
= _ [||U1HL2(S") + - (Ula AUl)L2(Sn) + ) ”AUl”L?(Sn)} dr
' 2 1 1 2
:/ {HaiHLz(Sn)—l—&{;(al,Aal)Lz(Sn)}—i-T—Q{(al,Aal)Lz(S")—i-HAm||L2(Sn)Hdr
€
! /112 1 2 1
= |: |‘0-1HL2(S”) + 7"_2 (0-13 (A +A )Ul )LQ(S") i| dr — 5(01(6), Aal(e))L2(§n,),
where we remark o1(1) =0 and ‘A = A. We then have
(4.5)

! 1 1
qE(@) = /6 |:H0'1H%2(S")+r_2(0'17 (A+A2)01)L2(Sn):| dT—g(O-l(E)7 AUl(g))L2(§n)

1
+ _2/ ‘D2<p2|52;2 dpig, -
€% Jms(1)
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On the other hand we have, as well,

J

2

dr

1
(0 +~4)o, o

1
|Daol?, dpig, = /1
2

,1

=

1
1
= /1 |:||O'/2||%2(Sn) + 7‘—2(0-27 (A + AQ)@)L?(Sn)}dT
+ (02(1), AUQ(]'))LQ(S") - (0’2(%), AJ2(%))L2(S")'

Thus the first boundary terms annihilate, because of the compatibility condition
([E3) 02(1) = £204(¢), and one also has

1
1
@6) au(e) = [ [Iotlen) + (o0, (A+ 4200 g2on Jar

1

e 1
4-5—2/1 {”UIZH%%S")_"T_Q(O'% (A+A2)02)L2(S”)]dr—g—g(f’z(%)’ A03(3)) 2 gny-
2

We remark that the boundary term —(02(%), A0o3(3))r2(sn) is positive if o3 belongs
to the eigenspace of A with negative eigenvalues. In fact we know the spectrum of

A:

4.2. Spectrum of A. The spectrum of A was calculated in Briining and Seeley
[BS88, p. 703]. By their result, it holds that the spectrum of A is given by the

values
(—1)P+1\/ n—1 2
R
Y B we+ 5 p

where 0 < p < n and p? runs over the spectrum of the Hodge-de Rham operator
on the standard sphere Ag» acting on the coclosed p-forms. Since the spectrum
of the standard sphere S" was calculated in [GMT75, p. 283] we see that u? =
p+k+1D(n—p+k) (k=0,1,2,...)if 1 <p < n,orif p=0 and p? is in the
coexact spectrum. Hence, % > (n — p)(p + 1) and we have

n—1

2

) 2=+ 1+ (M )

5y

u2+(

Y

So any eigenvalue v of A satisfies

n
4.7 > —.
(@7) =5

For p = 0, the eigenvalues of A corresponding to the constant function are in fact
+4 as we can see with the expression of A, so the lower bound ([&7) is always valid
and, in particular, 0 ¢ Spec(A).

Consequence. The elliptic operator A(A+1) is non-negative (and positive if n > 3).
Indeed A(A+1) = (A+ £)? — 1, and the values of the eigenvalues of A give the
conclusion.



COLLAPSING OF CONNECTED SUMS 1721
4.3. Equations satisfied. On the cones, o = (01, 02) satisfies the equations
9 1
( - 87" + T_zA(A + 1))0’1 = 01,
AQ U*UQ = 62)\5(]*0'2,

and the compatibility conditions have been given in (£3]) and (£4):

o2(1) =e%a1(e), oh(1) =30} (e).
We decompose o7 into a base of eigenvectors of A:

o1 = g o] and Ao} =~o7.
vyESpec(A)

p
(Sn)dr < MW +1

€
for & small enough, since A\?(M.) has an upper bound by Proposition [A] and the
expression of Dy, (@J]). This inequality stays valid for £&;07 with a larger constant:
there exists a constant A > 0 such that for any € > 0

1
1
4.4. Boundary control. We know that / |(0r + =4) 01H2L2
r

2

dr < A.
L2(S)

(45) > [ |oaon+ L)

vESpec(A)

We remark that 0,0 + Yo = 7 70.(r"o). Since v < 0 implies v < (—%), by
r
&1(1) =0, [@3) and the Schwarz inequality, we have

2

1
oo = | [ 2re10)
. L2(sn)
1 1
(4.9) < /r%dr / “ar(fla”)+1(§1a”)‘2 dr

R : O PAICD
2v+1

<A—

T2y +1

where the last inequality follows from ~ < (—%). Thus we see of(e) =

O(e2 /1/]27 + 1]). This suggests that the limit ¢ is harmonic on My (1) with the
boundary condition II.goe = 0, where II.o (resp. IIsg) denotes the spectral pro-
jection of A onto the total eigenspace of negative (resp. positive) eigenvalues. The
limit problem appearing here is a boundary condition of the Atiyah-Patodi-Singer
type [APST5]. Indeed we have

Proposition 4. There exists a constant C' > 0 such that the boundary value satis-
fies, for all € > 0,

I Tco(01,6(2)) [Baon) < Ce.

Proof. We know that q(&1¢1,¢,p2,e) is bounded by A. On the other hand, the ex-
pression of the quadratic form (£X) can be done with respect to the decomposition
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into Im(ITs) and Im(TI<(). Namely,
2

dr
L2(S™)

w&pres p2) = [ (00 L) maateron)

1
/
€

‘ (87~+%A)H<0(§1‘71,e)

1 2 1
‘ (@ + ;A)H>o(§10’1,5) dr + 6—2||D2<P2H%2(MQ(1),g2)

L2(sm)

1 2
>/
S

1
1
> [ {Ime@ione) e + 5 (Meolein o). (A+ Aol ), o b

T
L2(Sn)

1
- E(H<001(8)’ Aollcgoi(e) )Lz(sn)

n 2
> % H H<001,5(5) HLQ(Sn)a
since A(A + 1) is non-negative and (—Aoll-g) > %. O

4.5. Limit problem. Here we study good candidates for the limit Gau-Bonnet
operator. On M the problem is clear; the question here is to identify the boundary
conditions on M (1).

e On M, the natural problem is the Friedrich extension of D; on the cone. It
is not a real conical singularity, and A; = Dy o Dy is the usual Hodge-de Rham
operator.

e For n > 2, the forms on M;(1) satisfying Dy = 0 and II.g o U(yp) = 0 on
the boundary are precisely the L2-forms in Ker(D5) on the large manifold (Mg, J2)
obtained from (Ma>(1), g2) by gluing a conical cylinder [1,00) x S™ with the metric
dr? 4+ r2h, i.e. the exterior of the sphere in R**+1,

N

Mo(1)

Rn-i-l

FIGURE 3. (Ms, §s)

Indeed, these L?-forms on (J\72,g2) must satisfy (9, + %A)a = 0, i.e. for any
v € Spec(A), there exists o] € Ker(A — v) such that 07 = r~7o] € L*(Ma, j2),
which is possible only for v > % This limit problem is of the category non-parabolic
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at infinity in the terminology due to Carron [CO1]; see particularly Theorem 2.1
there. Then as a consequence of Theorem 0.4 in [CO1], we know that its kernel is
of finite dimension. More precisely it gives:

Proposition 5. The operator Dy acting on the forms of Ma(1), with the boundary
condition g o U = 0, is elliptic in the sense that the H'-norm of elements of
the domain is controlled by the norm of the graph. Namely, there exists a constant
C > 0 such that any p € H*(APMs(1), g2) with Tloqo U(yp) = 0 satisfies

el ara).2) < € {0122 (0120).0) + IP20 122 012 1) 0 -
We denote by Do this operator.

Corollary 6. The kernel of Dy is of finite dimension and can be identified with a
n+1

subspace of the total space Z HP(M5(1);R) of the absolute cohomology.
p=0

We shall see in Corollary below that this kernel is in fact the total space
> HP(My;R
p=1

Proof. We show that there exists a constant C > 0 such that for each ¢ €
H'(APM,(1), g2) satisfying ITg o U(p) = 0, then

H@HHl(MQu)) <C {||<P||L2(M2(1)) + HD2<PHL2(M2(1))}
Thus D5 is a closable operator. .
Denote, for such a ¢, by @ its harmonic prolongation on My — My (1) = Rt —
B(0,1). Then ¢ is in the domain of the Dirac operator on (Ma, ga), which is elliptic.

This means that for each smooth function f on My with compact support, there
exists a constant Cy > 0 such that for any ¥ € Dom(D>),

183 iz < Crt Il iy + 10280 5

(it is the fact that an operator ‘non-parabolic at infinity’ is continuous from its
domain to H} ., Theorem 1.2 of Carron [COT]).

If we apply this inequality to some f = 1 on M>(1) and ¥ = ¢, we obtain in
particular that

lelEn any < CUIGIT. 7,y + 128017257,
with €' = C. Since D2 =0 on M, — Ms(1) = R"™* — B(0,1), we see that
||D280||L2 (MV2) ||D280||L2(M2(1))

Now we can write, by the use of cut-off functions, ¢ = ¢o + @, where ¢y vanishes
near the boundary and ¢ is supported in l < r < 1. Then @y = 0 outside of My(1).
So, for the control of Hg0||L2 ir,)» We can suppose that ¢ = ¢. We write Up = o and

o =) 07 on the eigenspaces of A.
Since o = U(@) is harmonic on R"*! — B(0,1), it follows that for any

o¥(r)y=r""c7(1).
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Thus we have

||95||%2(R"+1—B(0,1)) = ||U(~)H%2(]R"+1—B(O 1)) — HUH%% 1,00) xS™)

= 1> " Zaroyxsy = 11D 77707 (Dl Za(1,00) )

v>0 ~>0
3 / r 2t o (Ve
v>0
—Z ||0 )||2L2(Sn)-

v>0

1

Now we remark that v > 1, 07(3) = 0 and 07(1) = / O (r7c”)dr. By the Cauchy-
1
b

Schwarz inequality, we have

107 ()] gn) = H/ =18, (e dr |

L2(S™)

1
S/ HT_’y@T(T’YUW)H%’Z(Sn)dT'/ TQ’YCZ’I“
1 1

2

1

< 5 10D Ry oy

As a consequence,

1 1 .
Z 7 07 (1)1 72gn) < Z 21 UDU Uvuiz([%,uxsw)

2
>0 v >0

< D2g 172 (ary (1)

Hence, changing the constant, we also have
”50”%-[1(M2(1),g2) <C { H<P\|%2(M2(1),g2) + \|D2<P\|%2(M2(1),g2) } O

Alternative proof of Proposition [, in the spirit of [APS75]. In order to study this
boundary condition, it is better to again write the p-form near the boundary as
0o = dr N~ (/27PH) gy 4 = (0/27P) oy with, as before, U(py) = 09 = (B2, az).
On the cone r € [1,1], UDU* = 9, + A and we can construct, as in [APSTH],
a parametrix of Ds by gluing an interior parametrix with one constructed on the
‘long’ cone r € (0, 1] as follows:

Given a form ¥ on My(1), if we look for a form ¢ such that Dy = 1, we write
1 as the sum of two terms, the first one with support in the neighborhood of the
boundary and the second one vanishing near the boundary. On the second term,
we apply an interior parametrix Qg of the elliptic operator Dy. Let us now suppose
that ¢ is supported in the cone r € [%, 1]. We decompose U into the eigenspaces
of A: Uy =3 47, and also if Up =3 7, then 7 must satisfy

87"()07 + ZLP’Y — 7«*78T(7«’Y(p7) — w’Y_
T
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‘We take the solution
7 = 7“‘”/ P Y (p)dp ify <O,
1
T
Y = 7“_7/ P Y (p)dp if v > 0.
0

Then v < 0 implies 7 (1) = 0. It is now easy to verify that D satisfies the singular
elliptic property (SE) of [Le97, p. 54] (with p(z) = /).

This fact and the property Spec(A) N (—1,41) = @ assure the construction of
the parametrix on the cone. Here we refer to Biining and Seeley [BS88] who make
this construction and also to Lesch [Le97] for more general settings. In fact, this
parametrix on the cone r € (0, 1] gives only H!-regularity with weight function (as
described in [Le97, Proposition 1.3.12] and the following), but the construction of
a parametrix on M5 (1) is made by gluing these two parametrixes with the help of
cut-off functions. This means that the region near the singular point 7 = 0 of the
cone will be cut off, and we stay in a region where the weight function is controlled
by constants from above and from below. Thus, we finally obtain control of the
usual H'-norm.

4.6. Boundedness. Recall that A(A + 1) is non-negative.
We define the cut-off function y supported in [%, 1) as

0 if
X(T):_{ 1 if

—

)

<r<
<r<

ol O

Proposition 7. Again denoting o2 = U(pa.), the family of p-forms,

Vo = 2. — U*(Hco(xo2,) ),
belongs to the domain of Do and satisfies the following:
(1) {t2.e}eso is uniformly bounded in H*(Mx(1), go);
(2)  lim Y2 = @2cllL2(a2(1),90) = 03
(3)  lim [ D2(d2e = p2.)lL2(021).92) = O-
Remark 8. As a consequence of Proposition [7, there exists a subsequence of @3,

which converges in L? to a harmonic form satisfying the boundary condition of D,.
That is, there exists 15 € Ker(Ds) such that

.. — g € Ker(Dy) weakly in H'(My(1),g2) ase — 0.

Proof. (1) It is clear that 13 . belongs to the domain of Dy and is a bounded family
for the operator norm. Thus, by Proposition [ it is also a bounded family in
H' (Ms(1), g2).

(2) We have

1
(4.10) 2 — 22elPo ata1) 0 < / | eooae(r) [2aom, dr.
1
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but as a consequence of (4.6])
Moo ) [Eaiomy = [ O I Tct0) o bt + | ooz (3) o
3

= 2/1 (H<00/27a (t)’ H<00275(t) )L2(Sn) dt + || H<OU2,€(%)H%2(SH)

2

T 1
2
< 2{ﬁ IM<00% - (£) 172 (gny dt} Mco02.ell (12 ryxsm) I <o (02,6 (3)F 2 smy
2

< 2eA + 522/&,
n

by using the Cauchy-Schwarz inequality, the fact that the L?-norm of ¢, is 1 and
that (—Aoll.g) > 5.
(3) Finally, we prove ;EI%)||D2(¢275 — v2.)|lL2(My(1),90) = 0. Since supp(x) C

[2,1], we see that

| Da(2,e — 2.) [l L2(Ma(1),90) = || D2 (U* 0 Tco(x02.2) ) | 22(aa(1),90)

411 .
1y < 20 | a2l apesmy + 11 D2(U* 0 o2 ey

where C' > 0 is a constant depending only on x’'.
Now, since equation ([I0) converges to 0 by the result (2), the first term of
(@11 converges to 0:

1
I Tco(02.) e g apusny = / | T (02.0)][2a @y dr =0 (= 0).
1
The second term of ([II]) also converges to 0, since
| D2 (U*eIlo(02,c) ) ||2L2(C%Y1)
< || D2 (U* o lcg(oz,) ) ||%2(C%,1) + || D2 (U* 0 1ls0(02,) ) ||2L2(C%,1)

< Daoc |72c, ) S D2g2 e 12 (0s(1),9)
3,

<e? | Depe ||2L2(ME) = Ez)‘(p)(ME) < 0(52)-

Therefore, we see that 21_1)1(1J | D2(¥2,e — @2.e) |l L2(Ma(1),g0) = O- O

Since the trace operator from H'(Ms(1)) to Hz (8M,(1)) is bounded, we have

Corollary 9. The family {Ilsoo-(1)} is bounded in Hz(S") = H2(OMy(1)) as
the boundary value of 1 c.

We now define a better prolongation of IIsgo2(1) to Mj(g). More generally, we
set

Po: T (HA(S") = H'(Ce)

o= Z oy P.(0) := Z 57_%7“_7&,.

vESpec(A) vESpec(A)
~>0 ~>0
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This is a harmonic prolongation, since each 772 r~ 70, is harmonic on the cone
Ce,1. The exponent (—3) over € comes from the compatibility condition E3). We
remark that there exists a constant C' > 0 such that

(4.12) | P-(0) I72(c.,) < C > oy Iz = Cl Ts002,:(1) 122 (ny-
v>0

If ¢ € Dom(Dy) for the same cut-off function £ whose value is 1 for 0 < r < %
and O for » > 1, then (§1]-75(17b278 fon (1)), 1/)2,5) defines through the isometry U an
element of H'(APM.,g.). Set

2/;1,5 = 51 . PE(¢2,6 faM2(1))-
We now decompose ¢1 . on the cone C. ; as follows:

(4.13) Pre =i+ o1

according to the decomposition of o1 = U(p1,) into the positive and negative
spectrum of A. Then v, and ©F have the same values on the boundary. So the
difference (¢ — 11 ) can be viewed in H'(A? M, g1) by a prolongation to 0 on the

e-ball, while the boundary value of ¢ . is small. We introduce the cut-off function
taken in [ACP09]:

0 if r<2e,
M if 26 <r <2V,

log(v/¢)
1 if 2 <.

£e(r) =

Lemma 10.
tim [ (1= &) - (697 .00 = O
This follows from the estimates in Proposition [4]
Proposition 11. The p-forms 1, = (1 — &)1, + (§1gof€ - 1;178) + & &1
belong to HY(AP My, g1) and define a bounded family.

Proof. We will show that each term is bounded. For the first one, (1 —&1)¢1,. can
be defined on M; by a prolongation to 0. So, it is already proven in Proposition 2
For the second one, we remark that

(4.14)
A ~ A
foi= (0 + 2) (€t = 1.0 = (0 + =) (@06 = 00(60) P Torny)-

Then f. is uniformly bounded in L?(Mj, g1) because of ([@I2)). This estimate also
shows that the L?-norm of (&; npf)s—z/;l,g) is bounded. Thus the family {&; ‘Pia_1;1,5}
is bounded for the g-norm on (Mj, g1), which is equivalent to the H'-norm.

For the third one, we use the estimate due to the expression of the quadratic

form. Since / | Dy (fl‘Pia)Bl dpg, < A, the boundary term is estimated by
Cr,l

1, _ _
(4.15) —;(0’175(1"), Aoy (r) )LQ(SW,) <A,

by the same argument as in Proposition @ Now
I D1(&&1p1e) 2y < 1€ Du(§awpr ) lzzan) + Il 1d€e] €101 c |22 am)
[ D1(§1p1e) lzee. ) + IHdEl o1 e Ml e. ) -

INIA
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The first term is bounded and, with (=A oIl<o) > % and the estimate ([EIH), we
have

_ 8\ [MEdr _ 4A
A |

nl1oge? Jo. nlloge]’

This completes the proof. O
In fact, the decomposition used here is almost orthogonal:

Lemma 12.
lim (¢1,e = Y1, Y10 )22 (i) 00) = O-
Proof of Lemma [I2l If we decompose the terms into the eigenspaces of A, then
11 involves only the positive eigenvalues of A. So, for the decomposition ;. =
npfs + ¢1 ., we see that
(P1er¥1e )r2(c.,) = 0.
Hence we have only to prove that

z-}li% ( 901’_,5 — Y1, wlyf)Lz(Ca,l) =0.

We now set f. = Z f7 and ©f —tre = Z ¢g- Equation (I4)) and the fact that

- >0 >0
(7. — 1) (e) = 0 give
i
o (r) ZT_”/ P {7 (p) dp.
1>
3

Then for each positive eigenvalue v > 5 of A, by using integration by parts and
the Schwarz inequality, we have

s
- _ S
(03, V) 2.y = (T v/e p f(p)dp, &7 2 70;’5(1))L2(CE,1)

— 3 /: 2 {/T P (7 (p), Ug,g(l))L%S")dp}dr

€

IN

1 T
_1 _
S 3 e [ [P Ol do
g

€
1—-2~

_1 r " 1
13 ||0"2Y78HL2(S") { [1 5 / P 17 (p)| L2 dp} .
€ =

1 rl=2y
- [ IOl ar )

1—2y

1
e’z

2v—1
e

1
163 22 em) / P 0 2 dr

3 1 3 % 1 %
< —pldlien { [ @} { 1Py i)

E’Y*% y 5(77“"%) ~
< - n gy ———
>~ 27 1 HUZ,eHL?(S ) \/m Hf HLQ(CE,I)
< Cellog Nz 12,y < O(e).

From Corollary @l and Proposition [[T} we proved Lemma [I2]in the case of v > %
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By the previous calculus of the spectrum of A, Section 2] we know that the
possible values v < % are only % and 1.

By the same calculations as above, we can obtain similar estimates: for v = %,
the order of the bound is €4/]log(e)|, and for v =1 it is /e O

5. PROOF OoF THEOREM [Bl

Recall that . is a family of eigenforms on M. of degree p for the Hodge-de
Rham operator: A.p. = AP (M, )pe, the family N\P(M.) is bounded and ,,, m € N,
is a sequence converging to zero such that the following limit exists:

lim AP(M. )= I < +oo.

m—r o0 m

It is the case, for instance, if AP = liminf._,q AP (M;).

Lemma 13. If AP # 0, then \P(M, ) # 0 for all e,, > 0, and

(1) Jim e, |2 enon =0

@) lim s,

L2(Ms(1),92) = 0,

and also "}gﬂw{ D1 (¥1.6,) 22001 (emysn) + | D2(W2,0,) L2 (M (1),90) § = O-

Proof. We know, by Proposition [I} that there exists a universal lower bound for
positive eigenvalues on M, so if \? = lim AP(M, ) is positive, then it means that

m—00 "
all the A?(M, ) are also positive!

Next, for any normalized eigen p-form . associated with the positive eigenvalue
AP(M.) > 0, we define

(51) '(/}5 = (’le,mwle) S Dom(QE)

Note that 1. satisfies the compatibility condition @3), £2 1;1)5(5) = 1a(1).
Since the dimension of Ker(Dy) is finite by Corollary 6] we can decompose 95 . €
Dom(D,) into

(52) wQ,s = 1/)8,5 + %L,s,

where ¢ _ € Ker(D;) and 3, is its orthogonal part in Dom(Ds). In fact, since
Y9 . and wg,g satisfy the boundary condition, then wzlﬁ = o — ¢g’6 also satisfies
the boundary condition II_ o U = 0.

Now, we can prolong them onto the cone C.; by means of F;, that is,

1%?,5 =& Po(93 . lon(1))s
wll,a = fl PE(’(pQL,s ra]wg(l))'

So, we set
Ve 1= (12)1,6, 1/12,5) € Dom(QE)v

and also set

(5.3) {¢? = (9., ¥9.) € Dom(q.),

v = (i, ¥5.) € Dom(g.).
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Since Dyt)y . = 0 and D;(P-(03 (1))) = 0, we obtain that
~ 1
qe (’(/}g) = (’(/}?,E) + €_QQQ (¢8,a)

1
1D By = [, 165 PoloB1) [Bagonydr
2

1
_1 _~ o, 2
<c / IS0 47 007 (1) 2 g dr

2 v>0

1
2v—1,,—2 0, 2
<C [ S I (0) Ry

2 v>0
1

n— “n n
<C () ey [ (w2 )
2

We remark here that the boundary term [|o9_ (1)|[3. (sn) 18 uniformly bounded
because of Proposition @ and the compatibility condition, so

(5-4) G, (V2,) = O(e ) < Olem)

Em

Then, we see that

(5.5) (Pems wgm)B(Mgm,gsm) = O0(Vem).

In fact, since the eigenvalue A\?(M,, ) has a positive lower bound by Proposition [l
and the estimate (5.4 holds, we see that

NP (Me, ) (©ers W2 V2. ) = (Deyens W2 Vr2u., ) = Qe (Pens V2.)
<v QEm(Sasm) Y/ q57n,( gm)
< VAP (M,,) - O(\Vem).

So we have obtained

O(VEm)

0
» Ye < —F
(QOEm ,(/) m)Lz(]\/[Em,) )\p(MS )

m

On the other hand, || Da(vy,, ) H%z(Mz(l)) = O(en) implies |93, H%Q(MQ(D) =
O(y/m). In fact, this follows from the min-max type inequality for Dy. More pre-
cisely, we set the constant

- . 32(¢)
H1 = inf 2 :
Ph#£0eKer (Do)t ||¢HL2(M2(1),_(]2)

Then we have that pq > 0 by using Proposition Bl Thus, from Proposition [1(3), it
follows that for ¢35 € Ker(D;)*,

1 1
0 < [¥5e, T2an(1).g0) < — 2(W5e,) < — q2(2c,,)
H1 H1
2
< I { ||D2902,€m ||2L2(M2(1),92) + ||D2(¢2,5m - 902,em) ||%2(M2(1)y92) }
2
< = H{O0(En?) +0(em) } < O(em).

M1
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From the continuity of P. and the ellipticity of Ds, we also obtain that

| 1/~)1L,sm ||%2(M1(sm),g1) = O(em)-
Thus, we obtain
(5.6) Ilvz, I72ar, g ) = 19, 2 (as enygn) + 15, 2 (0a(1).g0) = O(Em)-
From (&3 and (E4), it follows that

(‘psma 1/)Em)L2(M5m7ggm) = (‘Psmv Ve, — 1/)gm)L"’(Mgm) + (@ema 7/}gm)L2(MEm)
= (%mﬂ/);)p(zvfam) + O(VEm)
< Neenllcz,,y - 10z, 2.,y + O(Vem)
<1-v/O0(Em)+O0Wem) = O(em).

Next, we estimate the inner product:

(5.7)

(5 8) (Spem — Ve, Qbsm)L?(Mgm) = (Lpl,sm - 7;1,67,1, qzl,am)Lz(MMEm),gl)
+ (02,60 = V20605 V2,60 ) L2(Ma(1),g2)-

From Lemma [T2] the first term is

(Spl,em - 1;1,67”7q;l,em)Lz(Ml(sm),gl) = (4,01,57,1 - ’@ZI,E,,N ’(/’}l,em)L2(CEmY1)
(5.9) = (¢, = Vlens Yren)r2c., 1) T (Ple, Yren)r2c., 1)
= (%ﬁ:sm - 1/}1,5m7 1/}1,5m)L2(Csm,1) -0 (sm - O)

From Proposition [1(3), the second term of ([G.8) is

(P26 = V2,005 V2,0, ) L2(Ma(1),90) < 192,200 — V2,0, | L2(015(1),92)
N2 L2 (Mo (1),92) = O-

Therefore, from equations (5.9)), (BI0) and (B.7), we see that

(5.10)

||7v/1am||%2(M5m) = (Ye,, = Perns Ve )r2(m., ) + (Pepns Ve, ) L2 (0.,
= —(PLen = Vliems VLen )12, 1)
— (P2, = V2., V2.6, ) L2(M(1),92)
+ (‘Pamv wem)Lz(Msm) —0 (€m - O)'

Hence, we conclude that
s 2 T 7 2 2
0= m}gnoo 1. ||L2(M5m,) o m}gnoo { ”wLEmHLz(Ml(Em)’gl) + ||¢2,€m HL2(M2(1),92) }

Thus, we have finished the proof of Lemma, T3] O

As a consequence of Proposition [ and Lemma [I3] we obtain

Corollary 14. lim ||g02,5m||L2(M2(1) 0.
m—r00

92) =
Now recall that 1., = @1, — QZLEm —(1-¢.) §1p-  and that we know, by
Lemma [[3] and Lemma [I0, that the last two terms converge to 0.
The following corollary can be obtained by the same method as in [AC93| p. 206]

(see also [T02, p. 206]).
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Corollary 15. We can extract from {1 ¢,, } a subsequence which converges strongly
in L?(My, g1) and weakly in H*(My, g1), and any such subsequence defines the limit
form +py € HY(M, g1) such that

A]Vllwl =\ ’@ZJI and ||w1||L2(M1791) =1

Proof. We take a sequence {t1 ., } in H'(APMy,g1). From Proposition [} this
sequence is uniformly bounded in H*(AP My, g1). By the weak compactness theorem
and the Rellich-Kondrachov theorem, there exist a subsequence {¢1 ¢, } (we use the
same notation for simplicity) and the limit ¢y € H'(APM, g1) such that ¢ ., —
1 weakly in H'(Mj, g1) and strongly in L?(Mjy, g1) as m — co.

Now, for any smooth p-form w € QF(M; — {z;}) with the support of w in
(My —{z1})°, we have

(¢17Ag1w)L2(M1791): hm ¢1€m7Ag1w)L2(M1)

hm ( oy De W) L2(0; (e,0))

= hm( ( em)(psnm )Lz(Mam)

:Ap-

Jim (16,0 W) L2 (M (e,0))
= AP m (Y, @) L2 (0 .00)
=N (P1,w0)L2(0y 1)
Since QF (M7 —{z1}) is dense in H'(AP M, g1) by dim M; = n+1 > 2, we obtain
Ag 1 = APy weakly.

Furthermore, by the regularity theorem of a weak solution to the strong elliptic
equation, the limit form ¢ in fact is a smooth p-form on Mj.

Next, from the normalization |¢e,,||z2(ns., ) = 1 and Corollary [I4, we obtain
that the limit [[11]|z2(ar,) = 1. Hence, the limit ¢; is a non-zero smooth eigenform
on (M, g1) with the positive eigenvalue AP. O

Thus, we see that AP = lim,,_,o, AP(M,,) belongs to the set of positive spectrum
for p-forms on (Mj, g1). Hence, we have finished the proof of Theorem [Bl

6. THE PROOF OF THEOREM

6.1. The multiplicity of 0. The dimension of the kernel of A, is given by the
cohomology of M which can be calculated with the Mayer-Vietoris sequence asso-
ciated to the covering {Uy, Uz} introduced in Section 2; see Proposition [ (recall
that M is of dimension n + 1).

If we remember that H?(M; — B;R) = H?(M;j;R) for p < n, where B is a small
ball, then we obtain that

HP(M;R) = HP(My;R) @ HP(Ma;R) for 1 < p <n,
while HP (M. ;R) = HP(Mq;R) =2 HP(Mo;R) 2 R for p =0,n + 1.
The transplantation of the harmonic forms of M7 in M. has been described in
[AC93]. With the previous calculation, we have good candidates for a transplan-

tation of the cohomology of My: for each 1o € Ker(Dz) with [[12|12(asy(1),.) = 1
we set

Ve 1= (Y1, 92) = U* (x1P=(02 loar(1))s 02)-
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Now take ¢. € Ker(A.). We apply ¢. to the previous results, Proposition [Tl
and Remark B So, there exists a subsequence such that

1 = 1 € Ker(A1)  and 1o — 92 € Ker(Ds);

and only one of these two limits can be zero, that is, ¥; = 0 or ¥y = 0. The
conclusion is that all the harmonic forms on M, can be approximated by forms like
Y. or Yep1, with ¢ € Ker(Ay).

As a consequence, we have

Corollary 16. For 1 < p <mn, the two spaces HP (Ma;R) and Ker(Ds) are isomor-
phic: HP(Msy;R) = Ker(Ds).

6.2. The convergence of the positive spectrum. The proof is made by induc-
tion. First we show that lim (M) = A\ (M):
e—0
Proof. We know by Proposition [Al that lim sup A} (M;) < A (M;) and by Theorem
e—0

[B] that lim inf AP(M,) is in the positive spectrum of A, and as a consequence
hmlnf/\p( ) > NP (My). O

Now suppose that for all j with 1 < j < k one has lir% A (M) = N (My). Then,
E—r
we have to show that hm /\ZH( 2) = A1 (My).
Proof. We know by Proposition [A] that hm ' Sup Nea1 (M) < AL (My).
Let {gps e gpgkﬂ } be an orthonormal famlly of eigenforms on M,:

Ae@e = XD( )ng),

and choose a sequence ¢; — 0 (corresponding to I — oo) such that

hm /\k+1( o) = hmlnf Noyp (M).

We apply each gp(j ) to the same decomposition as in Proposition [[1l This gives a
family {11)176, e ,¢1k+1)} bounded in H'(APMj, g;) and such that for each index j,

lim (1072 — 72 22ty .90 = O,
while, as in Corollary [I4]
; () _
gg% ||@2{€HL2(M2(1);92) =0.
1 k+1
PPN A

strongly in L2(M;, g1) and weakly in H(Mj, g1) and that the limit {)\"), ... %1}
is orthonormal and satisfies for all j with 1 < j < k,

So, by extracting a subsequence, we can suppose that 1 converge

A = A (My) @ and Ayt = hmmf AP (ML) - Y

k+1

This shows that hm mf Nop1 (M) > N, (M) and completes the proof of Theorem
0
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