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Abstract

A ternary self-dual code can be constructed from a Hadamard
matrix of order congruent to 8 modulo 12. In this paper, we show that
the Paley-Hadamard matrix is the only Hadamard matrix of order 32
which gives an extremal self-dual code of length 64. This gives a coding
theoretic characterization of the Paley-Hadamard matrix of order 32.
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1 Introduction

As described in [7], self-dual codes are an important class of linear codes
for both theoretical and practical reasons. It is a fundamental problem to
classify self-dual codes of modest length and determine the largest minimum
weight among self-dual codes of that length (see [7]). By the Gleason—Pierce
theorem, there are nontrivial divisible self-dual codes over F, for ¢ = 2,3 and
4 only, where F, denotes the finite field of order ¢ (see [7, Theorem 5]), and

*Graduate School of Science and Technology, Hirosaki University, Hirosaki 036-8561,
Japan. email: betsumi@cc.hirosaki-u.ac.jp

"Department of Mathematical Sciences, Yamagata University, Yamagata 990-8560,
Japan, and PRESTO, Japan Science and Technology Agency, Kawaguchi, Saitama 332—
0012, Japan. email: mharada@sci.kj.yamagata-u.ac.jp

129002 Oka, Fukaya 369-0201, Japan. email: kimurafuka@kind.ocn.ne.jp



this is one of the reasons why much work has been done concerning self-dual
codes over these fields.

A code C over F3 is called ternary. All codes in this paper are ternary
linear codes. A matrix whose rows are linearly independent and generate
the code C' is called a generator matrix of C. A code C of length n is
said to be self-dual if C = C+, where the dual code C* of C is defined as
Ct={xeF} z-y=0forall y € C} under the standard Euclidean inner
product z-y. A self-dual code of length n exists if and only if n = 0 (mod 4).
It was shown in [6] that the minimum weight d of a self-dual code of length
n is bounded by d < 3[n/12] + 3. If d = 3[n/12] + 3, then the code is called
extremal. Two codes C and C' are equivalent if there exists a monomial
matrix P over F3 with C' = CP = {zP |z € C}.

A Hadamard matrix H of order n is an n x n matrix whose entries are
from {1, —1} such that HH” = nl, where H” is the transpose of H and
I is the identity matrix. It is known that the order n is necessarily 1,2,
or a multiple of 4. A Hadamard matrix is normalized if its first row and
column consist entirely of 1’s. Two Hadamard matrices H and H’ are said
to be equivalent if there exist (0, £1)-signed permutation matrices P, () with
H' = PHQ. All Hadamard matrices of orders up to 28 have been classified
(see [5]), and there are at least 13,708, 126 inequivalent Hadamard matrices
of order 32 (see [4]).

Let H, be a Hadamard matrix of order n. Let C'(H,,) be the ternary code
with generator matrix ( I , H, ), where entries of the matrix are regarded as
elements of F3. It is known that if n = 8 (mod 12), then C(H,,) is self-dual
[2]. Moreover, it was shown that if H is the Paley-Hadamard matrix of order
32, then C(H) is an extremal self-dual code of length 64 [2]. The goal of
this paper is to give the following coding theoretic characterization of the
Paley-Hadamard matrix of order 32.

Theorem 1. Let H be a Hadamard matriz of order 32. Let C(H) be the
ternary self-dual code of length 64 with generator matriz ( I , H ). The
code C(H) is extremal if and only if H is equivalent to the Paley-Hadamard
matriz.

Remark 2. Only the above code is a currently known extremal self-dual code
of length 64 (see [7, Table XIIJ).

In the process of proving the above theorem, we have the following par-
tial classification of Hadamard matrices of order 32 (see Section 3 for the
definition of type 3).



Proposition 3. Let H be a Hadamard matriz of order 32. If both H and
HT are of type 3, then H is equivalent to the Paley-Hadamard matriz.

2 Self-dual codes constructed from Hadamard
matrices

Let H be a Hadamard matrix of order n. Let C'(H) be the ternary code
with generator matrix ( [ , H ), where entries of the matrix are regarded as
elements of 5.

Lemma 4 (Dawson [2]). If n =8 (mod 12), then C(H) is self-dual.
The following lemmas are somewhat trivial, but useful for our approach.

Lemma 5. Let H and H' be Hadamard matrices of order n. If H and H'
are equivalent, then C(H) and C(H') are equivalent.

Proof. See e.g., [3, Lemma 3.1]. O

Thus, for the remainder of this paper, we assume that a Hadamard matrix
is normalized, unless specified otherwise.

Lemma 6. Ifn =8 (mod 12), then C(H) and C(HT) are equivalent.

Proof. Since the dual code of C'(H) has generator matrix (—HT , I), C(H)*
and C(HT) are equivalent. Since C(H) is self-dual, C(H) and C(HT) are
equivalent. n

The unique Hadamard matrix of order 8 constructs an extremal self-dual
code of length 16 denoted by 2fs in [1]. The three inequivalent Hadamard
matrices of order 20 construct three inequivalent extremal self-dual codes of
length 40 [3]. For order 32, if H is the Paley-Hadamard matrix, then C'(H)
is an extremal self-dual code of length 64 [2].



3 Hadamard matrices of order 32

3.1 Types of Hadamard matrices

By permuting and negating rows and columns, any four rows of a Hadamard
matrix of order n can be converted to the following form:

la ]-a ]-a ]-a ]-b ]-b ]-b ]-b

(1) ]-a ]-a _]-a _]-a 1b ]-b _]-b _1b
]-a _]-a ]-a _]-a 1b _]-b ]-b _lb ’
]—a _1a _1a 1a _]—b ]-b 1b _1b

where 1,, denotes the all-one vector of length m, a +b=n/4 and 0 < a <
[n/8]. The set of four rows, which has the above form, is called type a, due
to [5]. A Hadamard matrix is of type a if it has a set of four rows of type a
and no set of four rows of type @’ < a. For order 32, there are five types of
sets of four rows, namely types 0,1,2,3 and 4.

We remark that types of Hadamard matrices given in [4] were defined
for sets of four columns, and it has been shown that there are 13,680, 757
inequivalent Hadamard matrices of order 32 which are of type 0 and there
is no Hadamard matrix of order 32 which is of type 4. Hence, there are
13,680, 757 inequivalent Hadamard matrices H of order 32 such that H”
are of type 0, and there is no Hadamard matrix of type 4 in our sense [4].
In the next subsection, we give a proof of the latter result for the sake of
completeness.

In the next subsections, we consider Hadamard matrices of each type.
In the remaining part of the paper, H denotes (K + J)/2, where K is a
normalized Hadamard matrix of order 32 and J is the matrix with all one
entries.

3.2 Type4
Lemma 7 ([4]). For order 32, there is no Hadamard matriz of type 4.

Proof. Let H be a Hadamard matrix of type 4. We may assume that H has



the following form:

1111 (1111|1111 {1111 | 11212 ) 1111 (1111|1111
1111 | 1111 | 0000 | 0000 | 1111 | 1111 | 0000 | 0000
1111 | 0000 | 1111 | 0000 | 1111 | 0000 | 1111 | OC00 |,
1111 | 0000 | 0000 | 1111 | 0000 | 1111 | 1111 | 0000

Vo U1 V2 U3 2} Us Vg U7

where v; (i = 0,1,...,7) are vectors of length 4. Let n; denote the number
of 1’s in v;. From the orthogonality of the 5-th row to each of the other rows,
we have the following:

n0+n1+n2+n3+n4+n5+n6+n7:16,
no—i—m—ng—n3+n4+n5—n6—n720,
no—m+n2—n3+n4—n5+n6—n720,

no—m—n2+n3—n4—|—n5+n6—n7:().
Moreover, since the following fours set of four rows
{Tlv Tro,T3, T5}, {Tlv To,Ty, T5}, {Th T3, Ty, T5}, {T27 T3, Ty, T5},

are also of type 4, where r; denotes the i-th row in the above matrix, we also
have the following:

Nng +Ng =Ny + N5 = ng + Ng = N3 + ny = 4,
Ng+ N5 =n1+ Ny =nNg +ny=nz+ng =4,
ng +Ng =Ny +ny =ng +nyg =ng + ns =4,
no+ @4 —n7)=n1+ (4 —ng) = (4 —n2) +n5 =(4—n3) +ny =4,

respectively. This system of the equations has the following unique solution:
Ng=N1 =Ny =N3 =Ny = N5 =Ng =Ny = 2.
Hence, the i-th row of H has ng = 2 for ¢ = 5,6,...,32. This gives the

nonexistence of a Hadamard matrix of type 4. m

3.3 Types 0 and 1

Lemma 8. Let H be a Hadamard matrix of order 32. If H has a set of four
rows of type 1, then H” is of type 0.



Proof. We may assume that H contains the following five rows:

171 1 1 (1111111 }11112121 (11121211 (1111111
1{1 0 0 ]1111111| 1111111 | 0000000 | OOOOOOO
110 1 O 1111111 0000000 | 1111111 | 0000000 |,
110 O 1 (0000000 |1111111 (1111111 | 0000000
1|vy vy w3 Uy Vs Vg VU7

where v; (i = 1,2, 3) are vectors of length 1 and v; (i = 4,5,6,7) are vectors
of length 7. Let n; denote the number of I’sin v; (i =1,2,...,7). From the
orthogonality of the 5-th row to each of the other rows, we have the following;:

ny + N9 + ng + ng + ns + ng +ny = 15,

Ny —MNg — N3 + Ny +ns —ng —ny = —1,
—n1+n2—n3+n4—n5+n6—n7:—1,
—N1 —Ng + N3 — Ny + N5 +ng —ny = —1.

This implies that

n=14ng—ny,no=14+n5—ny,n3=7—n5—ng,ng =6 —ns —ng + nr,

then ny +ng +n3 =9 —2n; =1 (mod 2). Therefore, we have the following:
(ny,mn2,n3) = (1,0,0), (0,1,0),(0,0,1) or (1,1,1).

Let r; = (1, vy, ve, U3, Vg, Us, Vg, v7) denote the i-th row of H. Let s,t,u and v
be the numbers of ¢ (i = 5,6,...,32) with

(Uly V2, U3> = (17 17 1)7 (17 07 0)7 (07 17 0) and (OJ 07 1)7

respectively. Note that s+t + u+ v = 28. From the orthogonality of among
i-th columns (i = 2, 3,4),

s+tv—t—u=0,s+u—t—v=0,s+t—u—v=0.

Therefore, s =t = u = v = 7, and the set of the first four rows of H” is of
type O. [

Lemma 9. If H is of type 0 or 1, then C(H) is not extremal.



Proof. There is a codeword of weight 12 corresponding to some linear com-
bination of the four rows of type 0. For a Hadamard matrix H of type 1,
by Lemma 8, H” is of type 0. Hence, C(HT) contains a codeword of weight
12. Since C(H) is self-dual, C(H) and C(H") are equivalent, by Lemma 6.
Hence, if H is of type 0 or 1, then C'(H) contains a codeword of weight 12,
that is, C'(H) is not extremal. O

Remark 10. By Lemmas 6 and 9, the 13,680,757 inequivalent Hadamard
matrices found in [4] give no extremal self-dual code.

3.4 Type 2

Suppose that H is of type 2. By Lemma 6, C(H) and C'(H') are equivalent.
By Lemma 9, if HT is of type 0 or 1, then C'(H) is not extremal. Hence, we
may assume that H” has no set of four rows of type 0 or 1. Moreover, we
may assume that H has the following form:

111111 |11 | 111111 | 111111 | 111111 | 111111

11 11|00 |00 |111111 | 111111 | 000000 | OOOOOO
11100|11}00 | 111111 | 000000 | 111111 | 000000 |,
11 /00|00 | 11 | 000000 | 111111 | 111111 | OOO00O

Vo | U1 | U2 | U3 V4 (% Vg (%4

where v; (i = 0,1, 2, 3) are vectors of length 2 and v; (i = 4,5, 6,7) are vectors
of length 6. Let n; denote the number of 1’s in v;. From the orthogonality
of the 5-th row to each of the other rows, we have the following:

nog + N1+ no +nz + ng + ns + ng + ny = 16,
Ng + MmNy — Ny — Nz +ng +ns —ng —ny =0,
no—m+n2—n3+n4—n5+n6—n720,

Ng — N1 — Ng + N3z —nyg + ns +ng —ny = 0.
We remark that this gives
1
Ty :4—1—5(—710 — 1Ny —n2+n3),n5 :4—1—5(—710 — 1N +n2 —ng),

n6:4+§(—n0+n1—ng—ng),n7:4+§(n0—n1—ng—ng).



Table 1: (ng, n1,ng, n3) for the solutions s;

S; nogo mni1 N2 N3 S; nogo N1 N2 N3 S; ngp N1 N2 N3
S1 2 2 2 2 510 2 0 2 2 519 1 1 2 2
S92 2 2 2 0 S11 2 0 2 0 5920 1 1 2 0
S3 2 2 1 1 512 2 0 1 1 5921 1 1 1 1
sg 12 2 0 2 s3] 2 0 0 2 |sp|l 1 0 2
S5 2 2 0 0 S14 2 0 0 0 S$923 1 1 0 0
s6 | 2 1 2 1 | s15| 1 2 2 1 | 524 1 0 2 1
St 2 1 1 2 S16 1 2 1 2 S925 1 0 1 2
ss| 2 1 1 0 fs7| 1 2 1 0fs|1 0 1 0
S9 2 1 0 1 518 1 2 0 1 597 1 0 0 1

Since H is normalized, vo = (11) or (10). Hence, np = 2 or 1. Under this
condition, this system of equations has 27 solutions s; (i = 1,2,...,27),
where (ng, n1,ng,n3) are listed in Table 1 for each solution s;.

By considering the orthogonality of columns, types of sets of four columns
among the first eight columns, and the condition that C(HT) is extremal, we
determined the sets of the possible solutions s;,, s;,, - - . , Sis, corresponding to
the rows 75,76, . .., 732, respectively, where r; denotes the j-th row of H. By
permuting rows, it is sufficient to consider the possible solutions under the
following conditions:

1. dsig, - yite € {1,2, ..., 14},
2. i17,%18,...,139 € {15, 16, .. .,27},
3. ijgij+1f0rj:5,6,...,31.

Then there are 43 such sets, and the solutions (is, 4, . .., i32) are listed in
Table 2. By considering the possible solutions in Table 2, we constructed
32 x 8 submatrices in Figure 1, column by column. Then we found 1045
12 x 6 matrices A; in Figure 1. For each of the 1045 matrices Ay, based on
the possible solutions in Table 2, we tried to construct Hadamard matrices,
row by row under the assumption that H is of type 2, H? has no set of four
rows of type 0 and 1, and C(H) is extremal. However, no Hadamard matrix
is obtained under the above assumption. Therefore, we have the following:

Lemma 11. If H is of type 2, then C(H) is not extremal.



Table 2: Possible solutions for each row r; (j = 5,6,...,32)

w

i i et et e i R
wwwwwwwwuwwwwwwww
W WWWWWWWWWWwwwwowow
uC}'!
ODCD@C%@GJCDCDQ@C)GBGBCD@@GB

w

JCO

\’C&D

o

w

w

ot

,12,13,16,17,19, 20, 21, 21,21, 21, 21, 21, 21, 21, 22, 23, 25, 26
,12,12, 16, 16, 20, 20, 20, 21,21, 21, 21, 21, 21, 22, 23, 23, 25, 25
,12,12,16,17,19, 20, 20, 21,21, 21, 21, 21, 21, 22, 22, 23, 25, 26
2,13,15,16, 20, 21, 21,21, 21, 21, 21, 21, 21, 22, 23, 23, 24, 25
2,13,15,18, 19,20, 21, 21, 21, 21,21, 21, 21, 21, 22, 23, 25, 26
2,12,15,16, 20, 20, 21,21, 21, 21, 21, 21, 22, 22, 23, 23, 24, 25
2
2

ot

a

(31

(21

ot

ot

,12,15,17,19,20, 21, 21,21, 21, 21, 21, 22, 22, 22, 23, 24, 26
,12,15, 18,19, 20, 20, 21, 21,21, 21, 21, 21, 22, 22, 23, 25, 26

P e e e e N e e e e s
NN NN O OO0 OO 00 0o 00 00 00 00
NSNS NSNS NSNS A S e e N

1
1
1
1
1
1
1

2,12,13,16, 16, 17,20, 21, 21, 21,21, 21, 21, 22, 23, 23, 24, 24, 25
2,12,13, 16, 16, 18, 20, 20, 21, 21,21, 21, 21, 21, 23, 23, 24, 25, 25
2,12,13,16, 17, 18,19, 20, 21, 21,21, 21, 21, 21, 22, 23, 24, 25, 26

)
)
)
)
)
)
,12,13,15,16,17,21,21,21, 21,21, 21,22, 22,23, 23, 24, 24, 24)
,12,13,15,16,18, 20,21, 21, 21,21, 21,21, 22,23, 23, 24, 24, 25)
)
)
)
)
)
)
)

,13,15,18, 18,19, 20, 21,21, 21, 21, 21, 21, 22, 23, 24, 25, 26

2
2,13,15,16,17,21,21, 21,21, 21,21, 21, 22, 23, 23, 24, 24, 25
2,13,15,17,18,19,21, 21,21, 21, 21, 21, 21, 22, 23, 24, 25, 26
2,1
2

,12,15,16,17, 20, 21, 21,21, 21, 21, 22,22, 23, 23, 24, 24, 25
,12,15,17,17,19, 21, 21,21, 21, 21, 22,22, 22, 23, 24, 24, 26
,12,12,15,17, 18,19, 20,21, 21, 21, 21, 21, 22, 22, 23, 24, 25, 26
,12,12, 15,18, 18,19, 20, 20, 21, 21, 21, 21, 21, 22, 23, 25, 25, 26

1
1
1
1
1
1
1
1

AN AN AN AN AN AN AN AN N N N S N S
O e e e e e e e e e e e
WWWWWWWWWWWwWwowwow
OJWWWOJWWQCOWWWOJCOWCO
OJCDG)GB@OD@\_@G)@GD@@G)@\.W
ﬂﬂﬂﬂ\]\]\]u\]\]@@@@@@
00 00 OO 00 00 00 Q0 G0 00 Q0 00 QO QO 00 QO
Q0 00 00 00 00 00 0 0 00 © © © 0 00 o <
@@@@@@OOQOOOO@@@@@@
@CDQDCD(D@CD“@@@@CO@@@
= R R e e e e e e e e e e e

(3,3,3,3,6,6,9,9,12,12,12,12, 16, 16, 19, 20, 20, 20, 21, 21, 21, 21, 22, 23, 23, 23, 25, 25)
(3,3,3,3,6,6,9,9,12,12,12,12,16,17, 19, 19,20, 20, 21, 21, 21, 21, 22, 22, 23, 23, 25, 26)
(3,3,3,3,6,7,8,9,12,12,12,12, 15, 16, 19, 20, 20, 21, 21, 21, 21, 22, 22, 23, 23, 23, 24, 25)
(3,3,3,3,6,7,8,9,12,12,12,12, 15,18, 19, 19, 20, 20, 21, 21, 21, 21, 22, 22, 23, 23, 25, 26)
(3,3,3,6,6,6,9,9,9,12,12,12, 16, 16, 16, 20, 20, 20, 21, 21, 21, 21, 23, 23, 23, 25, 25, 25)
(3,3,3,6,6,6,9,9,9,12,12,12,16, 16,17, 19, 20, 20, 21, 21, 21, 21, 22, 23, 23, 25, 25, 26)
(3,3,3,6,6,7,8,9,9,12,12, 12,15, 16, 16, 20, 20, 21, 21, 21, 21, 22, 23, 23, 23, 24, 25, 25)
(3,3,3,6,6,7,8,9,9,12,12,12, 15,16, 17, 19, 20, 21, 21, 21, 21, 22, 22, 23, 23, 24, 25, 26)
(3,3,3,6,6,7,8,9,9,12,12,12, 15, 16, 18, 19, 20, 20, 21, 21, 21, 21, 22, 23, 23, 25, 25, 26)
(3,3,6,6,7,7,8,8,9,9,12,12, 15,15, 16, 17, 21, 21, 21, 21, 22, 22, 23, 23, 24, 24, 25, 26)
(3,3,6,6,7,7,8,8,9,9,12,12, 15,15, 16, 18, 20, 21, 21, 21, 21, 22, 23, 23, 24, 25, 25, 26)
(3,3,6,6,7,7,8,8,9,9,12,12, 15,16, 17, 18,19, 20, 21, 21, 21, 21, 22, 23, 24, 25, 26, 27)

9



11 | 111111 | 111111 | 111111 | 111111 | 111111
11 | 110000 | 111111 | 111111 | 000000 | 000000
11 | 001100 | 111111 | 000000 | 111111 | 000000
11 | 000011 | 000000 | 111111 | 111111 | 000000
11

H— 1:1 Ay
10
10
10
10
Figure 1: A Hadamard matrix of type 2
3.5 Type 3

Suppose that H is of type 3. If H” is of type 0,1 or 2, then by Lemmas 6, 9
and 11, C'(H) is not extremal. Hence, for the remainder of this subsection,
we assume that both H and H” are of type 3, unless specified otherwise.

We first show that every Hadamard matrix of type 3 has a set of rows of
type 4. To make it computationally feasible, it is better to use the four rows
of type 4.

Lemma 12. If both H and H' are of type 3, then H contains a set of four
rows of type 4.

Proof. We may assume that H contains the following five rows:

11111 | 111 | 111 | 111 | 111 | 11111 | 11111 | 11111
11111 | 111 | 111 | 000 | 000 | 11111 | 00000 | 00000
11111 | 111 | 000 | 111 | 000 | 00000 | 11111 | 00000 |,
11111 | 000 | 111 | 111 | 000 | 00000 | 00000 | 11111

Vo (%} V2 V3 (7 Vs Vg U7

=
I

where v; (i = 0,5,6,7) are vectors of length 5 and v; (i = 1,2, 3,4) are vectors
of length 3. Let n; denote the number of 1’s in v;. We remark that the above
form is slightly different from that in (1). Because there are eight columns
such that all entries in the first three rows are 1 from the property of the
corresponding Hadamard 2-designs, we take these columns as the first eight

10



ones. Moreover, we may assume that vy has the form of one of the following
three cases:

Case 3-1 3-2 3-3
vo | (11111) | (11110) | (11100)

e Case 3-1: First we show that n; = ny = ng = 0 and ny = 3. Suppose
contrary, that is, for some i (i = 1,2,3) n; > 0 or ny < 2. Then there
is a set of four rows among the first five rows which is of type < 2.
Hence, ny = ny = n3 = 0 and ny = 3. From the orthogonality of the
5-th row to each of the other rows, we have the following:

n5+n6+n7:8,

n5—n6—n7:—2,
—n5+n6—n7:—2,
—7’L5—7’L(5+7’L7:—2.

This system of equations has no solution.

e Case 3-2: From the orthogonality of the 5-th row to each of the other
rows, we have the following:

ny +ng +n3 + nyg + ns + ng + ny = 12,

Ny +ng — N3 —ng +ns —ng — ny = —4,
nl—n2+n3—n4—n5+n6—n7:—4,
—ny +ng +ng —ng —ns —ng +ny = —4.

This gives the following:

n4:n1+n2+n3,n5:4—n1 — Na,
n6:4—n1—n3,n7:—4—n2—n3.
If n, > 2 (i = 1,2,3), then, by interchanging the 5-th row and the
(5 — i)-th row, the set of the first four rows is of type < 2. Then we

may assume that ny < 1, ny <1 and nz < 1. Similarly, we have ny > 2.
Hence, we have the following four possible (ny,ns,n3,n4):

ny N2 N3 7Ny
@1 1 0 2
|1 0 1 2
|0 1 1 2
@1 1 1 3

11



For (a), the set of the i-th rows (i = 1,3,4,5) is of type 4. Similarly,
for (b) and (c), there is a set of four rows of type 4. For (d), by
interchanging the first row and the second row, the matrix satisfies the
condition (a).

Case 3-3: If for some i n; = 1 (1 = 1,2,3) or ny = 2, then, by in-
terchanging the 5-th row and the j-th row (j = 1,2,3,4), the set of
the first four rows is of type 4. Similarly, if n, = 3 (i = 1,2,3) or
ny = 0, then we have a set of four rows of type < 2. Hence, we have
the following:

(2) ni,na,ng, 3 —ng € {0,2}.

From the orthogonality of the 5-th row to each of the other rows, we
have the following:

ni1 + Ng + ng +ng +ns + ng +ny = 13,

ny+mng —nz —ng+ns —ng —ny = —3,
nl—n2+n3—n4—n5—i—n6—n7:—3,
—n1+n2+n3—n4—n5—n6+n7:—3.

So, we have ny + ns + ng = ny + 2. This contradicts (2).

This completes the proof. n

By the above lemma, we may assume that H contains the following five

1111 | 1111 | 1111 | 1111 {1111 | 1111|1111 1111
1111 | 1111 | 1111 | 0000 | 0000 | 1111 | 0000 | OO0O
My = | 1111|1111 |0000 | 1111 | 0000 | 0000 | 1111 | 0000 [,
1111 | 0000 | 1111 | 1111 | 0000 | 0000 | 0000 | 1111
Vo (%1 (%) V3 V4 Vs Vg (V4

where v; (i = 0,...,7) are vectors of length 4. Similar to the proof of
Lemma 12, we consider the above form instead of that in (1). Let n; denote
the number of 1’s in v;. From the property of the corresponding Hadamard
2-designs, we may assume that vy has the form of one of the following two

12



Case 4-1 4-2
v | (1111) | (1110)

e Case 4-2: For n; = 3, we may assume that v; = (1110). The first,
second, third rows and 5-th row can be converted to the following form:

1111 | 1111 | 1111 | 1111 {1111 | 1111|1111 | 1111
1111 | 1111 | 1111 | 0000 | 0000 | 1111 | 0000 | 0000
1111 | 1111 | 0000 | 1111 | 0000 | 0000 | 1111 | 0000 |~
1111 | 1100 (%) Us (1 Us Vg U7

by interchanging the 4-th and 6-th columns. The set of the four rows
is of type 2. For n; = 0 or 4, this case is contained in Case 4-1 by
permuting and negating rows and columns. For n; = 2, the set of
the i-th rows (i = 1,2,3,5,6) of H” is in Case 4-1, which is discussed
below.

Now consider n; = 1. By an argument similar to the above, we may
assume that no = n3 = 1. Indeed, if ny # 1 or ng # 1, then each of
H, HT is in Case 4-1 or of type < 2. From the orthogonality of the 5-th
row to each of the other rows, we have the following:

ng + ns + ng + ny = 10,

—ng +ns —ng — ny = —4,
—n4—n5+n6—n7:—4,
—TL4—7’L5—TL@+TL7:—4.

This system of equations has the following unique solution:
ng = 1,n5 =3,n¢g = 3,n7 = 3.

By considering permutations, we may assume that v; = (1000) (i =
1,2,3,4) and v; = (1110) (¢ = 5,6, 7). Hence, the first five rows are as
follows:

1111|1111 {1111 | 1111 | 1111 | 1111 | 1111|1111
1111 | 1111 {1111 | 0000 | 0000 | 1111 | 0000 | 0000
1111 | 1111 | 0000 | 1111 | 0000 | 0000 | 1111 | 0000
1111 | 0000 | 1111 | 1111 | 0000 | 0000 | 0000 | 1111
1110 | 1000 | 1000 | 1000 | 1000 | 1110 | 1110 | 1110

By considering the i-th rows (i = 2,3,4,5), H is of type < 2.

13



e Case 4-1: If for some i n; > 2 (i = 1,2,3), then, by interchanging the
5-th row and the (5 —i)-th row, the set of the first four rows is of type
< 2. Then we may assume that ny < 1, no <1 and ng < 1. Similarly,
we have ny > 3. From the orthogonality of the 5-th row to each of the
other rows, we have the following;:

n1+n2—|—n3+n4+n5+n6+n7:12,

n1+n2—n3—n4+n5—n6—n7:—4,
nl—n2+n3—n4—n5+n6—n7=—4,
—n1+n2+n3—n4—n5—n6+n7:—4.

Hence, we have n; 4+ ny + n3 = ng, which gives:

ny=ny=n3=1and ng = 3.

Since HT is of type 3, we may assume that H has the form given in
Figure 2 which is not a normalized Hadamard matrix. This form is
obtained by negating the i-th rows (i = 15,16,17) and the j-columns
(7 =17,18,19,20) of a normalized Hadamard matrix. The above form
reduces our computation for finding the possible Hadamard matrices
by considering the conditions given below.

Let H' be the submatrix of the (0, 1)-Hadamard matrix (H +.J)/2 con-
sisting of the i-th rows (i = 6, ...,32) and j-th columns (j =5, ..., 32).
Here we define an order on the set of (0, 1)-vectors of length 28. For a
(0, 1)-vector v = (eq, ea, ..., eg) of length 28, we define

4

alv) = Z 8" My iy,
i=1

16

B(v) = 2%a(v) + Z 2'67Je; and

j=1
28
y(v) =22B(v) + Z 2% e,
j=17

where o is a permutation of {1, 2, 3,4} satisfying n,a) > ne(2) = ne(s) >
710-(4) for n; = 464i—3 + €4i—2 + €4,—1 + €44 (Z = 1, 2, 3,4) In fact, ’Y(U)
gives a total order in the set of vectors of length 28.
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1111
1111
1111
1111

1111
1111
1111
0000

1111
1111
0000
1111

1111
0000
1111
1111

0000
1111
1111
1111

1111
1111
0000
0000

1111
0000
1111
0000

1111
0000
0000
1111

1111

1000

1000

1000

1000

1100

1100

1100

1110
1110
1110

A1

A2

A1z

A1 g

1101
1101
1101

Az

Az 2

Az 3

Az g

1011
1011
1011

Az

Az 2

A3z

Az

H="p111
0111
0111

Asn

Ay

Ay

1100

1100

1010

1010

1001

1001

Figure 2: A Hadamard matrix in Case 4-1

Each of A, ; in H can be moved to the place of A;; preserving the i-th
rows (i = 1,2,3,4,5) and the j-th columns (j = 1,2, 3,4) by permuting
rows and columns and negating some of i-th rows (i = 18,19,...,32)
and some of j-th columns (j = 17,18, ...32). Hence, by permuting and
negating rows and columns, H can be converted to a matrix preserving
the i-rows (i = 1,2,3,4,5) and the j-th columns (j = 1,2,3,4) of H
and satisfying the following conditions:

Br1) = max{5(r) | a(r) = a(r),r € {0, 1}*},
Y\ Z 7(7%‘+1) Z V(TH—Q) for ¢ = ]-7 4» 77 107

1. 5(

2. y(r;)
3. ()
4. ~y(ry)

YT
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> 7(ra) 2 y(r7) = ¥(r10) and
> Y(rig1) = Y(riv2) > Y(rigs) > y(riga) for i = 13,18, 23,




where r; is the i-th row of its 27 x 28 submatrix H'.

Starting from the first five rows, we tried to construct Hadamard ma-
trices H, row by row under the above four conditions in such a way
that both H and H7 are of type 3. We found exactly twelve Hadamard
matrices. Finally, we verified that each of the matrices and their trans-
posed matrices is equivalent to the Paley-Hadamard matrix.

The above argument shows that if both H and H” are of type 3, then H
is equivalent to the Paley-Hadamard matrix, which completes the proof of
Proposition 3. In addition, by considering the case which does not assume
that H7 is of type 3, we have the following:

Lemma 13. If H is of type 3, then either H is equivalent to the Paley-
Hadamard matriz or C(H) is not extremal.

By Lemmas 9, 11 and 13, any Hadamard matrix H of order 32 satisfies
one of the following:

(1) H is equivalent to the Paley-Hadamard matrix,
(2) C(H) is not extremal.

This completes the proof of Theorem 1.
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