
Classification of ternary extremal self-dual

codes of length 28

Akihiro Munemasa
(joint work with Masaaki Harada and Boris Venkov)

December 5, 2007



Self-dual codes

Self-dual codes

Lattices from codes

Minimum weight

Minimum norm

Bacher–Venkov

Code from lattice

Equivalence

Sufficient condition

Result

Remark

東北大学　情報科学研究科　宗政昭弘 第 7回「代数学と計算」 – 2 / 11

p: prime,Fp: finite field

a linear codeC ⊂ Fn
p is self-orthogonalif C ⊂ C⊥

⇐⇒ ∀x, y ∈ C, (x, y) = 0

C: self-dual
⇐⇒ C = C⊥

⇐⇒ self-orthogonal & dimC = n
2
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π : Zn → Fn
p

π−1(C)→ C

C ⊂ C⊥

⇐⇒ ∀x, y ∈ C, (x, y) = 0
⇐⇒ ∀u, v ∈ π−1(C), (u, v) ≡ 0 (mod p)
⇐⇒ 1√

pπ
−1(C) integral lattice(Construction A)

C = C⊥

⇐⇒ 1√
pπ
−1(C) and det

(

1√
pπ
−1(C)

)

= 1 (unimodular)
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C ⊂ Fn
3: ternary self-dual code

minC = min{wt(x) | x ∈ C, x , 0}
wt(x) = #(nonzero coordinates)

Theorem (Mallows–Sloane, 1973). minC ≤ 3
[

n
12

]

+ 3.

Call C extremalif = holds.

n minC # extremal classified by
4 3 1
8 3 1
12 6 1 Mallows–Pless–Sloane (1976)
16 6 1 Conway–Pless–Sloane (1979)
20 6 6 Pless–Sloane–Ward (1980)
24 9 2 Leon–Pless-Sloane (1981)
28 9 ? Harada–M.–Venkov (2007)
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C ⊂ F28
3 : extremal (minC = 9) self-dual code

=⇒ #{x ∈ C | wt(x) = 9} = 2184
L = 1√

3
π−1(C): unimodular

{u ∈ L | ‖u‖2 = 1 or 2}
= 1√

3
{v ∈ Z28 | ‖v‖2 = 3 or 6, v mod 3∈ C} = ∅

{u ∈ L | ‖u‖2 = 3} corresponds to

frames
{x ∈ C | wt(x) = 9} {± 1√

3
3ei | i = 1, . . . ,28}

↓ ↓
2184 + 56= 2240
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R. Bacher and B. Venkov (2001) classified unimodular
lattices in dimension 28 with theta series

1+ 0 · q + 0 · q2 + 2240q3 + · · ·

There are 36 such lattices up to isometry.

2240 norm 3 vectors inL = 1√
3
π−1(C)

2184 weight 9 vectors inC 2× 28 frame vectors
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L: unimodularlattice, dimL = n
L ∋ f1, . . . , fn: 3-frame, i.e., (fi, f j) = 3δi j

=⇒
C = {u mod 3| u ∈ Zn, 1

3

∑n
i=1 ui fi ∈ L}

is aself-dualcode with 1√
3
π−1(C) = L.

Often there are a lot of cliques (3-frames)
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Lemma. C1,C2 ⊂ Fn
3, L � 1√

3
π−1(C1) � 1√

3
π−1(C2). Then

C1 � C2 iff frames fromC1 andC2 are Aut(L)-conjugate.

Improved program
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Lemma. L: unimodular lattice in dimension 28 with
minimum norm 3.
u1, u2 ∈ L, ‖u1‖2 = ‖u2‖2 = 3, (u1, u2) = 0.
S : the set of vectors of norm 3 inL∗0 \ L,
whereL∗0 is the dual of the even sublattice ofL.
∃ 3-frame containingu1 andu2

=⇒ ∄u ∈ S s.t. |(u, u1)| = |(u, u2)| = 3/2.

Modification of program:add a restriction to remove
unnecessary edges
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Lattice #Frames # Aut(L) #codes
1 4144 8 1036
2 4804 16 735
3 4218 16 589
...

...
...
...

28 0 7680 0
...

...
...
...

36 12908160 18341406720 3
total 6931

i = 1: all the4144frames can be enumerated.
i = 36: all the12908160frames could not be enumerated. But
Aut(L) acts transitively on the set of three mutually
orthogonal vectors of norm 3.
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One of the lattices (the 36th) in the classification of
Bacher–Venkov is obtained from Sp6(F3).

3-frames
↔ symplectic spreads
↔ translation planes of order 27
(classified by Dempwolff (1994))
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