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March 6, 2015
Finite Geometries and Combinatorial Designs

Tokyo University of Science

Akihiro Munemasa Turyn’s construction



Goldberg (1966) C(n + 1) =⇒ C(n3 + 1)

Symmetric conference matrix with core C:

W =

[
0 1
1> C

]
: (n+ 1)× (n+ 1) matrix with entries in {0,±1},

C = C>, C ◦ I = 0, CJ = 0, C2 = nI − J.

Then

D = C ⊗ C ⊗ C − I ⊗ J ⊗ C − C ⊗ I ⊗ J − J ⊗ C ⊗ I

=⇒ W̃ =

[
0 1
1> D

]
: symmetric conference matrix.
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Assume C: n× n matrix with entries in {0,±1}.

C = C>, CJ = 0, C ◦ I = 0, C2 = nI − J

D = B0 +B1 +B2 +B3, where

B0 = C ⊗ C ⊗ C

B1 = −I ⊗ J ⊗ C

B2 = −C ⊗ I ⊗ J

B3 = −J ⊗ C ⊗ I

D2 = (B0 +B1 +B2 +B3)
2 = n3I − J.
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Assume C: n× n matrix with entries in {0,±1}.
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Assume C: n× n matrix with entries in {0,±1}.

C = C>, CJ = 0, C ◦ I = 0, C2 = nI − J

D = B0 +B1 +B2 +B3, where

B2
0 = (nI − J)⊗ (nI − J)⊗ (nI − J)

B2
1 = −nI ⊗ (−J)⊗ (nI − J)

B2
2 = −(nI − J)⊗ nI ⊗ (−J)

B2
3 = −(−J)⊗ (nI − J)⊗ nI
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1 +B2
2 +B2

3
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B2
0 = (x1 + y1)(x2 + y2)(x3 + y3)

B2
1 = −x1y2(x3 + y3)

B2
2 = −(x1 + y1)x2y3

B2
3 = −y1(x2 + y2)x3

sum = x1x2x3 + y1y2y3

D2 = B2
0 +B2

1 +B2
2 +B2

3

= nI ⊗ nI ⊗ nI + (−J)⊗ (−J)⊗ (−J).

= n3I − J.

=⇒ ∃C(n3 + 1).

Seberry (1969) found analogous construction for
C(n5 + 1), C(n7 + 1).
Different method by Belevitch (1950) for C(n2 + 1).
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Turyn (1971)

Theorem

∃ symmetric conference matrix of order n+ 1
=⇒ ∃ symmetric conference matrix of order nk + 1
for any odd positive integer k.

Akihiro Munemasa Turyn’s construction
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Theorem

∃ symmetric conference matrix of order n+ 1
=⇒ ∃ symmetric conference matrix of order nk + 1
for any odd positive integer k.

Assume

C = C>, C ◦ I = 0, CJ = 0, C2 = nI − J

D = C ⊗ · · · ⊗ C

· · ·
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Turyn (1971)

Theorem

∃ symmetric conference matrix of order n+ 1
=⇒ ∃ symmetric conference matrix of order nk + 1
for any odd positive integer k.

k = 3:

D =

C ⊗ C ⊗ C
−I ⊗ J ⊗ C
−C ⊗ I ⊗ J
−J ⊗ C ⊗ I

satisfies
DJ = D ◦ I = 0,
D2 = n3I − J.

=⇒ W̃ =

[
0 1
1> D

]
: symmetric conference matrix.
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Turyn (1971)

Theorem

∃ symmetric conference matrix of order n+ 1
=⇒ ∃ symmetric conference matrix of order nk + 1
for any odd positive integer k.

Assume

C = C>, C ◦ I = 0, CJ = 0, C2 = nI − J

D = C ⊗ · · · ⊗ C

−
∑

replace some C ⊗ C with I ⊗ J
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Turyn (1971)

Theorem

∃ symmetric conference matrix of order n+ 1
=⇒ ∃ symmetric conference matrix of order nk + 1
for any odd positive integer k.

Assume

C = C>, C ◦ I = 0, CJ = 0, C2 = nI − J

D = C ⊗ · · · ⊗ C

−
(k−1)/2∑

t=1

replace t C ⊗ C’s with I ⊗ J ’s

Summands are disjoint, orthogonal D2 = nkI − J?
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C2 = nI − J , J2 = nJ

D = C ⊗ · · · ⊗ C

−
∑

replace t C ⊗ C’s with I ⊗ J ’s

D2 = C2 ⊗ · · · ⊗ C2

−
∑

(replace t C ⊗ C’s with I ⊗ J ’s)2

xi = nI, yi = −J
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C2 = nI − J , J2 = nJ

D2 = (nI − J)⊗ · · · ⊗ (nI − J)

−
∑

replace t (nI − J)⊗ (nI − J)’s with I ⊗ nJ ’s

D2 = (nI − J)⊗ · · · ⊗ (nI − J)

−
∑

replace t (nI − J)⊗ (nI − J)’s with nI ⊗ J ’s

D2 = (nI − J)⊗ · · · ⊗ (nI − J)

−
(k−1)/2∑

t=1

(−1)treplace t (nI − J)⊗ (nI − J)’s with nI ⊗ (−J)’s

xi = nI, yi = −J

Akihiro Munemasa Turyn’s construction
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(x1 + y1)⊗ · · · ⊗ (xk + yk)

−
(k−1)/2∑

t=1

(−1)treplace t (xi + yi)⊗ (xi+1 + yi+1)’s with xi ⊗ yi+1’s

= x1 · · ·xk + y1 · · · yk

This is a consequence of the inclusion-exclusion, or more
generally, the Möbius inversion.
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generally, the Möbius inversion.

Akihiro Munemasa Turyn’s construction



Inclusion-Exclusion

f : A → M , M : abelian group.
A1, . . . , Ak ⊂ A.

∑
a∈

⋃k
i=1 Ai

f(a) = −
k∑

t=1

(−1)t
∑
|T |=t

∑
a∈

⋂
i∈T Ai

f(a).

If f = 1 : A → Z, then

|
k⋃

i=1

Ai| = −
k∑

t=1

(−1)t
∑
|T |=t

|
⋂
i∈T

Ai|.
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A weighing matrix of order n and weight w, denoted W (n,w),
is a (0,±1) matrix W satisfying WW> = wI.

Theorem

Let k be odd.

∃W (ni + 1, w) (i = 1, . . . , k) =⇒ ∃W (n1n2 · · ·nk + 1, wk).

Originally formulated by Craigen (1992).
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