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1 Cyclotomic association schemes

In this section, we define cyclotomic association scheme (or cyclotomic scheme)
of class e on GF (q). We shall establish the relationship with its character table
and Gauss sums.

Definition. Let q be a prime power and e be a divisor of q − 1. Fix a generator
α of the multiplicative group of GF (q). Then 〈αe〉 is a subgroup of index e and
its cosets are 〈αe〉αi, i = 0, . . . , e − 1. Define

R0 = {(x, x)|x ∈ GF (q)}

Ri = {(x, y)|x, y ∈ GF (q), x − y ∈ 〈αe〉αi−1}, (1 ≤ i ≤ e)

R = {Ri|0 ≤ i ≤ e}
Then (GF (q),R) forms an association scheme and is called the cyclotomic
scheme of class e on GF (q). The character table of the cyclotomic scheme
is the first eigenmatrix of the association scheme. We will not give a formal
definition here, instead, we show how to construct the character table of cy-
clotomic scheme from the character table of elementary abelian group. For a
discussion of association scheme in general and the definition of the character
table, see [2].

Consider the character table T of the additive group of F = GF (q):

T = (χ(a))χ∈F̂ ,a∈F

The rows of T are indexed by the set of additive characters, the columns of T
are indexed by F . The coset decomposition by the subgroup 〈αe〉 is a partition
of F − {0}. Consider the q by e + 1 matrix T ′ whose rows are

(1,
∑

β∈〈αe〉

χ(β),
∑

β∈〈αe〉α

χ(β), . . . ,
∑

β∈〈αe〉αe−1

χ(β))
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where χ runs through F̂ . Then T ′ has exactly e+1 distinct rows. The character
table P of the cyclotomic scheme is the e+1 by e+1 submatrix of T ′ consisting
of e + 1 distinct rows. The rows of P can be rearranged in such a way that

P =


1 f · · · f
1
... P0
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with q = 1 + ef , P0 =

∑e−1
i=0 ηiC

i, where C is the e by e matrix:

C =


1

1
. . .

1
1


The matrix P0 is called the principal part of the character table. The number
ηi’s are called Gaussian periods, given by

ηi =
∑

β∈〈αe〉αi−1

χ(β)

for a fixed nontrivial additive character χ. Let T be a nonsingular matrix such
that

T−1CT =


1

ξ
ξ2

. . .
ξe−1


where ξ is a primitive e-th root of unity. Then we have

T−1P0T =
e−1∑
i=0

ηiT
−1CiT

= diag(
e−1∑
i=0

ηi,

e−1∑
i=0

ηiξ
i, . . . ,

e−1∑
i=0

ηiξ
(e−1)i)

= diag(G(ψ0, χ), G(ψ, χ), . . . , G(ψe−1, χ))

where ψ is the multiplicative character of F defined by ψ(αj) = ξj , j = 0, 1, . . ..
Therefore, the eigenvalues of P0 are Gauss sums.
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Theorem 1 (Davenport-Hasse [6]) Let K = GF (qs) be an extension of
F = GF (q), χ an additive character of F , ψ a multiplicative character of F .
Let

ψ̃ = ψ ◦ NK/F

χ̃ = χ ◦ TrK/F

Then we have
G(ψ̃, χ̃) = (−1)s−1G(ψ, χ)s

Suppose that P̃0 is the principal part of the first eigenmatrix of the cyclo-
tomic scheme of class e on GF (qs). Then, by a suitable rearrangement of rows
and columns, the following matrix equation holds

P̃0 = (−1)s−1P s
0

This is simply a direct consequence of Davenport-Hasse theorem.

Example. Let q = r2 be a square and take e = r + 1. Then 〈αe〉 is the
multiplicative group of GF (r). One can readily see that P0 = rI − J . The
spectrum of P0 is (−1)1(r)r. Notice that this fact is essentially equivalent to
Theorem 2. One can apply Davenport-Hasse theorem to conclude that the
principal part of the first eigenmatrix of the cyclotomic association schemes of
class r + 1 on GF (r2s) is given by

−(−r)sI +
(−r)s − 1

r + 1
J

Theorem 2 Let q = r2 be a square, ψ a multiplicative character of order r + 1
of GF (q). Then there exists an additive character χ such that G(ψi, χ) = r for
1 ≤ i ≤ r.

This theorem is a direct consequence of Stickelberger’s theorem [11].

Definition. Let (X,R) be an e-class commutative association scheme. The
association scheme is called pseudocyclic if the multiplicities m1,m2, . . .,md

coincide each other. Notice that if (X,{Ri}0≤i≤d) is pseudocyclic, then the
valencies ki = pi(0) (1 ≤ i ≤ d) coincide each other. More precisely,

Proposition 3 Let (X,{Ri}0≤i≤d) be an association scheme of class d over a
finite set X of cardinality v = 1 + kd, with k = ki for 1 ≤ i ≤ d. Let

B = {Ri(x) | x ∈ X, 1 ≤ i ≤ d}

The following are equivalent.
(i) (X,{Ri}0≤i≤d) is pseudocyclic.
(ii)

∑d
i=1 pj

ii = k − 1.
(iii) B is a 2-(v, k, k − 1)-design.
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Proof. See [[4], Proposition 2.2.7] 2

A pseudocyclic association scheme has the first eigenmatrix of the form
1 f · · · f
1
... P0

1


with |X| = 1 + ef .

2 Amorphic association schemes

In this section, we state a theorem of A. V. Ivanov on amorphic association
schemes, and present the classification of amorphic cyclotomic scheme due to
Baumert, Mills and Ward [3]. Throughout this section, we let p be a prime, ζ a
primitive p-th root of unity. We denote the all one matrix by the same notation
J regardless the size, since no confusion is likely.

First let us define amorphic association schemes. Let {Λj}0≤j≤d′ be a par-
tition of {0, 1, . . . , d} with Λ0 = {0}. Let RΛj

=
∪

i∈Λj
Ri. If (X, {RΛj

}0≤j≤d′)
becomes an association scheme, then it is said to be a fusion scheme of the asso-
ciation scheme (X,{Ri}0≤i≤d). The association scheme (X,{Ri}0≤i≤d) is called
amorphic if (X, {RΛj}0≤j≤d′) is a fusion scheme of the association scheme (X,
{Ri}0≤i≤d) for any partition {Λj}0≤j≤d′ with Λ0 = {0}.

There is a simple criterion in terms of the first eigenmatrix P for a given
partition {Λj}0≤j≤d′ to give rise to a fusion scheme (due to Bannai [1], Muzichuk
[10]): there exists a partition {∆i}0≤j≤d′ of {0, 1, . . . , d} with ∆0 = {0} such
that each (∆i,Λj) block of P has a constant row sum. The constant row sum
turns out to be the (i, j) entry of the first eigenmatrix of the fusion scheme.
Examples of amorphic association schemes are derived from affine planes. The
isomorphism classes of affine planes of order q is in one-to-one correspondence
with the isomorphism classes of association schemes having the same parameters
as the cyclotomic scheme of class q + 1 on GF (q2).

Theorem 4 (A. V. Ivanov [9]) Let (X,R) be an amorphic association scheme
of class d, d ≥ 3, on n vertices. Then n is a square, say n = m2. If we write
ki = p0

ii, λi = pi
ii, µi = pj

ii, (j ̸= i, 0), then either
(i) there exist integers gi, (1 ≤ i ≤ d) such that

ki = gi(m − 1)
λi = (gi − 1)(gi − 2) + m − 2
µi = gi(gi − 1)

or
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(ii) there exist integers gi, (1 ≤ i ≤ d) such that

ki = gi(m + 1)
λi = (gi + 1)(gi + 2) − m − 2
µi = gi(gi + 1)

Definition. An amorphic association scheme satisfying (i) (resp. (ii) ) in Theo-
rem 4 is said to be of Latin square type (resp. negative Latin square type).

The following lemma is immediate from Theorem 4.

Lemma 5 A pseudocyclic association scheme of class d is amorphic if and only
if the principal part of the first eigenmatrix is a linear combination of J and I,
where J is the all one matrix of size d and I is the identity matrix of size d.

Therefore the cyclotomic scheme of class r + 1 on GF (r2s) is amorphic, in
view of example in the previous section. Since any fusion scheme of amorphic
association scheme is also amorphic, the cyclotomic scheme of class e on GF (r2s)
is amorphic, if e divides r+1. These are the only amorphic cyclotomic schemes,
as we will see in Theorem 7. It should be noted that the first eigenmatrix
of an amorphic pseudocyclic association scheme is uniquely determined by the
number of classes and the number of vertices. Let us describe the parameters of
pseudocyclic amorphic association schemes of class at least 3. Let the number
of vertices be m2, m2 − 1 = ef , where e is the number of classes. We have
f = g(m − 1) for some integer g, if the association scheme is of Latin square
type, f = g(n + 1) for some integer g, if it is of negative Latin square type. In
what follows, the upper sign of the double sign corresponds to the case of Latin
square type, the lower corresponds to the case of negative Latin square type.
We will express the parameters and the eigenvalues in terms of e and g.

m2 − 1 = ef = eg(m ∓ 1)

m = eg ∓ 1

f = g(eg ∓ 2)

Suppose that the first eigenmatrix is of the form
1 f · · · f
1 a b
...

. . .
1 b a


By the orthogonality relation, we have

1 + a + (e − 1)b = 0

f + a2 + (e − 1)b2 = ef + 1
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b =
−1 + (eg ∓ 1)

e
,
−1 − (eg ∓ 1)

e

The integrality of b forces that b = ∓g. Then a = −1±(e−1)g. The intersection
numbers are

pi
ii = g2 − 1 ± g(e − 3), 1 ≤ i ≤ e

pj
ii = g(g ∓ 1), 1 ≤ i ≤ e, 1 ≤ j ≤ e, i ̸= j

pk
ij = g2, 1 ≤ i ≤ e, 1 ≤ j ≤ e, 1 ≤ k ≤ e, i ̸= j, j ̸= k, k ̸= i

Now we present a short proof of the classification of amorphic cyclotomic
association schemes due to Baumert, Mills and Ward [3]. The following lemma,
appeared in [8], plays a key role in our proof.

Lemma 6 (Suzuki) Let G be a finite abelian group and let ϵ be a complex-
valued function on G. Suppose

(i) |ϵ(a)|= 1 for any nonidentity element a of G,
(ii) there exists some α ∈ C such that (ϵ, χ)G ∈ {α, α + 1, α − 1} for any

irreducible character χ of G.
Then ϵ = ψ on G − {1G} or ϵ = −ψ on G − {1G} for some irreducible

character ψ of G.

Theorem 7 Let p be a prime. A cyclotomic scheme of class e on GF (p2s) is
amorphic if and only if there exists a divisor r of s such that e divides pr + 1.

Proof. We may assume e ≥ 3, since the case e = 2 is trivial. Let p2s−1 = ef .
If the scheme is of Latin square type, then f is divisible by ps−1. Thus e divides
ps + 1.

We prove the assertion for the case of negative Latin square type by induc-
tion. Since f is divisible by ps + 1, we see that e divides ps − 1, that is, there
exists a cyclotomic scheme of class e on K = GF (ps). We aim to show that this
scheme is amorphic. Let P0 be the principal part of its first eigenmatrix. Let
L = GF (p2s),

ψ̃ = ψ ◦ NL/K

χ̃ = χ ◦ TrL/K

By Davenport–Hasse Theorem, we have

−(T−1P0T )
2

= diag((G(ψ̃0, χ̃), G(ψ̃, χ̃), . . . , G(ψ̃e−1, χ̃))

For an appropriate choice of χ, we have

G(ψ̃j , χ̃) = −ps, j = 1, . . . , e − 1.

This implies
G(ψj , χ) = ϵ(j)

√
ps, j = 1, . . . , e − 1,
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e−1∑
i=0

ηiξ
ij = ϵ(j)

√
ps, j = 1, . . . , e − 1,

where ϵ(j) = ±1. It follows that

ηi =
1
e

−1 +
√

ps

e−1∑
j=1

ϵ(j)ξ−ij


Suppose that s is odd. Then ηi belongs to Q(

√
p, ξ), which has an automorphism

τ fixing ξ and sending
√

p to −√
p. Then ηi+ητ

i = −2/e, which is a contradiction
since e ≥ 3. Therefore s is even. Now we see that ηi belongs to Q(ξ)∩Q(ζ) = Q.
Since

√
ps(ηi − η0) =

ps

e
(
e−1∑
j=1

ϵ(j)ξ−ij − 1)

and ps ≡ 1mod e, we see that 1
e

∑e−1
j=1 ϵ(j)ξ−ij is an integer, hence it must be 0

or ±1. This implies

e−1∑
j=1

ϵ(j)ξ−ij ∈ {1
e

e−1∑
j=1

,
1
e

e−1∑
j=1

+1,
1
e

e−1∑
j=1

−1}

By Lemma 6 we conclude ϵ(j) = ξkj for some k. Since ϵ(j) = ±1 we see k = 0,
or k = e/2 and e even. Now one can conclude the cyclotomic schemeof class
e on GF (ps) is amorphic. Repeating this procedure, one eventually reaches
amorphic association scheme of Latin square type, which was treated earlier. 2

3 Notes

3.1 Davenport-Hasse theorem for association schemes

Davenport-Hasse theorem provides a powerful tool to compute the character
table i.e., Gaussian periods of cyclotomic scheme, as shown in section 1. The
fact that a power of the principal part of the character table as a matrix is
the principal part of the character table of another association scheme is quite
remarkable, and we are interested in the situations where this phenomenon
occurs.

Here is an example. Consider cyclotomic schemeof class 3 on GF (4) and
GF (16). The principal part of their character tables are

P0 =

 1 −1 −1
−1 1 −1
−1 −1 1
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P̃0 =

 −3 1 1
1 −3 1
1 1 −3


Notice that the relation −P 2

0 = P̃0 holds. Now consider the principal part of
the character table of Z4, the cyclic group of order 4:

Q0 =

 i −1 −i
−1 1 −1
−i −1 i


Then

−Q2
0 =

 1 1 −3
1 −3 1

−3 1 1


which is the same as P̃0 up to some permutation of rows. This motivated us
to search for an association scheme on Z4 × Z4 having the same parameters
as cyclotomic scheme of class 3 on GF (16). Indeed, the following partition
of Z4 × Z4 defines an S-ring (hence an association scheme ) with the desired
property.

S0 = {(0, 0)}
S1 = {(2, 2), (0, 1), (0, 3), (1, 0), (3, 0)}
S2 = {(1, 1), (3, 3), (0, 2), (3, 2), (1, 2)}
S3 = {(2, 0), (2, 1), (2, 3), (1, 3), (3, 1)}

This association scheme was already included in the list of A. V. Ivanov [9],
however, no interpretation was previously known. This association scheme has
only the trivial automorphisms, namely, the translations by the elements of
Z4 × Z4 and the inversion, therefore the scheme is not Schurian. We now
give the relationship between this association scheme and the Shrikhande-Bose
difference set.

Let D = {D − {(0, 0)}|Z4 × Z4 ⊃ D : (v, k, λ)-difference set, (0, 0) ∈ D =
−D}. Then GL(2,Z4) acts transitively on D. For example S1 = {(2, 2), (0, 1),
(0, 3), (1, 0), (3, 0)} ∈ D. Let

D0 = {(1, 0), (2, 0), (3, 0), (0, 1), (0, 2), (0, 3)}

D0 is called the Shrikhande-Bose difference set. {(0, 0)} ∪ S0 is equivalent to
D0, i.e., there exists g ∈ G = (Z4×Z4) ·GL(2,Z4) such that Dg

0 = {(0, 0)}∪S0.
This implies the following characterization of the Shrikhande-Bose difference
set.

Proposition 8 If D ⊂ Z4 × Z4 is a difference set satisfying (0, 0) ∈ D,D =
−D, then D is equivalent to the Shrikhande-Bose difference set.
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Let
Σ = {(S1, S2, S3) ∈ D ×D ×D|S1, S2, S3 are disjoint}

Then GL(2,Z4) acts transitively on Σ. Moreover, 〈(0, 0), S1, S2, S3〉 is an S-ring
on Z4×Z4 for any (S1, S2, S3) ∈ Σ. Conversely, suppose 〈(0, 0), S1, S2, S3〉 is an
S-ring on Z4 × Z4 which defines an amorphic pseudocyclic association scheme,
then (0, 0) ∪ Si is a difference set for i = 1, 2, 3. Therefore Si ∈ D, and so
(S1, S2, S3) ∈ Σ.

Finally let us mention another design associated to our S-ring. In view of
Proposition 3, one obtains (16,5,4)-difference families on GF (16) and on Z4×Z4.
These two designs have the same inner distribution, but not isomorphic.

3.2 Fusion schemes of non-amorphic cyclic association scheme

There are many non-amorphic cyclotomic schemes which have nontrivial fusion
schemes. Cyclotomic schemes are pseudocyclic association schemes, with the
additional property: the principal part of the character table is a circulant
matrix. We call pseudocyclic association scheme with this property cyclic. If
e is not prime, then there exist a fusion scheme of cyclic association schemes
corresponding to subgroups of the cyclic group of order e. (see [8]). We call
such fusion scheme trivial.

Theorem 9 If e ≤ 5, then the only cyclic association schemes with a nontrivial
fusion scheme are amorphic association schemes.

Fusion schemes of class 2 of cyclotomic schemes have been extensively studied,
since such a fusion scheme gives rise to a two weight code [5]. If e ≥ 6 then
there exist non-amorphic cyclic association schemes which have nontrivial fusion
scheme. We give a few examples below.

Example. Let K = GF (49), α a generator of K∗,

T : K → K; x 7→ xq

S : K → K; x 7→ xα

Let H = 〈S12, S3T 〉. Then one obtains a cyclic association scheme of class 6 on
K via the action on the group K · H. This association scheme has nontrivial
fusion schemes, however, it is not amorphic.

Example. The cyclotomic scheme of class 7 on GF (64) has nontrivial fusion
schemes of class 2, however, it is not amorphic. The fusion schemes give rise to
(64,28,12)-difference sets.
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