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ThebinaryperfectGolaycodeis a setof 2!? elementof

thevectorspacdrs®, giving a partitionof IF3* into 2%
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Motlvation

Thebinary perfectGolaycodeis a setof 2! elementsf

thevectorspacdrs®, giving a partitionof IF3* into 2%
sphere®f volume
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ThebinaryperfectGolaycodeis a setof 2! elementof

thevectorspacdrs®, giving a partitionof IF3* into 2%
sphere®f volume

23 23 23
1 =9
(7)) ()
radius3 with respecto the Hammingmetric.
The GolaycodeG,; canbe madelinear, anduniqueup

to Isometry
Constructionby quadratiaesiduesnodulo23.
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e Packing Bound

ammingdistancas definedby

d(z,y) = {1 | zi # yi}l,

z,y € F,.



Spha e Packing Bound

TheHammingdistancas definedby

d(z,y) = {i|zi # v}, =y el

o
L+ (D) + @)+ + ()

r

] <

If C'Is asetof centerof non-overlappingsphere®f
radiusr.
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TheHammingdistancas definedby

d(z,y) = {i|zi # v}, =y el

o
L)+ G+ + ()

r

] <

If C'Is asetof centerof non-overlappingsphere®f
radiusr.

UniquenessThebinary perfectGolaycodeis theonly

way to partition [ into sphereof radius r > 2.

ExtremalConfigurationsn Dimension48— p.3/2



ed Objects

nary perfectGolay codeGos



Related Objects

ThebinaryperfectGolaycodeGos
—Theextendedbinary Golaycode
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Related Objects

ThebinaryperfectGolaycodeGos
—Theextendedbinary Golaycode
— TheMathieugroup Ms,4
— TheWitt systemil/y,

—ThelLeechlattice A ¢ R*
—Conway’s simplegroups
—ThelLayer\,

—TheLayeron ahyperplaneA, N R?3

Surprisingly Mathieugroupswerediscoveredfirst.
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ality or configurations in di-
oNn24

,3: spherepackingbound< 2!2



EXIremality ol configurations In di-
mension24

= G93: sphergpackingbound< 212
m Goy: minimumdistancdound< &
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EXIremality ol configurations In di-
mension24

= G93: sphergpackingbound< 212
m Go: minimumdistancebound< 8
# A: minimumnormbound< 4

= A, NR*: sizeboundfor antipodal3-distanceset
< HH2

m Wo,: 5-design
= A4: sphericall1-designbound> 196560
= A, NR?: sphericab-designbound> 552
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al inequalities

-evenself-dualcodeof lengthn



Genegal inequalities

Doubly-evenself-dualcodeof lengthn : C' C [F7,
C =C"+ Vrel, wt(zr) =0 (mod 4).
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Genegal inequalities
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Genegal inequalities

Doubly-evenself-dualcodeof lengthn : C' C [F7,
C =C"+ Vrel, wt(zr) =0 (mod 4).

wt(x) = d(x,0)

min wt(C') = min{wt(x) | z € C, = # 0}.

length| 8 16 24 32 40 48 ... n
minwt < |4 4 8 8 8 12 ... 4n/24]+ 4
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Genegal inequalities

Evenunimodularatticeof rankn: A C R",
A=AN={zeR"| (x,y) € Z (Vyin\)} (or
equwvalently disc A = 1)

Ve € A, (x,z) =0 (mod 2).
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Evenunimodularatticeof rankn: A C R",
A=AN={zeR"| (x,y) € Z (Vyin\)} (or
equwvalently disc A = 1)

Ve € A, (x,z) =0 (mod 2).

min(A) = min{(x,z) | x € A, v # 0}.

rank| 8 16 24 32 40 48 ... n
min < |2 2 4 4 4 6 ... 2n/24|+2
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The BrouéEnguehard map

A doubly-erenself-dualcodeof lengthn hasminimum
weight < 4|n /24| + 4.
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The BrouéEnguehard map

A doubly-erenself-dualcodeof lengthn hasminimum
weight < 4|n /24| + 4.

An evenunimodulanattice of rankn hasminimumnorm
< 2|n/24| + 2.

This coincidencecomesfrom Brouée-Enguehard

ISomaorphisnof aninvariantring R andthering of
modularforms.
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The BrouéEnguehard map

A doubly-erenself-dualcodeof lengthn hasminimum
weight < 4|n /24| + 4.

An evenunimodulanattice of rankn hasminimumnorm
< 2|n/24] + 2.

This coincidencecomesfrom Brouée-Enguehard
ISomaorphisnof aninvariantring R andthering of
modularforms.

As agradeding, R hasPoincaréeseries

00 | 1
di Y-
; A = T - )
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ThePoincaréseriesof thegradedring of theinvariant
ring containingthe weightenumeratopolynomialsof
doubly-evenself-dualcodess

1

R

(1= 8)(1 — t12)

412 416 420

L t28 L 2t32 + 2t36 1+ 2t40 1+ 2t44
- 272 4 30 - -
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ThePoincaréseriesof thegradedring of theinvariant
ring containingthe weightenumeratopolynomialsof

doubly-evenself-dualcodess

T T ) (1 - 612)

1B 412 g 416 4 420

Roughlyspeakingdim R,, Is the deg

minimumweightbound.

e L t28 L 2t32 + 2t36 1+ 2t40 1+ 2t44
b 2?3

reeof freedomfor
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al Inequality for 3-distanceset

=1 5 X finite antipodal3-distanceset. Then

1 X| <n(n+1).



Genegal inequality for 3-distanceset

R” > S™1 5 X: finite antipodal3-distanceset. Then
1 X| <n(n+1).
Equality holdsif n = 2 (hexagon),n = 3 (icosahedron),
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Genegal inequality for 3-distanceset

R” > S™1 5 X: finite antipodal3-distanceset. Then
1 X| <n(n+1).
Equality holdsif n = 2 (hexagon),n = 3 (icosahedron),

n = 23 (LeecnR?*), 47 (?), 79(?),
L, 02m+1) =2, ...
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Dimension48

A doubly-erenself-dualcodecouldhave minimum
weight4|n /24| 4+ 4
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A doubly-erenself-dualcodecould have minimum
weight4|n/24] + 4

An evenunimodularattice could have minimumnorm
2[n/24] + 2
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A doubly-erenself-dualcodecould have minimum
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A doubly-erenself-dualcodecould have minimum
weight4[n /24] + 4

An evenunimodularattice couldhave minimumnorm
2[n/24] + 2

An antipodal3-distancesetin theunit spheran R*’
couldhave n(n + 1) = 47 * 48.
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Dimension48 (Resuts)

A doubly-erenself-dualcodewith minimumweight12
IS known (the extendedguadratiaesiduecode).
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Dimension48 (Resuts)

A doubly-erenself-dualcodewith minimumweight12
IS Known (the extendedquadratiaesiduecode). Shovn
to beunique(by computer).
Houghten—Lam-Thiel-&tker (2003)
Threeevenunimodularattice with minimumnormo6 are
Known: Pys,, Pisy, Pisn,. NOt known whetherthesethree
arethe only ones.

An antipodal3-distancesetin theunit spheren R*’
couldhave 47 % 48,
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Dimension48 (Resuts)

A doubly-erenself-dualcodewith minimumweight12
IS Known (the extendedquadratiaesiduecode). Shovn
to beunique(by computer).
Houghten—Lam-Thiel-&tker (2003)
Threeevenunimodularattice with minimumnormo6 are
Known: Pys,, Pisy, Pisn,. NOt known whetherthesethree
arethe only ones.

An antipodal3-distancesetin theunit spheran R*’
couldhave 47 « 48, but it wasshawvn recently
(Bannai—M.—\énkov) thatsucha setdoesnot exist.
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Lety : Z" — (Z/mZ)" bethecanonical
homomorphismlf C' C (Z/mZ)™ is aself-dualcode,
thenthelattice

A (C) = o H(C) C R"

-

IS aunimodulardattice.
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Construction A

Lety : Z" — (Z/mZ)" bethecanonical
homomorphismlf C' C (Z/mZ)"™ is aself-dualcode,
thenthelattice

A (C) = —¢1(C) CR"

IS aunimodulardattice.
Thelattice A,,(C') hasanm-frame,i.e.,

Elfl, . . ;fn = Am(C) S.1. <fz, f]> = 5Z]m
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Construction A

Lety : Z" — (Z/mZ)" bethecanonical
homomorphismlf C' C (Z/mZ)"™ is aself-dualcode,
thenthelattice

A (C) = —¢1(C) CR"

IS aunimodulardattice.
Thelattice A,,(C') hasanm-frame,i.e.,

Thelattice A5(G24) hasa 2-frame(henceis notthe
Leechlattice).
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Nelghbor relations

Two unimoduladatticesI', I'" aresaidto be neighborsf
' N I" hasindex 2 in I" (andalsoin I').
Dimension24:

Az (Gaa)
|

LeecIJI A
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Nelghbor relations

Dimension48: (Harada—Kitazume—M.-ahkov)

A4(QR)

— A6(Cq)
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Nelghbor relations

A4(QR)

Dimension48: (Harada—Kitazume—M.-ahkov)
P48q/\ (

A5(QR) P48p/ \ As(Ples$

= As(Cy) = Ag(C
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bor relations




Nelghbor relations

Dimension48:

DoesNebes lattice Pyg,, have a6-frame?
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Sofarwe studiedcodesatticesand3-distancesetsas
extremalconfigurations.
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Designs
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configurations the concepof designsdefinedby
optimizationrequirement.
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Sofarwe studiedcodesatticesand3-distancesetsas
extremalconfigurations.

Assmus—M#sonTheorem:d.e.s.dcode—
(combinatorial)design. Witt systemii/y, arisesn this
way by takingthe setof supportof vectorsof minimum
weightin Go4.

Venkov's Theorem:lattice — sphericaldesign. The
layer A, in the Leechlatticeis asphericall1-design.
Delsarte—Goethals—SeidBheorem:extremals-distance
setin S”~! — sphericaldesign
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Definition of a design

A spherical-designX is afinite subsebf 5"~ c R"
S.1.

1 1
f(ﬁ):me(w)

fS”_l L Jgn reX

holdsfor ary polynomial f(z) of degree< t.
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A spherical-designX is afinite subsebf 5"~ c R"
S.1.

| |

fSn—ll f(ﬂ?) — me(x)

holdsfor any polynomial f(x) of degree< t.
A (combinatorial)-designZ3 is asubsebf () s.t.

1 1
0 BZ f(B):EZf(B)

6(2) Beb

holdsfor ary polynomial f of degree< ¢.
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A (combinatorial)-designB, or t-(v, k, \) designis a
subsef () suchthat

| 1

BelB

holdsfor any polynomial f of degree< ¢, wheref is a

setof v elements(gj) is the setof all k-elementsubsets
of ().
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Combinatorial designs

A (combinatorialX-designB, or t-(v, k, ) designis a
subsef () suchthat

1 1
0 BZ f(B):EZf(B)

c(2) BeB

holdsfor any polynomial f of degree< ¢, wheref is a

setof v elements(g) is the setof all k-elementsubsets

of €.
Polynomialfunctionsarepolynomialin thefunctionsz;

(z € ), with z;(B) = 1 or 0 accordingas: € B or not.

ExtremalConfigurationsn Dimension48— p.19/2



Combinatorial designs

|

IRGE %Zf(B)
k Be(%) BeB

Polynomialfunctionsarepolynomialin thefunctionsz;
(2 € ), with z;(B) = 1 or 0 accordingas: € B or not.
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Combinatorial designs

|

IRGE %Zf(B)
k Be(%) BeB

Polynomialfunctionsarepolynomialin thefunctionsz;
(2 € Q), with z;(B) = 1 or 0 accordingas: € B or not.
Taking f = x; x;, - - - x;, With 41, .. . , 7, distinct,we see
thatthenumberof B € B containing{iy, ..., %} IS
Independendf thechoiceof 74, .. ., 7. Thisnumbens
denotedoy \.
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Designsin dimension48

Fromanextremaldoubly-e/enself-dualcodeof length
, Oheobtains5-(48, 12, 8) design.Is suchadesign
unique?
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Designsin dimension48

Froman extremaldoubly-erenself-dualcodeof length
, Oheobtains5-(48, 12, 8) design.Is suchadesign

unique?

If Bisat-(v, k, \) designthen

B > B < vectorof weightk in [,

andthesevectorgenerate linearcodeC' C [Fs.
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Designsin dimension48

Froman extremaldoubly-erenself-dualcodeof length
, Oneobtainsh-(48, 12, 8) design.ls suchadesign

unique?

If Bisat-(v, k, \) designthen

B > B < vectorof weightk in [,

andthesevectorgenerata linearcodeC' C 5.
AssumingB Is self-orthogonali.e.,

B,B'e B = |BNB|:even

we aimto shawv thatC' Is a (unique)extremal
doubly-evenself-dualcodeof length4s.
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Characterization Method

Suppose: € C+, A = supp(u) = {i1,...,%,}. Inthe
definingequationof adesigntake f to beelementary

symmetricfunctionsof deg

reeatmostt in

{5137;1, N . ,Zlﬁim}.
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Characterization Method

Suppose: € C+, A = supp(u) = {i1,...,%,}. Inthe
definingequationof adesigntake f to beelementary
symmetricfunctionsof degreeat mostt in

{5137;1, N . ,ZEim}.

Thenf(B) = ("77)), and

wheren, = {B | B B, |ANB| = j}|.
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Designsin dimension48

For aself-orthogonab-(48, 12, 8) design,f |A| = 8,
thenn; = 0 unlessj € {0,2,4,6,8}. Thereareb
unknowvns,6 (s = 0, 1,2, 3,4, 5) equationsno solutions.
ThereforeC- doesnot containa vectorof weights.
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For aself-orthogonab-(48, 12, 8) design,if |A| = 8,
thenn; = 0 unlessj € {0,2,4,6,8}. Thereareb
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Designsin dimension48

For aself-orthogonab-(48, 12, 8) design,if |A| = 8,
thenn; = 0 unless;j € {0,2,4,6,8}. Thereareb
unknowvns,6 (s = 0, 1,2, 3,4, 5) equationsno solutions.

ThereforeC- doesnot containa vectorof weights.
Similar aumentimplies

minwt C' > minwt C+~ > 8

Theorem 1 (Harada—M.—Tonchey) A self-orthogonal
5-(48,12,8) design is unique.
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Nonexistence 0O an extremal o-
distance set

If X is a3-distancesetof size47 - 48 in S*7, thenX is a
sphericab-design.
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Nonexistence 0O an extremal o-
distance set

If X is a3-distancesetof size47 - 48 in S*’, thenX is a
sphericab-design.

v/ 7X generatesnintegral latticeI'. Let
acl™={)eR"|(v,0) € Z (Vy €T')}. With

f(x) = (r,a)?,0 < s <t =25,

1 1
f(f):mz:f(x)

fS”_l L Jgn- reX

giveslinearequationsvith unknavns
nj = |{z € VIX | (z,0) = £},
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Nonexistence 0O an extremal o-
distance set

If X is a3-distancesetof size47 - 48 in S*’, thenX is a
sphericab-design.

v/ 7X generatesnintegral latticeI'. Let
acl™={)eR"|(v,0) € Z (Vy €T')}. With

f(x) = (r,a)?,0 < s <t =25,

1 1
@) = 17 2 @)

fS”_l L Jgn- reX

giveslinearequationsvith unknavns

nj = |{z € VIX | (z,0) = £},

Theorem 2 (Bannai—M.—Venkov) Thereisno
antipodal 3-distance set of size 47 - 48 in S*7.
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