July 25, 2016

For today’s lecture, we let V' be a finite-dimensional vector space over R, with positive-
definite inner product. Let ® be a root system in V, and let W = W (®) = (s, | a € ®).
Fix a simple system A in @, and let IT be the unique positive system containing A.

Lemma 1. If o € A, then s,(I1\ {a}) =11\ {a}.
Define
C={ eV ]|(\a)>0(Vaec A},
D={ eV |(\a)>0(VaeA)}.
For o« € ®, we define
H,={X eV |(a,)\) =0},
HIf ={\eV|(a,\) >0},
H, ={ eV |(a,\) <0},
sothat V = H} U H, U H; (disjoint). Then

C=()H:,
aEA

D= ()(HfUH,).
aEA

Lemma 2. Forw € W and o € ®,

wH, = Hyy, (1
wHE = HZ . 2)
In particular,
sally = H{, 3)
| Ho=w | Ha. 4)
aced acd

Definition 3. The members of the family
{wC | we W}
are called chambers.
Proposition 4. If U is a subset of V, then
Staby (U) = (sa | @ € @, s, € Staby (U)).
Proposition 5. Let ¢ be a root system in V. Then the subgroup
W(®) = (sq | a € D)

of O(V') is a finite reflection group. Moreover, W (®) is essential if and only if ® spans V.
Conversely, for every finite reflection group W C O(V'), there exists a root system ® C V
such that W = W (®).



