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GENERALIZED WHITE NOISE OPERATOR FIELDS
AND QUANTUM WHITE NOISE DERIVATIVES

by

Un Cig Ji & Nobuaki Obata

Abstract. — Regarding a Fock space operator E as a function of quantum white
noise E = E(at,ay; t € T), we introduce its quantum white noise derivatives (qwn-
derivatives) as a kind of functional derivatives with respect to a¢ and a}. We prove
that every white noise operator is differentiable and the qwn-derivatives form a gen-
eralized white noise operator field on T'. We show a relation between qwn-derivatives
and generalized quantum stochastic integrals. We obtain a condition under which
qwn-derivatives are defined pointwisely.
Résumé (Champs d’opérateurs de bruit blanc généralisé et dérivées de bruit blanc quantique)
Considérant un opérateur = sur l’espace de Fock comme une fonction d’un bruit
blanc quantique Z = Z(at,a;;t € T'), nous introduisons ses dérivées de bruit blanc
quantique qui sont analogues a des dérivés fonctionnelles par rapport a a: et aj.
Nous montrons que tout opérateur de bruit blanc est différentiable et que ses déri-
vées de bruit blanc quantique constituent un champ d’opérateurs de bruit blanc sur
T'. Nous établissons une relation entre les dérivées de bruit blanc quantique et des
intégrales stochastiques quantiques généralisées. Nous obtenons une condition pour
que les dérivées de bruit blanc quantique soient définies en tout point.

1. Introduction

This paper is a continuation of the preceding work [6], where the new idea of
quantum white noise derivative (qwn-derivative for brevity) of a Fock space operator
was introduced. A Fock space of interest is of the form I'(H), where H = L?(T, dt)
is the Hilbert space of L2-functions on a topological space T equipped with a o-finite
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18 UN CIG JI & N. OBATA

Borel measure dt. Many questions in quantum stochastic analysis, quantum physics
and infinite dimensional harmonic analysis are concerned with (often unbounded)
operators on Fock space I'(H) and a key role is played by the quantum white noise,
i.e., the pair of annihilation and creation operators {a:,a;;t € T} though some
difficulty is caused by their singularity. This difficulty may be overcome by adopting
a suitable Gelfand triple. In this paper, for simplicity and avoiding cumbersome
notation, we adopt the Hida-Kubo-Takenaka space:

(E) CI'(H) C (B),

see Section 2 for details. We then concentrate our attention to the class L((E), (E)*)
of continuous linear operators from (E) into (E)*. Such an operator is called a white
noise operator. This restriction, nevertheless, covers a wide class of Fock space opera-
tors including bounded operators on I'(H) as well as pointwisely defined annihilation
and creation operators. A systematic study of white noise operators was started in
[12] and has developed into quantum white noise theory, see [4] and references cited
therein.

The idea of quantum white noise derivative is naive. Recall that every white noise
operator admits a Fock expansion, i.e., every E € L((E), (E)*) is decomposed into an
infinite series:

(1]

o0
(11) = Z Eé,m(’ie,m)a
£,m=0
where the integral kernel operator Ey , (k¢,m ) is expressed in a formal integral (because
Ke,m may be a distribution):

(12) Eé,m(ﬁé,m) = / ngm(sl,...,Sg,th...,tm)
T2+m

x a¥

o ...azlatl cooay, dsy ... dsedty ... dEy,.

Accepting (1.2) as a “polynomial” in a; and af, and hence (1.1) as a “function” of
them: 2 = Z(ay,a; ; t € T), we naturally come to a kind of functional derivatives:

0= D= 0=
- = = .
day ¢ daj

(1.3) D;E=

These are respectively called the annihilation- and creation-derivatives of =, and both
together the quantum white noise derivatives (qun-derivatives for brevity). However,
the above intuitive definition does not work due to singularity brought by a; and aj.

In the preceding paper [6], taking ( € H = L?(T), we defined the annihilation-
and creation-derivatives DzEE for an admissible white noise operator Z and proved
that DZtE is again an admissible white noise operator. In comparison with (1.3) one
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GENERALIZED WHITE NOISE OPERATOR FIELDS 19

may write down the definition as
o=
= )
6a(¢)

where a(¢) and a*({) are smeared operators:

a(():/TC(t)atdt, a*(():/TC(t)afdt.

—
—
—

b 5a*(0)

(1]

+=
DC“_

)

¢

In fact, the derivatives DEEE for an admissible white noise operator = were defined by
means of the Gross derivative for an admissible white noise function.

In this paper, for an arbitrary white noise operator = € L((E), (E)*) we define
its gqwn-derivatives without using the Gross derivative. In general, ¢t — DtiE does
not make sense but is given a meaning as a generalized white noise operator field
on T (Theorem 4.6 and corollaries). Moreover, we extend the qwn-derivatives for
generalized white noise operator fields (Corollary 4.13). A generalized integral kernel
operator has been discussed as a generalization of quantum stochastic integral [13,
14]. We find an interesting relation between the qwn-differential operators and such
stochastic integrals (Corollary 4.15). Finally, we discuss a condition under which the
qgwn-derivative is defined pointwisely (Theorem 5.4).

This paper is organized as follows: In Section 2 we prepare some basic notation
of the Hida-Kubo-Takenaka space. In Section 3 we review white noise operators, in
particular, integral kernel operators, Fock expansion and operator symbols. In Section
4 we introduce generalized white noise operator fields and study the qwn-derivatives
in detail. In Section 5 we discuss pointwise qwn-derivatives.

The qwn-derivatives are considered as a quantum counterpart of “classical” stochas-
tic derivatives studied extensively by many authors, see e.g., Gross [1], Hida [2], Krée
[7], Kuo [8], Malliavin [9], Nualart [10], Strook [16], and references cited therein. We
expect that the qwn-derivatives have applications in quantum stochastic integrals,
particularly in representation theory of quantum martingales [3], [15]. Further study
is now in progress.

2. Preliminaries

2.1. Underlying Gelfand Triple. — Let T be a topological space equipped with a o-
finite Borel measure d¢ (we do not use a specific symbol for this measure). Let
H = L*(T,dt) be the (complex) Hilbert space of L2-functions on T' and the norm
is denoted by |.|o. Let A be a selfadjoint operator (densely defined) in H satisfying
conditions (Al)-(A4) below.

(A1) infSpec(A) > 1 and A1 is of Hilbert-Schmidt type.
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20 UN CIG JI & N. OBATA

Then there exist a sequence
(2.4) 1<X <A <A<, A7 Es=) A2 <o,
3=0
and an orthonormal basis {e;}32 of H such that Ae; = Aje;. For p € R we define
oo ) 9
€15 = 14715 = DA [(es)| s g€ H.
3=0

Now let p > 0. Setting E, = {{ € H; |{|, < oo} and defining E_, to be the
completion of H with respect to |.|_,, we obtain a chain of Hilbert spaces {E,; p €
R}. Define their limit spaces:

E =84(T)=projlimE,, E*=S8,(T)=indlimFE_,,

p—00 p—0

which are mutually dual spaces. Note also that S4(T") becomes a countably Hilbert
nuclear space. Identifying H with its dual space, we obtain a complex Gelfand triple:

(2.5) E =384(T) C H=L*T,dt) Cc E* = S§(T).

As usual, we understand that S4(7") and S%(T) are spaces of test functions and
generalized functions (or distributions) on T, respectively. We denote by (.,.) the
canonical C-bilinear form on E* x E, which is characterized by (e;,e;) = d;;. The
same symbol is used for the canonical C-bilinear form on H.

For white noise theory &% (T') must contain delta functions. But this is not auto-

matic and we need further assumptions:
(A2) For each function £ € Sa(T) there exists a unique continuous function E onT

such that £(t) = &(t) for a.e. t€T.

Thus S4(T') is regarded as a space of continuous functions on 7" and we do not use
the exclusive symbol . The uniqueness in (A2) is equivalent to that a continuous
function a.e. vanishing on T is identically zero.

(A3) For each t € T the evaluation map 6y : £ — £(t), £ € Sa(T), is a continuous
linear functional, i.e., 6, € S§(T).

(A4) The map t — 6, € S4(T), t € T, is continuous with respect to the strong dual
topology of SH(T).

It is verified easily that
(26) 147 s = [ 102t <00, p>1.

See [12, Chapter 1] for relevant discussion.
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GENERALIZED WHITE NOISE OPERATOR FIELDS 21

Remark 2.1. — The space S(R) of rapidly decreasing functions is obtained by taking
H = L?(R, dt) together with the selfadjoint operator A = 1+ 2 — d2/dt?, where dt
is Lebesgue measure. This choice is suitable for stochastic processes for R plays a
role of the time axis. On the other hand, within our general framework 7" can be a
manifold (space-time), a discrete space or even a finite set.

2.2. Hida-Kubo-Takenaka space. — Let E, be the Hilbert space defined in Section
2.1. The (Boson) Fock space over E, is defined by

T(By) = {6 = (F)ios fa € BE™ 012 =3 nll fu |2 < oo}
n=0

(The weight factor n! is for convention.) Having obtained a chain of Fock spaces
{T'(Ep); p € R}, we set

(E) =projlimI(E,), (E)" =indlimI[(E_)).

p—00 p—0o0

Then we obtain a complex Gelfand triple:
(E) cT(H) C (B),

which is referred to as the Hida-Kubo-Takenaka space. It is known that (E) is a
countably Hilbert nuclear space.

By definition the topology of (E) is defined by the norms

oo

n=0
On the other hand, for each ® € (E)* there exists p > 0 such that ® € I'(E_,). In
this case, we have

[@)2, =3 nl|F, 2, <00, ®=(Fy).

n=0

The canonical C-bilinear form on (E)* x (E) takes the form:
(®,6) =D _nlFo.fn), @=(F,)€(E), ¢=(fa)€(E).
n=0

Here we recall two important elements of (E)*.

(a) White noise. By assumption (A3),
Wt:(075t70a"')a tET,

belongs to (E)*. The family {W;; t € T} C (E)* is called a white noise field on T or
a white noise process when T is a time interval.
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22 UN CIG JI & N. OBATA

(b) Exponential vector. An exponential vector (or also called a coherent vector)
associated with x € E* is defined by

9?2 z®n
by = (LLT,..., o ,)
Obviously, ¢, € (E)*. Moreover, ¢¢ belongs to (E) (resp. I'(E,)) if and only if £
belongs to E (resp. E,). In particular, ¢ is called the vacuum vector.

Remark 2.2. — Let Er C Hr C Ej be the real Gelfand triple obtained by taking
the real parts of (2.5), i.e., for example, Fy is the closed real subspace of E spanned
by {eo,e1,...}. Let u be the standard Gaussian measure on Ej. Since L?(Ej, u) is
unitarily isomorphic to I'(H) by the celebrated Wiener-1t6 decomposition theorem,
we may regard (F) as a subspace of L?(E*, ). In this sense an element of (E) is
called a test white noise function, and hence an element of (E)* is called a generalized
white noise function.

3. White noise operators

3.1. Integral kernel operators and Fock expansion. — A continuous operator from (FE)
into (E)* is called a white noise operator. The space of white noise operators is
denoted by L((E), (E)*) and is equipped with the bounded convergence topology. It
is noted that L((E), (E)) is a subspace of L((E), (E)*).

For each t € T there exists a continuous operator on (E) uniquely specified by
ap: (0,...,0,6%7,0,...) — (0,...,0,n€(t)E®™ "V 0,...), ¢€E.

This is called an annihilation operator at a point t. By duality, the creation operator
at a point t is defined by af € L((E)*,(E)*). Note that L((E)*,(E)*) is regarded
as a subspace of L((E), (E)*) in an obvious manner. The pair of annihilation and
creation operators {as,af ; t € T} is called a quantum white noise (field) on T or a
quantum white noise process when T' is a time interval.

Note that a normal-ordered composition of annihilation and creation operators is
always well defined, i.e., for any pair of integers £ > 0, m > 0, we have a map

(3.7 TH™ S (s1,. ., 80t tm) — al, -+ al,ap, - - a4y, € L((E),(E)*).

As a consequence (see also below) we know that (3.7) is an L((E), (E)*)-valued test
function on 7%™, and the canonical pairing with any g, € (E®¢T™)* defines a
white noise operator. This operator is called an integral kernel operator with kernel
distribution k¢, and is often written in a formal integral form as in (1.2).
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GENERALIZED WHITE NOISE OPERATOR FIELDS 23

To be more precise, given iy, € (E®¢H™)* we take Ky,, € L(E®™,(E®%)*)
uniquely specified through the kernel theorem as
(kem 0™ @ E8™) = (Ko m&®™ %), €neE.
We define
K{ = Snveo (In® Ko ),
where I, : E®" — E®" is the identity and S, : E®n+) _, E@("H) the symmetriz-

ing operator. The symbol K?,m is used commonly for all n > 0. Then an integral
kernel operator Z¢ ., (Ky m) is defined by the action ¢ = (f,) — (gn) given by

(n+m)!

gn=0, 0<n<Yt gnie= oy Kg,mfn+m7 n > 0.

It is proved by norm estimates that Zy.,(K;n) € L((E),(E)*). We also
write B¢ m(Ke,m) for Epm (Kem)-

A role of integral kernel operators is shown in the following

Theorem 3.1 (see [11], [12]). — A white noise operator E € L((E), (E)*) is decomposed
uniquely into a sum of integral kernel operators:

oo
= Z EKM(’W,m)a
m=

l, 0

(1]

(3.8)

where the right hand side converges in L((E), (E)*).

The above (3.8) is called the Fock ezpansion of E. Convergence of Fock expansion
has been considerably discussed for various classes of white noise operators, see e.g.,
[4].

3.2. Characterization theorem for operator symbols. — The symbol of a white noise
operator 2 € L((E), (E)*) is defined by

é(fﬂ]) = <<E¢§a¢77>>7 5377 €L

A white noise operator is uniquely specified by the symbol since {¢¢ ; £ € E} spans a
dense subspace of (E). Moreover, we have an analytic characterization of symbols.

Theorem 3.2 (see [11],[12]). — A C-valued function ©® on E x E is the symbol of a
white noise operator = € L((E), (E)*) if and only if

(i) © is Gateauz entire;
(ii) there exist C >0, K > 0 and p > 0 such that

O, n)| <Cexp K(IE2+1Inl2), &nekE.
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24 UN CIG JI & N. OBATA

For an integral kernel operator & = E; ., (ke,m) = Zem(Kem), where kg, €
(E®EHmN* and Ky, € L(E®™, (E®)*) are in correspondence, we have

(3.9) E(&n) = (Kem&®™ m®) el = (g m® @ €™ ) el
In particular, for the quantum white noise we have

ai(€m) = £, ai(&m) = (),
which follow directly from a;¢e = £(t)¢e for £ € E.

The characterization theorem for operator symbols has been considerably studied
for various classes of white noise operators, see e.g., [5] and references cited therein.

Remark 3.3. — To avoid the factor !¢ in (3.9) the Wick symbol of a white noise
operator = is defined by

E(&,m) = E(E,n)e” M = (S¢e,p,)e M, £ne B

The statement in Theorem 3.2 remains valid for the Wick symbol.

4. Quantum white noise derivatives

4.1. Generalized white noise operator fields

Definition 4.1. — A continuous linear map L : E — L((E), (E)*) is called a gener-
alized white noise operator field on T. A generalized white noise operator field on a
time interval is called a generalized quantum stochastic process [13].

Obviously, if L is a generalized white noise operator field on T, so is the adjoint
L* defined by L*(¢) = L(¢)*.

Remark 4.2. — The symbol L* might be also used for the adjoint of

L:E— L((E),(E)") = ((BE)® (E))",

ie, L*: (F)® (FE) — E*, but the confusion will not occur by context.

For f € E* we define white noise operators:

a(f) = Zo.(f) = /T fardt, a*(f) = Zro(f) = /T f(aydt,

which are called respectively the annihilation and creation operators associated with
f- Then, both ¢ — a(¢) and ¢ — a*({) are generalized white noise operator fields.
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GENERALIZED WHITE NOISE OPERATOR FIELDS 25

An important example of a generalized white noise operator field is obtained from
an integral kernel operator. We recall notation. For x € (E®")* and ¢ € E we define
their right and left contractions & * ¢, ¢ * k € (E®(™~D)* by
(”*Cﬂh®"'®ﬂn—1> = <"€77]1 ®®7]n—1®c>,
(CxrmM® - ®@Np_1) =(K,(RM @+ @ MNp1),

where 71,...,M,-1 € E.

Proposition 4.3. — Let kg, € (E®“H™) . Then ¢ — Eem—1(Ke,m * ¢) defines a

generalized white noise operator field on T (m > 1). Similarly, so does ¢ — Zp_1,m ({*
/‘W,m) (f > 1).

Proof. — By using a standard estimate of an integral kernel operator, see e.g., [12,
Theorem 4.3.2], we see that for any ¢ € (E),
(4.10) | Zem—1(kem * Q)¢ ||_, < Clbem*Cl-p- ¢y

< Cltem|-plClp - B llp

where p > 0 is chosen as |kgm |—p < 0o and C is a constant depending on ¢, m,p.
Then the continuity of ¢ — Ep n—1(ke,m * ) € L((E), (E)*) is a direct consequence

of the above estimate. For Zy_1 ,,,({ * k¢,m) the argument is similar. O
4.2. Quantum white noise derivatives. — As is checked by direct norm estimate, for
f € E* and ¢ € (E) we have

(4.11) la(f)ollp < Cal f =g ll @ llp+a;

(4.12) 1™ (f)llp < Col floll @ llp+as

where p € R, ¢ > 0 and C; = sup,,5o vn+ 1Ag?" with A being a constant defined
n (2.4). It then follows from (4.11) and (4.12) that a(f) € L((E), (E)) and a*(f) €
L((E)*, (E)*) for all f € E* (that is, the integral kernel operator =; o(f) extends to
a continuous operator from (F)* into itself). Moreover, (4.11) and (4.12) imply the
following

Lemma4.4. — If { € E, then a({) extends to a continuous linear operator from (E)*
into itself (denoted by the same symbol) and a*(¢) (restricted to (E)) is a continuous
linear operator from (E) into itself.

Thus, for any white noise operator Z € L((EF), (E)*) and ¢ € E the commutators

[a(¢),E] = a(Q)= — Ea(¢), —[a"(¢),E] =Ea"(¢) — a"(O)E,
are well-defined white noise operators, i.e., belongs to L((E), (E)*). We define

DfE=[a(¢),E], D;E=-[a"(¢),E].
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26 UN CIG JI & N. OBATA

Definition 4.5. — D+H and DC = are respectively called the creation derivative and
annihilation demvatwe of =, and both together the quantum white noise derivatives

(qun-derivatives for brevity) of =.
Clearly, ch becomes a linear map from L((E), (E)*) into itself. Moreover, we have

Theorem 4.6. — The map
E x L((E),(E)*) — L((E),(E)*), ((,E)— DZE
is continuous bilinear.

Proof. — For E € L((E), (E)*) we denote by || E |-, the norm of the corresponding
element in ((E) ® (E))* through the isomorphism:

£((B), (B)") = ((B)© (B))" = indlim T(E ) & T(E_,).
Then, for ¢,¢ € (E) we have
(D E)¢. )| = [(Ea" ()9, >> {a"(O)=6,v)]
< (9 @ a*(Q)e)] + [(E,a(O)p ® 8)]
<IEl-p ||1/)||p [a* (el +IEl-p-a(O¥llp- 16 llp-
By (4.11) and (4.12) we obtain
IK(D:E)e 0| < N EN-p(Cal Clp | @ lpa-ll 9 115
AT IR L1 Ty Y

Using | |- (pt+q) < )\0_(2p+q)| C|p and setting C = C, + )\0—(2p+q)cq7 we come to

(4.13) [{(D:E)p )| < CUEN-p I Clpll & llprall ¥ llp+a-
This proves that (¢,Z) — D, E is a continuous bilinear map from E x L((E), (E)*)
into L((E), (E)*). The proof for D7 is similar. O

The following results are noteworthy, though immediate from Theorem 4.6.

Corollary 4.7. — For each ¢ € E, the qun-differential operator th is a continuous
operator from L((E), (E)*) into itself.

Corollary 4.8. — Let E € L((E), (E)*). Then
E>(~— DFE € L((E),(E)")
is a generalized white noise operator field on T'.

We define
D*: L((E),(E)*) — L(E,L((E),(E)")), D¥E(()=D{E,.
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4.3. Symbol and Fock expansion. — The symbols of the qwn-derivatives DCiE are ex-
pressed in a concise form by using the Wick product (see e.g., [8] for definition). The
proof is straightforward from definition and is omitted.

Proposition4.9. — Let = € L((E),(E)*) and ¢ € E. Then for £,mn € E we have
D E(En) = (a(Q)(E 9y 0 d—)deh e,
DFE(E,n) = (a(¢)(Ede © 6—c) ¢ ) e,

where ¢ is the Wick product.

We next discuss the qwn-derivatives of 2 € L((F), (E)*) in terms of Fock expan-
sion. Let us start with the following

Proposition 4.10. — The qun-derivatives of an integral kernel operator Z¢m(Kem),
Kom € (E®E™)* are given by

DEEZ,m(HZ,m) = mEZ,mfl(Klf,m * <)7
(4.14)

DZ_EZ,m(HE,m) = ZEZ—I,m(C * Hé,m)a

where ( € E. (The right hand sides are understood to be zero for m = 0 and £ = 0,
respectively.)

Proof. — Note first that for any p € R,
Petroc — @ . 2
| P et | < Wlexp (1€l +1C1)” &CeB o< <L,
which is verified by direct calculation. We then have

—_ * d —_
<<:'€,m(”€,m)a (C)¢£,¢n>> = @<<:‘Z,m(”€,m)¢§+0(a¢n>>‘ 0—0
The right hand side is then computed with the help of (3.9) and becomes

(4.15) = (ke % @ mEB™D @ ¢ el&M 4 (¢n) (kgm0 @ €8 ) (6
On the other hand,
(4.16) (0" (OZem(5em)de,6n) = (Cm){remn® @E5™)elem.

From (4.15) and (4.16) we see that
<<(DEEZ,m(H€,m))¢§a¢Tl>> = <<E€,M(Hl,m)a*(<)¢§a¢n>> - <<a*(C)El,m(”€,m)¢§a¢n>>
= (Ktm,n® @ mE™ Y @ ()l
= m(kim * Cn®t §®(m—1)>e<£7n>
= m<<E€,m—1("W,m * C)¢§’¢77>>7
which shows the first equality in (4.14). The second one is proved similarly. O
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Theorem 4.11. — Let E € L((E), (E)*) with Fock expansion
== Z Et.m(Ke.m)
Then,

C'—‘—sz_.gm 1(H“€m )7 DE:

=0 m=1

where the right hand sides converge in L((E), (E)*).

SIS
Ze—'é 1,m C*Kem)
=1 m=0

1

Proof. — By virtue of Proposition 4.10 one needs only to check the conver-
gence, which is verified by using standard estimates of integral kernel operators
(see [12, Section 4.3]). O

4.4. QWN-derivatives of generalized white noise operator fields

Lemma4.12. — Let L € L(E,L((E),(E)*)) be a generalized white noise operator
field.  Then, ((,&) — D?(L(f)) is a continuous bilinear map from E x E into

L((E), (E)").

Proof. — Inequality (4.13) in the proof of Theorem 4.6 being applied to = = L(¢),
we obtain

(4.17) (DL€ WY < CILE - [<lp - 1@ llptg 1% lpa-

Since L : E — L((E),(E)*) = ((F) ® (E))* is continuous, there exists p > 0 and
K > 0 such that || L(€) ||-p < K|&|,. Hence (4.17) becomes

(4.18) KDL WY < CEIEl [ Clp 1@ llpra 1% lp+as

which proves the continuity of (¢,€) — D (L(£)). The rest is similar. O

For L € L(E,L((E), (E)*)) the qwn-derivative DzEL, ¢ € E, is defined by
(4.19) (DFL)(E) = DF(L(9), €€ B

Then D?L € L(E,L((E),(E)*)) by Lemma 4.12. Moreover, (4.18) yields

Corollary 4.13. — For each ¢ € E, the qun-differential operator ch 18 a continuous
operator from L(E,L((E), (E)*)) into itself.
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4.5. Generalized integral kernel operators. — Let
LeL(E,L((E),(E)))

be a generalized white noise operator field. Then by the characterization theorem for
operator symbols (Theorem 3.2) one may prove without difficulty that there exists a
unique =1 € L((E), (E)*) satisfying

(4.20) (E10e,00) = (L()oc,0n), Eme E.
In a similar manner there exists 23 € L((E), (E)*) such that
(4.21) (Z20e.0n) = (L(n)¢5,0n), &€ B,
The white noise operators defined in (4.20) and (4.21) are written in formal integral
forms:
(4.22) 2, =Q (L) = / Liadt, Zo=Q%(L)= / a} Lydt,
T T

respectively and called generalized integral kernel operators [14]. These are considered
as generalizations of quantum stochastic integrals, see also [13].

A generalized integral kernel operator emerges naturally in an integral kernel op-
erator 2 m (Ke,m). Assume m > 1. Then L : { +— Egp—1(ke,m * ) is a generalized
white noise operator field by Proposition 4.3. We write

/Ltatdt:/Eg’m_l(h}g’m*(st)atdt.
T T

Similarly, if £ > 1, a generalized integral kernel operator

/ a;Eo—1,m (0t * Kgm)dt
T

is defined.

Proposition 4.14. — For x € (E®“*+™))* it holds that

(4.23) Eom(kem) = / Eom—1(kem * 0¢)ardt, m>1,
T

(424) ELm(I{Lm) = / aIEZ—l,m(é—t * K/gwm)dt, f Z ].,
T

where the right hand sides are generalized integral kernel operators.
Proof. — We set L(¢) = Egm—1(ke,m * ) and

E:/Ltatdt:/E[)mfl(ﬁe,m*ét)atdt'
T T
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By definition we have
(Ee.0n) = (L(E)Pc.9n) = (Eem—1(rem * ©)de, b))
= (pm * €% @ EBMDYl6) — (g, n®L @ g®MY glEm)
= (Ee,m (Kem) b, b))
which proves (4.23). The proof of (4.24) is similar. O
Corollary 4.15. — For kg, € (E®UH™)* it holds that
(4.25) QD Egm(kem) = mEem(kem), QDT Egm(kem) = LEem(Kem)-
Moreover,
(4.26) [V,E]=(QFD" —Q™D7)E, Ee€L((B),(E)),
where N is the number operator.

Proof. — Formulae (4.25) follow by simple combination of Propositions 4.10 and 4.14.
From [N, E¢m(ke,m)] = (€ — m) Ep m(Ke,m), which is easily seen and well known, we

obtain (4.26). O
Theorem 4.16. — For ( € E and L € L(E,L((E),(E)*)) it holds that

T T
(4.28) Dg/ a;L,dt = / a; (DF L)dt + L(C).

T T

Proof. — We show only (4.27) for the proof of (4.28) is similar. Set

E:/Ltatdt.
T

Then we have

(20 (©0e.60) = 15 (Eesacsba)],_, = 55 {LE+00beracsbn)) .,
(4.29) = (L(&)a™ () ¢e,bn ) + (L) e ¢ )

and
(a* (e, 0n) = (C:m)(Ede,dn) = (Cm)(L(E) e, én)
(4.30) = (L(&)¢ea()y) = {a™ (OL(E)de, ¢ )-
Then from (4.29) and (4.30) we see that
((DcE)be,dn) = ([, 0" (O]de,dn)
= (IL(&), a" (O)]be,dn ) + {L(O)be )
= ((DZ L(€))be,n) + (L(C)Pe,dn)-
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Therefore, by (4.19) we have

((DeE)ee,8n) = (D L)(E)berbn) + (L) b))
which proves (4.27). O

5. Pointwise quantum white noise derivatives

Corollary 4.8 says that for an arbitrary white noise operator
EeL((E),(E)")

the qwn-derivatives DZ are defined as L£((E), (E)*)-valued distributions in t € T'.
We shall discuss when DtiE has a pointwise meaning.

Definition 5.1. — A generalized white noise operator field
LeL(E,L((E),(E)"))
is called L?-smooth if it admits a continuous extension to H = L*(T).

Definition 5.2. — A map t — L; € L((E), (E)*) is called an L((E), (E)*)-valued L*-
function on T if there exists a continuous norm ||.||;+ on (E) ® (E) such that

Jmpar <o,
T

where ||.|| - is the dual norm on ((E)®(E))* = L((E), (E)*) derived from ||.||+ through
(B)® (E) cT(H)®T(H) C () ® (E))".

Lemma 5.3. — Lett— L, € L((E),(E)*) be an L((E), (E)*)-valued L?-function on
T. Then for any ¢, € (E) the function t — {(L;¢,) belongs to H = L*(T).
Moreover, there exists an L?-smooth generalized white noise operator field = such that

(5.31) (E(Q)¢,8) = /T CONLp W), CEH, o€ (B),
Proof. — Note first that

[ tzowrfa= [ (rvoafa<ivest [ 1L
T T T
It is then obvious that t — (L;¢,¥) belongs to H = L?(T). Moreover, since we have
63 | [ cwtzomra| <loeviidch( [ 1zza)”
T ) = + . — )
there exists 2 = Z({) € L((E), (E)*) such that

/T ()L 0 dt = (E(QOb8), b € (E).

In view of (5.32) again, we see that E: H — L((E), (E)*) is continuous. Namely, =
is an L2-smooth generalized white noise operator field. U
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For p,q € R we define a new norm of x € (E®¢+m))* by

, A\ (2 . ,
|K: |?,m;p,q = Z ‘<K§,€(l) ® 6(])>‘ : |€(’L) |]2) : |€(]) qQ’
.3
where e(i) =e;, ® ---Qe;, and e(j) =ej, ®---Qe;,,, see Section 2.1.

Theorem 5.4. — For kpm € (E®Y)* @ EP™, m > 1, there exists an L((E), (E)*)-
valued L?-function M : T — L((E), (E)*) such that

(5.33) ((DgEem(rem))d v = m/TC(t)«MtW/)))dt, ¢,y € (E).

Similarly, for ke, € E®* @ (E®™)*, £ > 1, there exists an L((E), (E)*)-valued L?-
function L : T — L((E), (E)*) such that

630 ((DfZemlmm)s) = ¢ [ COLbD)AL, 6,0 € ()

T

Proof. — We show only (5.33) for the proof of (5.34) is similar. By assumption (A4)
the map t +— J; € E* is continuous, however, it is not known whether there is p > 0
such that |d; |-, < oo for all ¢ € T'. Nevertheless, from (2.6) we see that | §; |1 < o0
for a.e. t € T'. For such a ¢t € T' we define kg, * 0; by

(Ftn % 60, © 9) = (hem, f® g® ), feE®, geBEH" Y.
In fact, taking ¢ > 0 such that | ksm |¢,m;—q,1 < 00, We obtain
|(Kem * 60, f @ 9)| < | Ko lemi—q1 - 10c]—1- [ flg - 19]-1,

which means that k¢, *6; € E% ®Ef§(m_1). On the other hand, by similar argument
as in (4.10) we obtain

|| Ef,m—l(’w,m * 0t) ¢ ||_q <] Ke,m, * Ot |—q : || ® “q
(535) < C| Ke,m |€+m71,1;7q,1 ’ |6t |71 : ” ¢ ”qa ¢ € (E)

Define My = Z4 —1(Ke,m *9¢) if | 6, |—1 < oo and and M, = 0 otherwise. Then we see
easily from (5.35) that M : T — L((E), (E)*) is an L((E), (E)*)-valued L2-function.
Moreover, (5.33) follows by applying (5.31). O
The pointwise qun-derivatives of Zp (ke m) are defined by
Dt_El,m(’W,m) = mM;, Dj_Eﬁ,m(’W,m) =l Ly,

where L, M are the L((E), (E)*)-valued L?-functions introduced in Theorem 5.4. In
this case we also write

Dt_EZ,m(Hl,m) = mEE,m—l(ﬁé,m * 5t)7 D;_E'Z,m(ﬁe,m) = ZEZ,m—l(HE,m * 6t)
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