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1 Independence and Central Limit Theorem

Classical Central Limit Theorem

{X,}: a sequence of independent random variables, E(X;) =0, E(X?) =1
X1+ Xo+- 4+ Xy
VN
which means, for example,

Xi+Xo+ -+ X4\ oo 1
lim E [( S R N> ] :/ xm—e_x2/2dx, m=12,....
N—o0 VN s V27

» (Gaussian measure

Free Central Limit Theorem

{a,}: a sequence of free independent random variables in (A, y)

a; = al, p(a;) =0, p(a?) =1

CL1—|—CL2—|—"’—|—CLN

VN

» Wigner semicircle law

which means that

: Xi+Xo4 -+ Xy\"] _ 2ol / 2 _
]\}Enoogol( N > ]—/_Qx% 4 — x?dzx, m=1,2,....

[ ]



Various Concepts of Independence

(A, ¢): Algebraic probability space

independence = a rule of computing mixed moments: ¢(a;, ...a;,)

independence | commutative free Boolean | monotone
plaba) = | p(a?)p(b) p(a)p(b) p(a)’e(b) | p(a®)p(b)
p(bab) = | p(a)p(b?) p(a)p(b?) p(a)p(d)? | p(a)p(b)?
plabab) = | @(a)p(t?) |p(a)*e(b%) + (a®)p(b)* — p(a)’p(b)* | p(a)’p(b)* | p(a®)p(b)”
CLM Gaussian Wigner Bernoulli | arcsine

CLM (=central limit measure) is defined as

N
1 m +00
lim — ay, = 2"uldx), m=12,...,
e (Fege) |- [ v

where {a;} is a sequence of {commutative/free/Boolean/monotone} inde-
pendent random variables such that a; = o}, p(a;) =0, ¢(a?) = 1.



2 Spectral Analysis on Graphs

Definition A graph is a pair G = (V, E), where V is the set of vertices and

FE the set of edges. We write z ~ y (adjacent) if they are connected by an

fy o it &

edge.

4-regular (drg) 4-regular (drg) 4-regular 3-regular
finite infinite 2-dim lattice ladder graph
4-regular (drg) comb graph

homogeneous tree star graph



Definition The adjacency matriz A of a graph G = (V, I) is defined by

1, x~y,
A:L'y - .
0, otherwise.

Question 1 Given a graph G = (V, E') and a certain state (-), find a probability

measure p on R (spectral distribution in (-)) satisfying

+00
(A™) :/ " uldr) m=1,2,....

o0

Question 2 Given a growing family of graphs G, = (V") E)) and a certain

state (-), find a probability measure ; on R (spectral distribution in (-))
satisfying

+00
(AT}%/ z"p(dr), m=1,2,..., as v — oo

o0

States under constderation

(1) (X) = {0y, X0p): vacuum state, where o € V is a fixed origin.
(2) (X) = (T,00, X0,): deformed vacuum state, where T, is a certain positive

operator.



Assumptions on G = (V, E)

(a) A graph is connected,

i.e., any pair of distinct vertices are connected by a walk.

(b) A graph is locally finite, i.e.,

kxz)=HyeV;,y~a} < for any z € V Y \
x ¢« ) K(x)
. degree of x
)

¢ A is a selfadjoint operator acting on ¢*(V):
Af(z) = Z Ay fly) = Z f(y) or equivalently, A,, = (., Ad,)
yeV Yy~

¢ A is bounded if and only if G is uniformly locally finite, i.e.,

sup k(x) < 00
z€V



3 Quantum Decomposition of Adjacency Matrix A

Fix an origin o€ V of G = (V, E).

Stratification (Distance Partition)

Hilbert space ['(G) (V)

F<g) - Z @Cq)m
n=0

Vi1 (I)n+1
Va @,
V=]V, V,={zeV;d,z)=n}
Vn—l q)n-l
ra)
Oy = VoD 6s v, o,
xEVn V() q)o

s Quantum decomposition
A=AT+ A+ A
Vn (A—I—)* — A_, (AO)* — AO
(Case 1) I'(G) is invariant under A¢
v,

n-1 (Case 2) I'(G) is asymptotically invariant
under A€

(Case 3) I'(G) is not invariant under A¢



Theorem 1 IfI'(G) is invariant under AT, A~, A°, there exists a pair of sequences
{a,} and {w,} such that

A+q)n = V Wil Dy, A", = V Wn Pp_1, A*®, = a1 Dy

In particular, (I'(G), AT, A7) is an interacting Fock space with Jacobi sequence {w,,}.

Theorem 2 Notations and Assumptions being as above, there exists a probability

measure it on R such that

+00

<CI)(), Amq)0> = <(I)0, (A+ + A+ Ao)mq)()) = / .CE‘m,LL<CZ.CE‘), m = 1, 2, ceen

—0

Moreover, the Stieltjes transform G,(z) of p satisfies

400
G2) :/ p(dz) _ 1 w1 wo ws

o AT Z—O0]—Z—Qa—2—Q3—2—Qq—"""

Remark p is the orthogonalizing measure for the polynomials defined by
Py(z)=1, Plx)=x—qa1, zP,(x)=P1(x)+ an1P(x)+w,P.1(x).
({wn}, {a,}) is called the Szego-Jacobi parameter of ji.
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Continued fraction

1 Wy W9 w3
Gu(z) =
Z— 00—k — 09—k — 03— 2 —0yg— "+~
1
Wi
Z — ] —
W2
Z — 9 —
W3
z — (g —
Z_a4_...

Stieltjes transform

GN(Z)Z/JFOO“(‘Z”;) :/m F@) ce meo,

w Z—T o Z—T

F(z) = p((—o0,z]) distribution function (right-continuous)

Stieltjes inversion formula

%{F(t) + F(t—0)} — %{F(s) + F(s—=0)} = 1 lim /: ImG,(z+iy)de, s<t

T y—+0

1
plz) = —— linjrlo ImG,(z +iy) absolutely continuous part of p(dz)
T y—



4 Kesten Measures

4.1 Homogeneous Trees

T,: homogeneous tree of degree xk > 2

(Tony Cayley graph of the free group on N generators)

Quantum decomposition A=A+ A + A°

A+(I)0 = \/-ng)l, A+q)n = VK- 1C1)n_|_1 for n 2 1

A_CI)() = O, A_q)l = \/ECI)Q, A_q)n = VK -— 1@n_1

A° = 0.

Szego-Jacobt parameter

Wi =K, W =w3=:'=kK=—1, ay,

Strelijes transform

400
/ p(dz) Go2) 1w wy ws wy

o Z—T 2= 2 =2 =2 =2z ="

for n > 2

Stratification of 7T}




Definition The probability measure p = p,; determined by
/+°O,u(das) 1 a b b b

=—- - a>0, b>0,
o Z—T Z—Z—Z—Z—Z—---

is called the Kesten measure with parameter a,b. The density is given by

pap(x)dz, if 0 < a <25,
fap(dz) = a — 2b ,
pap(z)dz + Na—b) (0_o/vams + 0uyyamp)y 1 0<2b<a,
where
a V4b— x?
a - X < 2V'b.
Paile) 21 a? — (a — b)x? =] < 2V
For a homogeneous tree T, (k= 2) 0.27
Setting a = k, b = kK — 1, we obtain [\/\
+2vK—1 A — 1) — 72 /,Bi_\
(AT :/ 2m K \/ (1462 )2 x d
—9y/m—1 2T K*—
m=1,2,...

-6 -4 -2 0 2 4 6

Kesten measures (for T}, Tg, T15)



4.2 Asymptotics: 1, as K —

Actions of normalized quantum components (A,) =0, (A%) = .

AT AT Kk —1

2 oy =D, oo, = o,., forn>1

\/— 0 — ¥1, \/E +1 or n =~

A~ A~ A~ —1

L dp=0, “_d, =, T, , forn>2

Vi NG N

AO
/R

Szego-Jacobr parameter in the limit as v — >

= 0.

wp = lim wy(k) =1 for all n > 1; a,=0 foralln>1

K—00

Theorem 3 For the adjacency matriz A,. of the homogeneous tree T},

AN\ 2o
<(\/E> > <(Bfree+Bfree) > /2 x %\/4—x2dx, m=1,2,....

Remark Let (7, €2(FN)) be the regular representation of Fy = (g1, ..., 9gn)-

is a sum of free independent random variables.

Aoy gk —|—7T(gk )
V2N \/_,; V2




4.3 Spidernet S(a,b,c) wherea>=1,0=22,0—1=2c>1

also called a semi-regular graph [Urakawa (2003)]
N
o(z) = {a xr = o (origin) 6\2‘;%
bz !M.

SEYS
for = # o. (4'1‘"\‘\‘

S(4,6,3)

V)

N
A [

Actrons af quantum components af A

A+CI)0 - \/aq)b A+q)n - \/E(I)n—i-l? n > 17
A_CI)O = 0, A_q)l = \/ECIDO, A_q)n = \/Eq)n—la n Z 2,

A°®y =0, A°®,=(b—-1—-¢)®,, n>1.



Szego-Jacobi parameter

w1 = a, Wy =wg =--+=20,

a;=0, aw=a3=---=b—1—c.

Asymptotics: S(a,b,c) as a — oo  Noting (A) =0 and (4?%) = a,

At AT c

—=Po = —=®p =1/ = Pr1, > 1,

a 0 15 Ja g n

A~ A~ A~ c

Py =0 P =D =4 /—D,_1, > 92,
\/5 0 ) \/E 1 0 \/5 \/; 1 n

AO

CI)():O7

A° _b—l—c

D D,

n>1.

Va Va ' Va

Letting a — oo with

c b—1—c¢c
_—>p7

a \/a 7 g,

Szego-Jacobt parameter in the limit

Wy = w3 ="+ - 0<p<o0

Qg =Qg ="+ = 0<g< o0



Definititon Let a > 0, p > 0, ¢ > 0. The probability measure p = p,,,
determined by

Z—x ;—z—q—z—q—z—q—z—q—---

/+°°u(dw) 1 a p p p

o0

is called the deformed Kesten measure.

Theorem 4 Let A = A(a,b,c) be the adjacency matrix of a spidernet S(a,b,c).

Then we have

400
(A™) = / z"u(dr) m=1,2,...,

o0

where |t = g cp—1-c 15 the deformed Kesten measure.

Theorem 5 Let A = A(a,b,c) be the adjacency matrix of a spidernet S(a,b,c).
Then in the limit as a — oo, ¢/a — p, (b — ¢)/\/a — q we have

jim { (A" _/me (dz), m=1,2
\/5 — N 7 , =1,2,...,

where |t = 1, 15 the deformed Kesten measure.

Remark (1) p.po is the Kesten measure with parameter (a,p).

(2) p110 is the Wigner semicircle law.

1%




5 Distance Regular Graphs

Definition A graph G = (V, F) is called distance regular if the intersection

numbers:

pij =Kz €V;0(z,2) =1, 0y, 2) = j}|,

is constant for all pairs z,y such that 0(z,y) = k.

Theorem 6 Let G = (V, E) be a distance-reqular graph with a fized origin o € V.

Then T'(G) is invariant under the quantum components A¢. Moreover,
A+(I)n = V W+ CI)n+17 A_(I)n = VW CI)n—la Aoq)n - an+1q)n7
holds with the coefficients given by

— n—1 _ n—1 .
Wn = P1n-1P1n Qn = Pin—1> n=12,....




Examples (a) Homogeneous tree T,

pli=6K Dr.=r=1"" pit=rx-1 p{,=0.

)

Kesten measure (Kesten 1959)
Wigner semicircle law in the limit as k — oo (Voiculescu 1980s)

(b) Hamming graphs H(d,N) V ={1,2,...,N}¢
d

n

)

Gaussian measure or Polsson measure in the limit as d, N — oo
“Semiclassical” method (Hora 1998)
Quantum decomposition (Hashimoto-Obata-Tabei 2001)

(c) Johnson graphs J{v,d) V ={z C{1,2,...,v}; |z|=d} (2d < v)

n n

d —d
p(f,l:d(v—d), pg,n=(>(v ), p?)ﬁlz(d—n%—l)(v—d—n—i—l), pi, = n(v —2n).

Exponential distribution or geometric distribution in the limit as v,d — oc
“Semiclassical” method (Hora 1998)
Quantum decomposition (Hashimoto-Hora-Obata 2003)
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(New Example) Odd graph O (k = 2)

Vertex set
V=A{zCQ;|z|=k—-1}, Q={1,2,...,2k —1}.
Adjacency matrix A defined by

1, ifzny=0,
A,y = /

0, otherwise.
Some geometric data

deg O = k, diam O, =k — 1

(7891)

(6789) (g345) (§456)

(1234)

(5678) (9123) (§567) (8912)

a cycle of O;



Intersection numbers

4
n n O, 1 S n S k— 2
5 k — > n: even bt
p?,n—l - n + 1 p?,n—i—l - n -+ 1 p?’n — < T, n = k — ]_7 k: Odd
k — , n: odd 2
2 2 -, n=k—1, k: even
\ 2
Limat as k£ — oo
w = lim p%%lp%nﬂ =n-+1, wy, = lim p%flgn_lp%g;l =n, «,= lim p?’;l_l =0
2n+1 Praoel L ; 2n Prsoel I , n o \/E .

Theorem 7 (Igarashi-Obata 2004) For the adjacency matrict Ay of the odd
graph Oy we have

. A \" m
k11_>r20<(72) >:<CI>0,(B++B )" D), m=12,...,

where B are the annihilation and creation operators on the interacting Fock space

associated with the Jacobi parameter {w,} ={1,1,2,2,3,3,...}.

19



Stieltjes transform

T u(d 1 1 1 2 2 3 3 4

/ pde) gyt 1122334

o R Z—Z—Z—2zZ—2Z—z2—Z—Z—""
__ 7 1° 27 3° (n —1)?
2122 -3-22—5-22—T7— - =22 —(2n—1)—---

2

/+oo |33|€_x d
= x
oo A T X

Theorem 8 (Igarashi-Obata, 2004) For the adjacency matriz Ay of the odd
graph Oy we have

. A \" T a2
lim — = z™zle™™ dz, m=12,....
k—o00 \/E o

0.5

“two-sided” Rayleigh distribution




Overview of Our Method

+00
Given {G, = (V,, E,)}, we wish to find p such that (A)') ~ / ™ u(dx)

— 00

combinatorics
spectral distribution

e "

scaling limit
Classical

adjancency matrix
Ay

@ stratification

quantum decomposition

asymptotic
A,= AL+ A +AS spectral distribution
u
quantum CLT Quantum \
g
lim Ay

— = D€
Z—B

|4

interacting Fock space orthogonal polynomial
(T{wn}, B, B°=«a — {Pn} {on} {an)

|4

N+1




SUMMARY

. Free CLT was revisited from the viewpoint of Asymptotic
Spectral Analysis on homogeneous trees.

. Method of Quantum Decomposition of the adjacency ma-
trix A= A"+ A~ + A° was discussed.

. Deformed Kesten measures, generalizing Kesten measures
and Wigner semicircle law, emerged from spidernets.

. Another direction of generalization of Free CLT was dis-
cussed from the viewpoint of Asymptotic Spectral Analysis
on distance regular graphs.

. A new example (odd graphs) was shown.

A. Hora and N. Obata: “Quantum Probability and Spectral Analysis on Graphs,”

A monograph in preparation



5.1 A New Aspect: Graph Products <= Independence Concepts

G = “product” of G; and G,
)

A= AN + A® = sum of “independent” random variables

independence | monotone Boolean commutative free
CLM arcsine Bernoulli Gaussian Wigner
graph product comb star direct free
examples comb graph | star graph |integer lattice | homogeneous tree

Db S
AN
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