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1. Quantum White Noise Calculus
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1.1. Background

The Boson Fock space over H = L2(T) is defined by

I'(H) = {‘f’ = (fn); fn € HO™, ]2 = 3 nl|fuld < °°},

n=0
where T' is a topological space equipped with a o-finite Borel measure dt, |fr]o is the
usual L2-norm of H®" = Lzym ).

The annihilation and creation operator at a point t € T

a::(0,...,0,6%™,0,...) — (0,...,0,n&(t)e®™V,0,0,...)
a; :(0,...,0,6%",0,...) = (0,...,0,0,£%"®4:,0,...)

A “general” Fock space operator takes the form:

oo
* *
g / Kiym(815.v ey 81,t1,. 00 stm)ag, -+ ag aey -+ at,, dsy -+ -dsidty - - - dtp,
Tl+m

l,m=0

Quantum field theory: e.g., Haag (1955), Berezin (1966), Krée (1988), etc.
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1.2. White Noise Approach

1) Gelfand triple for H = L3(T):

ECH=L*T)CE*, E=projlimE,, E*=indlimE_,,

p—roco pP—>o0
where E, is a dense subspace of H and is a Hilbert space for itself.

I1) Gelfand triple for I'(H) (e.g., Hida—Kubo—Takenaka space):

(B) CT(H) C (B),  (E) =projlimI(Ey), (E)" = indlimI(E_),

Notes: (1) T'(H) = L*(E*, u) (Wiener—It6-Segal isomorphism)
(2) (E) is the space of test functions and (E)* the space of distributions.

Definition

A continuous operator from (E) into (E)™ is called a white noise operator. Let
L((E), (E)*) denote the space of white noise operators, equipped with the topology of
bounded convergence.

Note: L((E), (E)), L((E)*, (E)*) and B(I'(H)) are subspaces of L((E), (E)*).
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1.3. Integral Kernel Operators

Theorem

a: € L((E),(E)) and a; € L((E)*, (E)™) for all t € R. Moreover, both maps
t—as € L((E),(E)) andt — a; € L((E)™, (E)*) are operator-valued rapidly
decreasing functions, i.e., belongs to E @ L((E), (E)) and E® L((E)™, (E)™),
respectively. (The pair {at,a; ; t € T} is called the quantum white noise on T'.)

Definition

Given Ki,m € (E®(H'm))*, l,m =0,1,2,..., the integral kernel operator
Ei,m(ki,m) € L((E), (E)*) is defined by

(Brm(K1,m)Pes @n) = (Ki,m, ' @ £8™)el& ™,
where ¢ = (1, &,£%2/21,...) is the exponential vector. We write

El,‘r'n, (K/l,m)

* *
= " K’l,m(sla"' ,Sl’tl”" ’tm)asl"‘a/sla/tl"'atmdsl“'dsldtl"'dtm
T m
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1.4. Fock Expansion

Theorem (Obata (1993))

Every white noise operator 2 € L((E), (E)*) admits the infinite series expansion:

oo

E= ) EBim(km), mm € (BEF™),

l,m=0

where the right-hand side converges in L((E), (E)*). IFE € L((E), (E)), then
Ki,m € E® ® (E®™)* and the series converges in L((E), (E)).

Berezin (1966): for bounded operators in a weak sense
Krée (1988): introduced distribution theory for operators

Our Standpoint

A white noise operator = as a function of quantum white noise:

E =E(as,a;;8,t€T)
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2. Quantum White Noise Derivatives
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2.1. Definition

White noise (Hida) derivative: for a white noise functional ® = ®(B(t); t € T),

8%
8B (t)

=—> O® or a:®

A quantum counterpart: for a white noise operator as a function of quantum white noise:

=
—_—

= E(as7 ag;s,t € T)
We should like to define the derivatives with respect to as and aj:

=, =
das dat

t
Expected properties:

)
J—%/f(t)atdt = f(s)I

%/f(s,t)asatdsdtz/f(s,t)atdt+/f(t, s)ae dt
%/f(svt)asa:dsdt: /f(s’t)as ds

Nobuaki Obata (GSIS, Tohoku University)

Recent Developments in Quantum White Noise Calculi 2009IDAT, June 22-24, 2009 9 /33



2.1. Definition

Definition (Ji-Obata (2007))
For 2 € L((E), (E)*) and ¢ € E we define DEEE € L((E),(E)") by
DZ":: [a(¢), El, DC_E:_[a*(C)aE]'

These are called the creation derivative and annihilation derivative of E, respectively.

Both together are called the quantum white noise derivatives.

Note: For ¢ € E, both
a(¢) = Bon () = /T C(t)ardt, a*(¢) = E1,0(¢) = /T ¢(t)a dt,

belong to L((E), (E)) N L((E)*, (E)™).
Some properties:
O (D}E)* = D; (%) and (D; E)* = Df (27).
(2] Dét is a continuous linear map from L((E), (E)™) into itself.

@ Moreover, (¢, E) +— DCiE. is a continuous bilinear map from E x L((E), (E)™)
into L((E), (E)™).

Nobuaki Obata (GSIS, Tohoku University) Recent Developments in Quantum White Noise Calculi 2009IDAT, June 22-24, 2009 10 / 33




Remark: Pointwisely Defined QWN-Derivatives

Recall: The annihilation and creation operators

a(f) = [ f®acdt, o' () = [ F(t)aidt.
T T
It is natural to write
D} = / ¢(t)DY dt D] = / ¢(t)Dy dt
¢ t 9 ¢ t .
T T
In fact, this expression is useful for computation.
However, it is not straightforward to define th for each point t € T because
D}E = [a:,E] = a+E — Ear, D;E= —[a},E] = —a;E + Ea}
are not well-defined in general.

Nevertheless, the pointwisely defined quantum white noise derivatives D,ft are well
formulated for admissible white noise operators (Ji-Obata, 2009, to appear).
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2.2. Examples

The canonical correspondence (kernel theorem) between S € L(E, E*) and
T=17s € (EQ® E)* is given by (s, n ® £) = (S&, n) for &,m € E.

(1) The generalized Gross Laplacian associated with S'is defined by

Ac(S) = Eo,2(7s) = / 7s(s, t)asa: dsdt

TXT
Note that Ag(S) € L((E), (E)). Then,
DfAc(S) =0, D;Ac(S)=a(S¢) +a(5*¢)
In fact, since

D, Ag(S) :/‘rs(s,t)a,s ds+/ 7s(t, s)as ds
T T

we have

D7 A(S) = /

T X

Ts(s,t)as¢(t) dsdt + / 7s(t, s)asC(t) dsdt
T TXT

:/TSC(S)ans+/TS*C(s)asds:a(SC)—i—a(S*C)
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2.2. Examples

(2) The adjoint of Ag(S) € L((E)*, (E)*) is given by
AG(S) = E2,0(7s) = / T5(s,t)aral dsdt
TXT

The quantum white noise derivatives are given by

D;A%(S) =0, D}FAL(S) =a*(S¢) + a*(5%¢)

(3) The conservation operator associated with S is defined by

A(S) = E1,1(1s) = / Ts(s,t)ala: dsdt

TXT
In general, A(S) € L((E), (E)™).
The quantum white noise derivatives are given by

D;A(S) =a*(5¢), D}A(S) = a(S*¢).
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2.3. Wick Products

Definition
For 21,22 € L((E), (E)*) the Wick (or normal-ordered) product =1 ¢ E3 is defined
by

(B1082) (&m) = Ea(&,mE2(§me” ©™,  gne B,

where Z(&, ) is the symbol of a white noise operator 2 € L((E), (E)*) defined by

E(&,n) = (Ede, dn)), & n € E,

where ¢ = (1,&,--- ,£97/nl,...) is an exponential vector.

Some properties:

Q Forany E € L((E), (E)*) we have

m
m
[
b1

atOE: Sar =

U

* *
at, a; ¢ oa; = ay

@ Equipped with the Wick product, L((E), (E)*) becomes a commutative algebra.
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2.4. Wick Derivations

Definition
A continuous linear map D : L((E), (E)*) — L((E), (E)*) is called a Wick
derivation if

D(E1 0 Bz) = (DE1) 0 Bz + E1 ¢ (DE2)

for all 21,22 € L((E), (E)*).

Theorem

The creation and annihilation derivatives DZE are Wick derivations for any ¢ € E.

Moreover, it is proved that a general Wick derivation D is expressed in the form:
D= / F(t) o D dt + / G(t) o D; dt,
T T

where F,G € E® L((E), (E)").
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Proof.
In general, for E € L((E), (E)*) we have
(DEE) (€,m) = ((a(€)E — Za()) e, b))
= (Eoe, a” (O)on) — (Ea(C)de, dn)

d
= E <<E¢£s ¢77+tC» - <£7 C) «Ed)E, ¢71»
t=0
al = _ g
= S| en+w - osEn.

Then for E = 21 ¢ E2 we have

(DZ_E)A(& n) = % E1(&, ¢ + n)Ba(g, t¢ + n)e & ttm

_(i
— \ dt

- (59 C)él (5, n)é")(ﬁ, n)e_<5v )

él(&, tc + ’f])) éz(g’ ’r’)e_<£x n)

t=0
g 4
ol —'l(ﬁa "7) ( dt

— 2(£,¢)E1 (&, B2 (&, me & M.

Sa6 e +m) e @

Viewing (1) once again, we obtain
(DFE) (&) = (DFE1) 022) (§,1) + (B1 0 (DI E2)) (£,m)-
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3. Differential Equations for White Noise Operators
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3.1. A General Result

Given a Wick derivation D and a white noise operator G € L((E), (E)*),
consider

>
)]
Il

Q
o
m

(2)

The Wick exponential is defined by

1 on "
wexp Y = Z EYO ) Y € L((E),(E)Y),

n=0

whenever the series converges in L((E), (E)™).
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Theorem

Assume that there exists an operator Y € L((E), (E)™) such that DY = G and
wexp Y is defined in L((E), (E)*). Then every solution to

DE=GoE 3)

is of the form:
E = (wexp Y)oF, (4)

where F € L((E), (E)™) satisfying DF = 0.

Proof.

It is straightforward to see that (4) is a solution to (3). To prove the converse, let E be an
arbitrary solution to (3). Set
F = (wexp (—Y)) ¢ E.
Obviously, F € L((E), (E)*) and 2 = (wexp Y) ¢ F. We only need to show that DF = 0.
In fact,
DF = —DY ¢ (wexp (—Y)) 0 E + (wexp (—Y)) ¢ DE
=—Go(wexp(—Y))oE+ (wexp(—Y)) oGO = =0.

This completes the proof. O
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3.2. Example (1)

Let us consider the (system of) differential equations:

DfE=0, (€E. (5)

We expect easily that E = E(as,at; s,t € T') does not depend on the creation

operators. In fact, by Fock expansion we see that the solutions to (5) are given by

oo
= = Z Eo,m(h‘/o,m).
m=0

In a similar manner, the solutions to

D

[

g_ =0, (EE, (6)

are given by
oo
== E E[,Q(K,[,o).
=0

Consequently, a white noise operator satisfying both (5) and (6) are the scalar operators.
Thus, the irreducibility of the canonical commutation relation is reproduced.
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3.3. Example (2)

Let us consider the differential equation:

D;E=2a(¢)oE, (€cE.

()

We need to find Y € L((E), (E)*) satisfying DY = 2a(().
In fact, Y = Ag is a solution.
Moreover, it is easily verified that wexp Ag is defined in L((E), (E)).
Then, a general solution to (7) is of the form:
= = (wexp Ac) o F,

where DZF =O0forall¢ € E.
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3.3. Example (3)

Now we consider the differential equation:
DfE=o,

D;E=2a({)¢E, (E€E.

(9)

By Example (2) the solution is of the form:

= = (wexp Ag) o F, DZF:OforaIICGE.

We need only to find additional conditions for F' satisfying DlE =
Noting that DZ‘AG = 0, we have
DZ‘E = (wexp Ag) <>D2_F =0.

Hence Dg‘F =0 for all ¢ € E, so F is a scalar operator (Example (1)).
Consequently, the solution to (9) is of the form:

=2 = C wexp Ag, C eC.
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4. Implementation Problem for CCR
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4.1. The Implementation Problem

Let S,T € L(E, E) and consider transformed annihilation and creation operators:

b(¢) = a(S¢) +a™(TC), b"(¢) = a™(5¢) + a(T¢),
where ¢ € E. We know that b(¢), b"(¢) € L((E), (E)) N L((E)™, (E)").

The implementation problem

is to find a white noise operator U € L((E), (E)™) satisfying

(E) —— (BE)* (E) —— (E)*
a(C)l lb(C) a*(C)l lb*(C)
(B) —— (B)" (B) —— (B)"

Remarks: (1) T*S = S*T is equivalent to
[b(¢), b(m)] = [b*(€),b*(n)] =0, ¢, m € E.
(2) 8*S — T™T = I is equivalent to

[b(C),b*(Tl)] = (¢, M) ¢,m € E.
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4.2. Our Approach

Ua(¢) = b(Q)U
= (a(8¢) +a™(T¢)) U
= D},.U + Ua(S¢) + a*(TQ)U,
D{.U = Ua(¢) — Ua(S¢) — a*(TOU
=Ua(¢ — 5¢) —a™(TOU
= [a(¢ — 5¢) — a™(TQ)] o U.

Thus,

Ua(¢) =b(Q)U <= DE.U=[a(¢— S¢) —a*(T¢)]oU.

Similarly,

Ua*(¢) =b"(Q)U <= (D; — DU = [a"(5¢ —¢) + a(T¢)] o U.
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4.3. Solution to the Implementation Problem (1)

Theorem

Assume that S is invertible and that T*S = S*T. Then a white noise operator
U € L((E), (E)™) satisfies the intertwining property:

Ua(¢) =b(Q)U, (€E,

if and only if U is of the form

U = wexp {—%Aa(Ts—l) +A((STH* — 1)} o F, (10)

where F € L((E), (E)*) fulfills Df F = 0 for all ¢ € E.

Remark: Note that
wexp {~ZAG(TS ™) | = e 3G, wexp {A((STH — D} =TS,
where T'((S™1)*) is the second quantization of (S~1)*. Hence, (10) becomes

U=e 38T ) or((s 1)) o F

— e—%A*G(TS_I)F((S—l)*)F'
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Proof.
(1) We only need to solve the differential equation

D}.U = [a(¢ — S¢) — a™(T¢)] o UL (11)
(2) We readily know that
DIA((S™) —I)=a((—5¢), DHAL(TS™) =2a*(T¢).
(3) Then by the general result a general form of the solutions to (11) is given by

0 = s {—%A*G(TS_I) FA(S™Y" — I)} oF,

where F' € L((E), (E)™) is an arbitrary white noise operator satisfying D;‘CF = 0 for
all ¢ € E.

(4) Since S is invertible, the last condition for F' is equivalent to that DZ‘F = 0 for all
¢ EE. O
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Solution to the Implementation Problem (2)

Theorem
Assume the following conditions:
(i) S is invertible;
(i) T*S = S*T;
(iii) §*S —T*T = I;
(iv) ST* = TS*.
Then a white noise operator U € L((E), (E)*) satisfies the intertwining property:
Ua™({) =b"(Q)U, (E€E,

if and only if U is of the form:
U = wexp {—%A*G(T,S'_l) +A(S™H* =1+ %AG(S_lT)} oG,

where G € L((E), (E)*) is an arbitrary white noise operator satisfying

(D —Df,)G =0 forall¢ € E.
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Proof.

(1) Our task is to solve the differential equation:
(D — D7)U = [a”(5¢ — ¢) + a(T¢)] o U.

(2) First we need to find a solution to the differential equation:

(D — Df)Y = a*(5¢ - ¢) + a(T¢). (12)
(3) As is easily verified,

Y = AL(K) + A(D) + Ac(M), K=K', M=M,

satisfies (12) if and only if

2M — L*T =T, L—-2KT =S —1.
Thanks to the conditions (i)—(iv) we may choose

K = —% TS™', L=(S"YY" -1, M= %S_IT.

(4) Then the assertion follows immediately from our general theorem. (]
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Solution to the Implementation Problem (3)

Theorem
Assume the following conditions:
(i) S is invertible;
(i) T*S = ST <= [b(¢), b(m)] = [b*(¢), b" (m)] = 0;
(i) §*S — T*T = I <= [b(¢), b" ()] = (¢, m):
(iv) ST* = TS*.
A white noise operator U € L((E), (E)*) satisfies the following intertwining properties:

Ua(¢) =b(QU,  Ua™(() =b"(Q)U, (E€E,

if and only if U is of the form:
U = C wexp {—%AE(TS_l) +A(STH* =1+ %AG(S_lT)}
_ Ce—%Aa(TS_l)F((S—l)*) e%Ag(S_lT),

where C € C.
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Proof.

By the above two theorems, U is of the form

U = wexp {—%A*G(Ts_l) FA(S™Y" — 1)} oF

= wexp {—%A*G(TS_I) +A(S™YH* -1+ %AG(S—lT)} °G,
where F,G € L((E), (E)™) satisfy
DfF =0, (D; —D})G=0, forall¢E¢€E.
We see from the above relation that
G = F o wexp {—%A(;(S_IT)} .
Since the right hand side contains no creation operators, we have
DfG=0, (€E.

Then,
0= (D —-D7)G=D;G, (€E,

so G is a scalar operator.
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Final Remarks

Definition (Chung—Ji (1997))

For U € L(E, E*) we have e2¢) € L((E), (E)) and for V € L(E, E*) we have
'(V) € L((E), (E)*). Then their composition

Gu,v = (V) ere®

becomes a white noise operator. This is called a generalized Fourier—Gauss transform and
its adjoint operator Gy v, a generalized Fourier~Mehler transform.

(1) The solution to the implementation problem:

U= Ce—%AE(TS_l)I-\((S—l)*) e%AG(S_lT)
is the composition of the generalized Fourier—Mehler and Fourier—Gauss transforms.
= a new (white noise) approach to Bogoliubov transform

(2) Integral transform (lecture by H. S. Chung)

. ¢(azx + by)p(de) = Gaz4b2-1)/2,69(Y)

A systematic study of the transformations will be presented by Un Cig Ji.
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