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Preface

The so-called network science has grown to be a vast research area, creating a new
paradigm to understand various complex networks appearing in physics, chemistry, biology,
epidemiology, ecology, sociology, engneering, etc. For example, proteomics, one of the current
big issues in system biology, needs a new mathematical approach to exploring the structure
of protein-protein interaction. To describe and understand the nature of complex networks is
a present issue, however, our goal is to establish a methodology of controlling its dynamics.
These lectures, keeping our ambitious goal in mind, aims at mathematical foundation of
complex networks with special emphasis of their spectral properties. Moreover, we will see
how the quantum probabilistic ideas are useful in spectral analysis.

In the real world one finds networks in their basic form as interrelations among objects.
Such networks are described in terms of graph theory, namely, objects under consderation
being set as points in a plane and two objects in interrelation being connected by an arc
therein, we obtain a geometric description of the network called a graph (in fact, the math-
ematical definition of a graph makes us to abandon even such a geometric image).

The graph theory, tracing back to Euler’s famous problem on seven bridges in Konigsberg,
has become one of the main subjects in discrete mathematics. From mathematical point of
view most attention has been paid to “beautiful” graphs, e.g., reasonable size for handling
and/or possessing nice symmetry, but little to very large graphs in the real world because
of being “dirty” or “complex.” Examples of such dirty graphs are telephone networks, the
internet (physical connections among PC’s), the WWW (hyperlinks of webpages), Hollywood
costars, coauthors of articles, human or social relations, biological networks, etc.

Figure 1: The internet

During the last decade as the development of computer technology, some characteristics
became computable for very large networks in the real world. As a few physical quantities are
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Figure 2: Paul Erdos’ coauthors

used efficiently for description of gas in stead of the set of huge number of Newton equations,
we believe reasonably that such large networks can be captured in terms of a small number of
statistical characteristics carefully chosen. Up to now the prevailing characteristics of large
complex networks in the real worlds are:

1. Small world phenomenon dating back to Stanley Milgram’s small world experiment
(1967), saying that the mean distance of two vertices is small O(logn) relative to the
large number n of vertices.

2. Large cluster coefficient (C' > 0.7), i.e., locally most vertices are connected each other.
3. Existence of hubs, as indicated by the long tail of the power law degree distribution

p(k) oc k7 (v > 1).

Mathematical models for complex networks were proposed in the following epoch-making
papers:

[1] D. J. Watts and S. H. Strogatz: Collective dynamics of ‘small-world’ networks, Nature
393 (1998), 440-442.

[2] A.-L. Barabési and R. Albert: Emergence of scaling in random networks, Science 286
(1999), 509-512.
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Figure 3: High school dating

Since then up to now many papers have been published with only few mathematical rigorous
results. Our intention is to develop mathematical study of those models as well as to propose
new models. For a mathematical model of a large complex network, a single graph seems to
be not suitable. In order to capture characteristics of their large size we reasobnably take a
growing graph and study its asymptotic behavior. And for characteristics of its complexity it
is natural to consider statistical quantities of a random ensemble of graphs. In these lectures,
therefore, one should keep in mind that a graph is intended to grow and/or to be random.

0.1 Quantum Probability = Noncommutative Probability

Quantum probability theory provides a framework of extending the measure-theoretical
(Kolmogorovian) probability theory. The idea traces back to von Neumann (1932), who,
aiming at the mathematical foundation for the statistical questions in quantum mechanics,
initiated a parallel theory by making a selfadjoint operator and a trace play the roles of a
random variable and a probability measure, respectively.

One of the main purposes of these lectures is to test the quantum probabilistic techniques
in the study of large complex networks, in particular, their spectral properties.
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0.2 From Coin-toss to Graph Spectrum
0.2.1 Classical probabilistic model

The toss of a fair coin is modelled by a random variable X on a probability space ({2, F, P)
satisfying the property:

HX=+DZHX:—QZ§

Rather than the random variable itself more essential is the probability distribution of X
defined by

1 1
n = § (5,1 + 5 5+1 (01)

The moment sequence is one of the most fundamental characteristics of a probability
measure. For g in (0.1) the moment sequence is calculated with no difficulty as

Foo 1, if m is even,
Mal) = [ amulds) = | (0.2
oo 0, otherwise.

When we wish to recover a probability measure from the moment sequence, we meet in

general a delicate problem called determinate moment problem. For the coin-toss there is no
such an obstacle and we can recover the Bernoulli distribution from the moment sequence.

0.2.2 Quantum probabilistic (matrix) model

I

Then {eg, €1} is an orthonormal basis of the two-dimensional Hilbert space C? and A is a
selfadjoint operator acting on it. It is straightforward to see that

We set

1, if m is even,

<607Am60> = { (04)

0, otherwise,

which coincides with (0.2). In other words, the coin-toss is modeled also by using the
two-dimensional Hilbert space C? and the matrix A. In our terminology, letting A be the
x-algebra generated by A, the coin-toss is modeled by an algebraic random variable A in an
algebraic probability space (A, ey). We call A an algebraic realization of the random variable
X.

0.2.3 Noncommutative Structure

Once we come to an algebraic realization of a classical random variable, we are naturally
led to the non-commutative paradigm. Let us consider the decomposition

A:A*+A:{8 (1)]+{(1) 8}, (0.5)
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which yields a simple proof of (0.4). In fact, note first that

(eo, A™eg) = (e, (AT + A7) eg) = Y (eg, A™ -+ A%y). (0.6)

617"-75m€{i}

Let G be a connected graph consisting of two vertices eq, e;. Observing the obvious fact that
(0.6) coincides with the number of m-step walks starting at and terminating at ey (see the
figure below), we obtain (0.4).

€1 I
€0

G 0 1 2 3 m

Thus, computation of the mth moment of A is reduced to counting the number of certain
walks in a graph through (0.5). This decomposition is in some sense canonical and is called
the quantum decomposition of A.

0.2.4 Relation to Graph

We now note that A in (0.3) is the adjacency matrix of the graph G. Having established
the identity

“+o0o
(€9, AMeq) = / ™ p(dx), m=1,2,..., (0.7)

—0o0
we say that p is the spectral distribution of A in the state ey. In other words, we obtain an
integral expression for the number of returning walks in the graph by means of such a spectral
distribution. A key role in deriving (0.7) is again played by the quantum decomposition.

0.3 Quantum Probabilistic Approach

For (in particular, asymptotic) spectral analysis some techniques peculiar to quantum
probability seem to be useful. They are

(a) quantum decomposition (using noncommutative structure behind)
(b) various concepts of independence and corresponding quantum central limit theorems

(c) partition statistics for computing the moments of spectral distributions

A basic reference throughout these lectures is:

[3] A.Horaand N. Obata: Quantum Probability and Spectral Analysis of Graphs, Springer,
2007.
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1 Graphs and Matrices

1.1 Graphs

Definition 1.1.1 Let V' be a non-empty set and E a subset of {{z,y}; z,y € V, x # y}.
Then the pair G = (V, E) is called a graph with vertes set V' and the edge set £. An element
of V is called a verter and an element of E an edge. We say that two vertices z,y € V are
adjacent, denoted by = ~ y, if {x,y} € E.

A geometric representation of a graph G = (V, E) is a figure obtained by assigning each
x € V to a point in a plane and drawing a line (or an arc) between two planer points if they
are adjacent in GG. Appearance of the geometric representation of a graph varies widely. For
example, the following two figures represent the same graph.

Figure 1.1: Two geometric representation of the Petersen graph

Definition 1.1.2 A graph G = (V, E) is called finite if V' is a finite set, i.e., |V| < oc.
Definition 1.1.3 For a vertex x € V' of a graph G we set

deg(z) = degg () = [{y € V; y ~ a},
which is called the degree of x.

Definition 1.1.4 A graph G = (V| E) is called localy finite if deg(z) < oo for all x € V.

Definition 1.1.5 A graph G = (V| F) is called regular if every vertex has a constant finite
degree, i.e., if there exists a constant number x such that deg(z) = « for all z € V. To be
more precise, such a graph is called k-regular.

Definition 1.1.6 A finite sequence of vertices xg,x1,...,x, € V is called a walk of length
n if

To~ Ty~ e~ Ty, (1.1)
where some of zg,z1,...,x, may coincide. A walk (1.1) is called a path of length n if

Xo, T1,. .., T, are distinct from each other. A walk (1.1) is called a cycle of length n > 3 if
g, x1,...,Ty_1 are distinct from each other and z, = xg.



8 CHAPTER 1. GRAPHS AND MATRICES

In usual we do not consider an orientation of a path. Namely, if (1.1) is a path,
Tp ~ Tp—1 ™~ -~ XTp

is the same path. For a cycle, we do not consider the initial vertex either. Namely, if
To~ Ty~ -~ Ty~ T is acycle, then oy ~ 29 ~ -+ ~ 1, 1 ~ xg ~ x1 stands for the

same cycle.

Figure 1.2: P5: path of length 4 (left). Cs: cycle of length 5 (right)

Definition 1.1.7 A graph G = (V, E) is connected if every pair of distinct vertices x,y € V'
(x # y) are connected by a walk (or equivalently by a path).

Definition 1.1.8 Two graphs G = (V, E) and G' = (V', E') are called isomorphic if there
exists a bijection f: V — V' satisfying
z~y = flr) ~ fy)

In that case we write G =2 G'.

Definition 1.1.9 Let G = (V, E) and G’ = (V', E’) be two graphs. We say that G’ is a
subgraph of G if V' C V and E' C F.

In fact, a path and a cycle defined in Definition 1.1.6 are subgraphs. We denote by P,
and C), a path and a cycle with n vertices, respectively.

1.2 Adjacency Matrices
1.2.1 Definition

Let V and V' be arbitrary non-empty set. A function a : V x V' — R is regarded
as a matriz A indexed by V x V' in the sense that the matrix element of A is defined by
(A)gy = a(z,y). In this case we write A = (ay,) too.

Definition 1.2.1 Let G = (V, E) be a graph. A matrix A = (a,,) indexed by V x V is
called the adjacency matriz of G if

1, ifz~y,
Qgy = .
Y 0, otherwise.

Lemma 1.2.2 Let G = (V, E) be a graph and A its adjacency matriz. Then, A is a matriz
indezed by V' x V' satisfying the following conditions:
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(i) (A)ay € {0,1};
(i) (A)ay = (A)ya;
(i) (A)z = 0.
Conversely, if a matriz A = (ayy) indezed by V x V, V being a non-empty set, satisfies the

above three conditions, then A is the adjacency matrix of a graph G with V being the vertex
set.

Proor. Obvious. |

A matrix S indexed by V' x V' is called a permutation matriz if

(1) (S)ay € 10,1}
(i) > yeri(S)ay = 1forall z € V;
(iil) > ey (S)ay = 1forall y € V',

If S is a permutation matrix, it is necessary that V| = |V|.

The transposed matrix S7 is defined in a usual manner: (S7),, = S, for z € V and
y' € V'. Then ST = S~! in the sense that SST is the identity matrix indexed by V x V and
ST'S is the identity matrix indexed by V' x V.

Lemma 1.2.3 Let A and A’ be the adjacency matrices of graphs G = (V, E) and G' =
(V' E"), respectively. Then G = G’ if and only if there exists a permutation matriz S
indexed by V x V' such that A’ = S71AS

PROOF. Suppose that G = G’. We choose an isomorphism f : V — V' and define a
matrix S indexed by V' x V' by

($W:{Liw=#@L

0, otherwise.
We see easily that S is a permutation matrix satisfying SA" = AS.

Conversely, suppose that a permutation matrix S indexed by V x V' verifies A’ = S~ AS.
Then a bijection f:V — V' is defined by the condition that

(mw:{L if y = f(a),

0, otherwise.

It is then easy to see that f becomes an isomorphism betwen G and G'. |
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1.2.2 Representing the Adjacency Matrix in a Usual Form

In order to represent the adjacency matrix A of a graph G = (V| E) in a usual form of
n X n square matrix, where n = |V|, we need numbering the vertices. This is performed by
taking a bijection f:V — {1,2,...,n} = V'. Then we obtain a graph G’ = (V’, E’) in such
a way that {i,7} € E’ if and only if {f~*(7), f7'(j)} € E. By definition we have G = G'.
The adjacency matrix A’ of G’ is indexed by V' x V' and admits a usual expression of a
square matrix. It follows from Lemma 1.2.3 that A and A’ are related as A = SA’S™1.

Consider another numbering, that is, another bijection f; : V. — {1,2,...,n} = V"
Then we obtain another square matrix A} as the adjacency matrix of G, which is related

to A as A= S;A}S;". Then we have
S ALST =84S

so that
Al = SlSA'(Sls)_l.

Note that 515 is a usual permutation matrix on {1,2,...,n}. Consequently,
Lemma 1.2.4 Let A, A’ be the adjacency matrices of a graph G obtained from two ways of

numbering the vertices. Then there exists a permutation matriz on {1,2,...,n}, n = |V|,
such that A’ = S71AS.

Example 1.2.5 We obtain “different” adjacency matrices by different numbering the ver-
tices of the same graph.

1 4 0001
0011

0101

5 g 1110
3 2 0101
1011
0100
1 - 1100

1.2.3 Some Properties in Terms of Adjacency Matrices

All the information of a graph (up to isomorphism) are obtained from its adjacency
matrix.

(1) A graph G = (V, E) is not connected if and only if there exists a numbering the
vertices such that the adjacency matrix admits a block diagonal expression of the form:

A O .
A= [O AJ (A1, Ay are square matrices)

In this case A; and A, are the adjacency matrices of subgraphs of G which are not connected.
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(2) A graph is called complete if every pair of vertices are connected by an edge. A
comlete graph with n vertices is denoted by K,. A graph is complete if and only if the
adjacency matrix is of the form:

[0 1 1 1]
1 0 1 1
A=
1 .- 0 1
1 1

(3) A graph G = (V, E) is called bipartite if V admits a partition V = ViUV;,, ViNV, = 0,
Vi # 0, V3 # ), such that any pair of vertices in a common V; does not constitute an edge.
A graph is bipartite if and only if the adjacency matrix admits a block diagonal expression
of the form:

O B . .
A= BT O (two zero matrices are square matrices).

(4) A graph G = (V, E) is called complete bipartite if it is bipartite and every pair of

vertices x € V1, y € V2 constitute an edge. In that case we write G = K,,,, with m = |V]]

and n = |V3|. In particular, K, is called a star.
A graph is complete bipartite if and only if the adjacency matrix is of the form:

O B
A= [BT O] (all elements of B are 1).

Figure 1.3: Bipartite graph, complete bipartite graph K, 5, star K¢

1.3 Characteristic Polynomials

Let G = (V, F) be a finite graph with |V'| = n. Numbering the vertices, we write down its
adjacency matrix in the usual form of an n x n matrix, say A. The characteristic polynomial
of A is defined by

va(x) = |zE — A| (= det(zE — A)).
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It is noted that pa(z) is determined independently of the numbering. In fact, let A" be
the adjacenct matrix obtained by a different numbering. From Lemma 1.2.4 we know that
A" = S7'AS with a permutation matrix S. Then,

oa(x)=|zE —A|=|oE — S_IAS| = |S_1(xE —A)S| = |S_1||xE — A||S] = palz).

We call pa(x) the characteristic polynomial of G and denote it by ¢ (). Obviously, ¢g(x)
is a polynomial of degree n of the form:

wa(r) =" +ca™ e f e 4 (1.2)

Example 1.3.1 Simple examples are:

[ ] o—0 o —————0
T x?—1 3 — 2x & },

x3 —31r—2

Example 1.3.2 One more example. The characteristic polynomial of the following graph

is p(z) = 2* — 4% — 20 + 1.

Theorem 1.3.3 Let the characteristic polynomial of a finite graph G be given as in (1.2).
Then,
(1) Cc1 = 0.
(2) —ca = [E].
(3) —c3 =24\, where A is the number of triangles in G.
PROOF. Let A = [a;j] be the adjacency matrix of G written down in the usual form of

n X n matrix after numbering the vertices. Noting that the diagonal elements of A vanish,
we see that the characteristic polynomial of G is given by

T —Qi2 - —Ain
_a21 x DY —a2

po(z) = |2E — A| = "
_anl . e . TR :E

For simplicity, the matrix in the right-hand side is denoted by B = [b;;]. We then have

pa(r) = |B| = Z sgn (0)b15(1)b20(2) * * * bro(n)- (1.3)
oeS(n)
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For o € S,, we set
suppo = {i|o(i) # i}.
Then (1.3) becomes

pa(x) = E E sgN (0)b15(1)b20(2) ** * bro(n) = E fn(2) (1.4)
k=0 o€8(n) k=0
|supp o|=k

Since the indeterminat = appears only in the diagonal of B, we see that f,(z) = cpz™*.

(1) k = 1. Since there is no permutation ¢ such that |[suppo| = 1, we have ¢; = 0.

(2) k = 2. The permutations ¢ satisfying |[suppo| = 2 are parametrized as ¢ = (i j)
(1 <i < j<n). For such a permutation we have sgn (¢) = —1. Hence we have
folw)= > (—D(=ay)(—az)a™ > == Y aya"
1<i<j<n 1<i<j<n
where we used a;;a;; = af; = a;;. Therefore, ¢; = —|E|.

(3) k = 3. The permutations o satisfying |supp o| = 3 are parametrized as
o=(ijk), o=(ikj), 1<i<j<k<n.
Noting that sgn (o) = 1 for such cyclic permutations, we have
fa@)=— D (ayjaman + apagaz)a"
1<i<j<k<n

We see that a;ja;zar; takes values 1 or 0 according as three vertices ¢, j, k forms a triangle or
not. The same situation occuring for the second term, we conclude that —c3 = 2A. |

1.4 The Path Graph P, and Chebyshev Polynomials

Let V.={1,2,...,n}and F = {{i,i+1};i=1,2,...,n—1}. The graph (V, E) is called
a path with n vertices and is denoted by P,.

Figure 1.4: Path P,

Lemma 1.4.1 Let ¢,(x) = pp, (x) be the characteristic polynomial of the path P,. The it
holds that

Spl(z): ’
pa(z) = z? — 1,

Pn(t) = TPn1(2) = Pna(2), n >3 (1.5)
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ProOOF. We have already seen in Example 1.3.1 that
o1(x) =z, o) =2® — 1.
Let us compute ¢, (x) for n > 3. By definition we have

r -1
-1 z -1

() = Apn(2) +

= an—l(x) - gOn_z(l’),
as desired. I

Setting ¢o(x) = 1, we may understand that the reccurence relation in (1.5) holds for
n > 2.

Lemma 1.4.2 Forn =0,1,2,... there exists a polynomial U, (x) such that

sin(n + 1)6

U, 0) = 1.6

(cos 0) g (1.6)
Moreover, U,(z) satisfies the following reccurence relation:

Up(xz) =1, Ui(x)=2x, U,u1(z)—22U,(x)+ U,—1(z) = 0. (1.7)

PrROOF. By elementary knowledge of trigonometric functions. |

Definition 1.4.3 The series of polynomials U, (x) is called the Chebyshev polynomial of the
second kind.

Theorem 1.4.4 The characteristic polynomial of the path P, is given by U,(x/2).

PROOF. Let ¢, (x) be the characteristic polynomial of P,. We see easily from (1.5) and
(1.7) that the reccurence relations of ¢, (z) and U,(x/2) coincide together with the initial
conditions. |
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1.5 Laplacians, Transition Matrices, Q-matrices

With a given graph G = (V, E)) we associate various matrices in addition to the adjacency
matrices.

Definition 1.5.1 The Laplacian of a locally finite graph G = (V, E) is a matrix L defined
by
(L)zy = (A)ay — duydeg (2), z,y eV

Or equivalently,
L=A-D

where D is the diagonal matrix defined by

(D)g;y _ {deg (l‘), r=1Y,

0, otherwise.
In some literatures, the Laplacian is defined to be —L = D — A.
Definition 1.5.2 A function f :V — C is called harmonic if Lf = 0.

Theorem 1.5.3 Lf =0 if and only if

deg Zf zeV, ,deg(x)>1.

PRrROOF. By definition Lf = 0 if and only if Df = Af. On the other hand, we know
that

Df(z) = deg(z) f(z )7

Af(z) = (A fy) =D fy).

yeVv y~x

Hence the assertion follows. |

Remark 1.5.4 Let G = (V, E) be a graph. We may give an orientation to each edges. In
other words, we may define a pair of maps i,¢ : E — V such that e = {i(e),t(e)}. We call
i(e) and t(e) the initial vertex of e and the terminal vertex of e, respectively. Fix such an
orientation. Now define the coboundary operator d : C(V) — C(E) by

Then we have
In other words, —L = d*d holds.
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Definition 1.5.5 The transition matriz of a locally finite graph G = (V, E) is a matrix T

defined by

1
q_ /N ~ T,
(T)yy = { deg (x) Y

0, otherwise.

The transition matrix 7" is nothing else the transition matrix of the isotropic random
walk on the graph G, namely, the (time homogeneous) Markov chain {X,} on the state
space V with transition probability

(T)zy = P( X = y|Xpm1 = ).
In this context, I — T is called the Laplacian of the random walk.
Definition 1.5.6 The Q-matriz of a connected graph G = (V| E) is defined by

(Q)oy = 7Y, zyeV,

where ¢ is a parameter and 0(x,y) the graph distance.

1.6 Generalization of Graphs

(1) Directed graph. One may consider naturally the case where every edge of a graph is
given a direction. Such an object is called a directed graph. In terms of the adjacency matrix
A, a directed graph is characterized by the following properties:

(i) (A)zy €{0,1};
(ii) (A)xy = 1 implies (A)ya: = 0;
(iii) (A)ze = 0.

(2) Multigraph. In its geometric representation one may allow to draw two or more edges
connecting two vertices (multi-edge) and one or more arcs connecting a vertex with itself
(loop). In terms of the adjacency matrix A, a directed graph is characterized by the following
properties:

(i) (A)sy €40,1,2,... };
(ii) (A)wy = (A)W'

Moreover, each edge may be given a direction to obtain a directed multigraph.

(3) Network. An arbitrary matrix gives rise to a graph where each directed edge 37/ is
associated with the value A;,. Such an object is called generally a network. A transition
diagram of a Markov chain is an example.

In regard to (1) and (2), a graph in these lectures is sometimes called a undirected simple
graph.
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Y

A

Figure 1.5: Directed graph, multigraph, directed multigraph.

Exercises 1

1.1. Find the adjacency matrices and the characteristic polynomials of the following
graphs.

1.2. Examine the numbers of vertices, edges, and triangles of the above graphs in terms
of characteristic polynomals.

1.3. Compute the characteristic polynomial of the complete graph K,. Ans.
p(z) =(z = (n—1))(z+1)"".

1.4*. Let G = (V, E) be a graph with a vertex a of degree one. Let b € V' be a unique
vertex adjacent to a. Let G’ = G[V\{a}], G" = G[V\{a, b}] be induced subgraphs obtained
by deleting {a} and {a, b}, respectively. Prove that

po(r) = voa () — por(r).

Examine this formula by examples.

References
[4] N. Biggs: Algebraic Graph Theory (2nd Edition), Cambridge University Press, Cam-
bridge, 1993.

[5] B. Bollobés: Modern Graph Theory, Graduate Texts in Mathematics Vol. 184, Springer-
Verlag, New York, 1998.
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2 Spectra of Graphs

2.1 Spectra

Let G = (V,FE) be a finite graph with |V| = n and let A be the adjacency matrix
represented in a usual form of n X n matrix after numbering the vertices. Since A becomes
a real symmetric matrix, its eigenvalues are all real, say, A\ < Ay < --- < A;. Then, the
characteristic polynomial of G is factorized as

pa(r) = (z =)™ - (2 = A)™, (2.1)
where m; > 1 (called the multiplicity of A;) and ), m; = n.

Definition 2.1.1 Let G = (V, E) be a finite graph and let pg(z) its characteristic polyno-
mial in the form (2.1). The the array

Spec (G) = ( Ao AS) (2.2)

ml m2 DY ms

is called the spectrum of GG. Each \; is called an eigenvalue of G and m; its multiplicity.

In fact, (2.2) is nothing else the spectrum of the adjacency matrix A. Obviously, (2.2)
does not depend on the choice of numbering vertices. Moreover,

Lemma 2.1.2 If G =2 G, then Spec (G) = Spec (G').

Remark 2.1.3 The converse assertion of Lemma 2.1.2 is not valid, however, it is known that
the converse is true for graphs with four or less vertices. In Section 2.6 we show examples
of two non-isomorphic graphs whose spectra coincide.

Example 2.1.4 Here are some simple examples.

Spec (o) = <(1)> Spec (e—e ) = (_11 1)

e ea = (V2 B) s A) - (5 2).

Theorem 2.1.5 The spectrum of the path P, is given by

2 cos -+-  2cos
Spec (P,) = n+1 n+1 n+1

1 1 1
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Proor. First we find the zeroes of the Chebyshev polynomial of the second kind. By
definition,

i 1)0
Un(z) = SHl(T.L—+), x = cos 0.
sin ¢
In view of the right-hand side we see easily that U, (x) = 0 if
k
— " k=12,
n+1
For these 6, cosf are mutually distinct. Thus
km
= k=1,2,... 2.3
Ty COos n+1 ) ) T ( )

form n different zeroes of U, (x). Since U, (z) is a polynomial of degree n, (2.3) exhaust the
zeroes of U, (x) and each z;, has multiplicity one.

By Theorem 1.4.4 the characteristic polynomial of P, is given by U,(x/2). For the
spectrum of P, it is sufficient to find its zeroes. From the above argument we see that the
zeroes of Uy, (x/2) are

km

n+1’

each of which is of multiplicity one. This shows the assertion. |

A = 2cos

k=1,2,...,n,

2.2 Number of Walks

Let A be the adjacency matrix of a locally finite graph G = (V,E). Then for any
m=1,2,... and z,y € V the matrix element (A™),, is defined as usual by

(A™)ay = Z (A)wzr (A)zrzg (A 2y -

Note that
1, e~z ~~ 2y g~y

0, otherwise.

(A)“l (A)lez T <A>sz1y - {

Hence (A™),, is the number of walks of length m connecting x and y. If the graph G is
locally finite, (A™),, < co. Therefore, the powers of A is well-defined.
We record the above result in the following

Lemma 2.2.1 Let G = (V, E) be a locally finite graph and A its adjacency matriz. Then,
for anym =1,2,... and x,y € V, the matriz element (A™),, coincides with the number of
walks of length m connecting x and y.

Theorem 2.2.2 Let G = (V,E) be a finite graph and \y < Ay < --- < A, exhaust its
eigenvalues. For x,y € V there exist constant numbers ¢; = ¢;(z,y) (i = 1,2,...,s) such
that

S

(Am)xy = Z ci(w, y) A"

=1

Here we tacitly understand that 0° = 1 when \; = 0.
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ProoOF. The first equality is due to Lemma 2.2.1. For the second equality we consider
the diagonalization of A. In fact, since A is real symmetric, taking a suitable orthogonal

matrix U we have
AlE'm,l

A=U Ut
/\sEm5

It is then obvious that evey element of (A™) is a linear combination of AJ", ..., AT |

Example 2.2.3 Let us compute the number of m-step walks connecting a and b:

We know the spectrum of the graph:

Hence
Ny(a,b) = cl(—\/ﬁ)m + 0™ + Cg(\/i)m
with some constants cy, co, c3. For small m’s we see easily that
No((l,b) = 0, Nl(&, b) = 1, Ng(a,b) =0.
Hence
C1+Ccyg+c3= 0

— 2C1+\/§C3:1
201+203:O

Solving these equations we obtain

0, m > 0 is even,
Ny (a,b) = {Q(m_n/z’ m > 1 is odd.

2.3 Maximal Eigenvalue

It is important to know a bound of Spec(G). Let A\uax(G) and Apin(G) denote the
maximal and minimal eigenvalues of G, respectively. We shall show a simple estimate of
A (G).

Some statistics concerning the degrees of vertices play an interesting role. We set

dpax (G) = max{deg(z) |z € V},
dpin(G) = min{deg(z) |z € V'},
. 1
d(G) = W > deg(x).

eV

Obviously,

in (G) < d(G) < diax ().
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Theorem 2.3.1 For a finite graph G = (V, E) it holds that

Anin(G) < d(G) < Mnax(G) < dinax(G).

ProOF. We regard the adjacency matrix A as a linear transformation on C™.
1° We prove d(G) < Apax(G). Let v = [v;] € C™ be the vector whose elements are all
one. Then,

(v, Av) = T (Av); = Y T (A)uy; = > (A)yy = Y _d(i).
=1 ij=1 ij=1 eV
Since (v,v) = n = |V|, we have
(v, Av) 1

= — > d(i) =d(G). (2.4)

o) V] 2
On the other hand, it is known from knowledge of linear algebra that

(u, Au)

/\min(A) S <’LL, ’U,>

< Amax(A)  for all u # 0. (2.5)

Combining (2.4) and (2.5), we come to
d<G) < )\max<A) = )\max(G)-
2° We show A\pax(G) < dipax(G). Since Apax(G) is real, we may choose its eigenvector
u = [u;] whose elements are all real. Then, for any i we have (Au); = Apaxt;. Multiplying
a constant, we may assume that

a=max{u;;i=1,2,...,n} >0

and choose 7y such that u;, = o. Then,

)\max(G)a - /\max(G)uio = (A,u’>10 = Zuz
i~ig

<al{i e V]i~ig}| = ad(ip) < adnax(G),

which implies that Apax(G) < dpax(G). i

Corollary 2.3.2 If G is a regular graph with degree k, we have Ayax(G) = K.

PROOF. For a regular graph we have d(G) = dya(G) = k. |
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2.4 Spectral Distribution of a Graph
Definition 2.4.1 Let G be a finite graph with

A1 A )\8>

myp Mo ... Mg

Spec (G) = (

The spectral (eigenvalue) distribution of G is a probability measure on R defined by

where ¢, stands for the delta-measure.

It is sometimes convenient to use the list of eigenvalues of A with multiplicities, say,
A1, A2, -« oy Ap, 1= |V|. Then the spectral distribution is

k=1

Example 2.4.2 The spectral distribution of the path P, is given by
_ 1 - 5
M= E Z 2 cos nk—fl
k=1
Remark 2.4.3 The delta measure 0, is a Borel probability measure on R. For a Borel set
E C R we have
1, ifAeF,
WE) = ]
0, otherwise
Hence for a continuous function f(z) on R we have
+oo

f(@)ox(dx) = f(N).

Definition 2.4.4 Let u be a probability measure on R. The integral, if exists,

Mm(,u):/jooxmu(dx), m=1,2, .. (2.6)

o0

is called the m-th moment of pu.

Theorem 2.4.5 Let u be the spectral distribution of a finite graph G = (V, E). Then,

1
M, () = mTrAm, m=12.... (2.7)
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ProOF. Let Ay,...,\, be the eigenvalues of A, listed with multiplicities. Then by

definition,
+o00 1 n
M) = [ amutds) = SO
- k=1

oo

Since A", ..., A" is the eigenvalues of A™ with multiplicities, their sum coincides with the
trace of A™. Hence, (2.7) follows. |

Lemma 2.4.6 Let A be the adjacency matriz of a finite graph G = (V, E).

(1) TrA=0.
(2) Tr(A?%) = 2|E].
(3) Tr(A%) =6A.

PrOOF. We show only (3). By definition

Tr (A%) = Z (A)ay(A)y=(A):0 = [{(z,y,2) € Viiw~y~z ol =6A.

z,y,2€V

The most basic characteristics of a spectral distribution are the mean and the variance,
which are defined by

mean () = M) = | " oulde),
v (1) = My(p) ~ Ma(0? = [ (o = mean (1)),

Proposition 2.4.7 Let p be the spectral distribution of a finite graph G = (V, E). Then,

E
mean () = 0, var (p) = H

Proposition 2.4.8 Let \i,...,\, be the eugenvalues of a graph G = (V, E), |V| =n. Then

n

o1
d=—> X

=1

2.5 Asymptotic Spectral Distributions of P, and K,
2.5.1 P,asn—

The spectral distribution of P, is
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see Example 2.4.2. Let f(x) be a bounded continuous function. The we have

f(@)pn(dz) = Zf(?cos ) /f?cosmf , asn — oo,

which follows by the definition of Riemann integral. By change of variable, one gets

1 2 dr
/0 f(QCoswt)dt—/_Zf(x)m.

—+o00

Consequently,

+o0

lim f(@)pn(d) = /_ e () m/% !

—00
where Cy(R) denotes the space of bounded continuous function on R.
It is easy to see that

feCy(R), (2.8)

_ 4z (z)dz
/A= g2

is a probability measure on R. We call it the arcsine law with variance 2. Then from the
limit formula (2.8) we state the following

Proposition 2.5.1 The spectral distribution of P, converges weakly to the arcsine law with
variance 2.

2.5.2 K,asn— o

The spectral distribution of K, is

1 n—1
Hn = — 5n71 + 571
n
In a similar manner as in Section 2.5.1 we have
oo n—1

F@pn(de) = fln = 1) +

f(=1) = f(—1), asn — oc.

Since

and §_; is a probability measure, we may state that the spectral distribution of K,, converges
weakly to 6_;. However, notice that

£

mean (p,) = 0, var (p,) =2 — =n— 1,

and
mean (0_1) = —1, var (6_1) = 0.
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Thus, it is hardly to say that the limit measure d_; reflects basic statistical properties of u,
for a large n.

The above unconfort was caused by var (p,) — 00 as n — oo. In order to capture a
reasonable limit measure it is necessary to handle a normalized measure. In general, for a
probability measure p with mean mean (1) = m and variance var (i) = o2, the normalization

is defined by . .
ot = [ (50 o)

oo

Then mean (1) = 0 and var (1) = 1.

Proposition 2.5.2 The normalized spectral distribution of K, converges weakly to dq.

PrROOF. Let f(z) be a bounded continuous function on R. We have

[ e = [ (S ) mas)

- (=) ()

— f(0), asn — oc.

This completes the proof. i

In Section 2.5.1, for the asymptotic spectral distribution of P, we did not take the
normalization. The normalization yields essentially nothing new thanks to the fact that

E 2(n—1
mean (i,) = 0, var (ji,) = 2 :7: — %

Namely, the variance of u,, stays bounded by 2 as n — oc.

2.6 Isospectral (Cospectral) Graphs

We show a pair of non-isomorphic graphs that have the same spectra.

Example 2.6.1 ¢(z) = 2° — 423 = 2*(z — 2)(z + 2).

Example 2.6.2 (Baker)

o) =28 — 7ot — 42’ + T2? + 42— 1
= (z — 1)(x+1)*(2* — 2® — 5x + 1)



26 CHAPTER 2. SPECTRA OF GRAPHS

P =

Example 2.6.3 (Collatz—Sinogowitz) ¢(z) = 2% — 725 + 92*

+ —X

For more information see e.g.,

[6] D. M. Cvetkovi¢, M. Doob and H. Sachs: Spectra of Graphs: Theory and Applications
(3rd rev. enl. ed.), New York, Wiley, 1998.

[7] L. Collatz and U. Sinogowitz: Spektren endlicher Grafen, Abh. Math. Sem. Univ.
Hamburg 21 (1957), 63-77.

[8] C.D. Godsil and B. D. McKay: Constructing cospectral graphs, Aeq. Math. 25 (1982),
257-268.

Exercises 2

2.1. Find the spectra and spectral distributions of the following graphs.

| ]

2.2. Find the number of m-step walks connecting a and b.

b

2.3. Examine Example 2.6.1.
2.4*. Let C,, be a cycle of n vertices. Find Spec (C,,).

2.5%. Let u, be the spectral distribution of C,,. Study the asymptotics of u, as n — oo.
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2.6* Prove the formula:

- km
H20082 1 =
Pl m +

[Hint: Use Spec (P,)]

1.

27
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3 Adjacency Algebras

3.1 Adjacency Algebras

Let A be the adjacency matrix of a locally finite graph G = (V, E). In Section 2.2 we
showed that every matrix element of A™ (m = 1,2,...) is defined and finite, so we may form
their linear conbination. Let A(G) denote the set of linear combinations of E/, A, A%, ... with
complex coefficients.

Equipped with the usual operations, A(G) becomes a commutative algebra over C with
the multiplication identity E. Moreover, we define the involution by

(coE 4+ 1A+ coA? + - + e A™) = GE + QA+ GA? + - + ¢ A™
so that A(G) becomes a x-algebra.
Definition 3.1.1 The above A(G) is called the adjacency algebra of G.

Proposition 3.1.2 If G is a finite graph, dim A(G) coincides with the number of different
eigenvalues of A.

PROOF. Let A\; < --- < Ag be the different eigenvalues of A. Then, by a suitable
orthogonal matrix U we have

/\lEm1

I
S

ULAU =
ASE’H’LS

We see that {E, D, D? ..., D'} is linearly independent, but {E, D, D? ... D71 D} is
not. In fact,

(D= ME)-- (D~ \E) = 0.
Therefore, the algebra U1 AU is of dimension s, so is A(G). |

Proposition 3.1.3 For a connected finite graph G = (V, E) we have

dim A(G) > diam (G) + 1.

PrOOF. For simplicity put diam (G) = d. If d = 0, we have |V| =1 and dim A(G) =1
so the assertion is clear. Assume that d > 1. By definition of the diameter there exists a
pair of verices x,y € V such that d(z,y) = d. Choose one path of length d connecting x,y,
say,

T=2Tog~ Ty~ YT~ T ~ o~ Tg =Y.
In this case, g, x1, ..., x4 are all distinct and O(x,zx) = k (0 < k < d). In particular, there
is no walk of length < k£ — 1 connecting x and x,. Hence

(A™) e, =0, 0<m<k—1; (A%) g, > 1.
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Now suppose that
aE+ oA+ +aAT=0, a,; € C. (3.1)

Taking the zzg4-element of (3.1), since
(AM)az, =0, 0<m<d=1; (A%, 21,

we have ag(A9) .., = 050 ag = 0. Next taking the xz4_;-element of (3.1), we have ag_; = 0.
We can continue this argument to have ay = -+ = ag_; = ag = 0. Namely, {E, A, ..., A%}
is linearly independent. So dim A(G) > d + 1. |

Corollary 3.1.4 A connected finite graph G = (V, E) has at least diam (G) + 1 different
eigenvalues.

PROOF. By combining Propositions 3.1.2 and 3.1.3. |

Example 3.1.5 (1) K,, (n > 2).
(number of different eigenvalues) = 2, diam (K,) = 1.
(2) P, (n>1).
(number of different eigenvalues) = n, diam (P,) =n — 1.

(3) G as below. pg(r) = 2*(x + 2)(2? — 2z — 4)

(number of different eigenvalues) =4, diam (G) = 2.

3.2 Distance-Regular Graphs (DRGs)

Let G = (V, E) be a connected graph and fix a vertex o € V' as an origin (root). We set
Vo ={x€V;0(x,0) =n}, n=0,1,2,....

Obviously,
Vo = {o}, Vi={zeV;z~o}

If G is a finite graph, there exists mo > 1 such that V,,,—; # 0 and V,,,, = 0. If G is an
infinite, locally finite graph, V,, # () for all n > 0. In any case we have a partition of the
vertices:

V= G V, (3.2)

which is called the stratification of the graph G with respect to the origin o € V.
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Figure 3.1: Stratification and w,(x)

Lemma 3.2.1 Let G be a connected, locally finite graph and let (3.2) be a stratification. If
x €V, andy ~ x, we have y € V.1 UV, UV, _4.

PRrROOF. Obvious. |

Given a stratification, for = € V,, we define

wi(z) ={y € Voy1; y ~a},
wo(z) ={y € Voi; y ~ z},
w(z)={yeVi1;y~a}

It is convenient to write
we(x) ={y € Vire; y~x}, e €{+,—,0},
where € takes the values +1, —1,0 according to € = +, —, 0. Note also that
deg(z) = wi(z) + wo(z) + w_(2), relV.

Definition 3.2.2 A connected graph G = (V, E) is called distance-regular if, for any strat-
ification of G, the functions w, : V' — {0,1,2,...} (e € {+,—,0}) are constant on V,,, and
the constants are independent of the choice of stratification. In that case we put

by, = wy(x), Cn = w_(x), a, = wo(x),
by taking x € V,,.

It is obvious that
(IOZCOZO, bozdeg(x), J]E‘/E).

Since any vertex x may be chosen as an origin for stratification, deg(x) = by for all x € V.
That is, a distace-regular graph is regular with degree by. Therefore,

a, + b, + ¢, = by, n=12,....
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Lemma 3.2.3 If G is a finite DRG, letting d = diam (G), we have
d
V=V, VoVi,... Va#0 (3.3)
n=0

If G is an infinite DRG, V,, # 0 for alln =0,1,2,....

PrROOF. By definition, there is a path of length d. Taking one of the end vertex as an
origin, the associated stratification satisfies conditions in (3.3). Then, we have
bp >0, ..., bg_1>0, by = 0. (3.4)
Let 0 € V be an aritrary vertex and take v € V' such that
0(0,v) = max{d(o,x); z € V} =p.

Then p < d and the associated stratification is
P
VZUW, Vo Vi, VI £ 0.
k=0
Then,

bp >0, ..., bp,1 > 0, bp =0. (35)
In order that (3.4) and (3.5) are consistent, we have p = d. |

Corollary 3.2.4 In a finite distance-reqular graph, every vertex is an end vertex of a diam-
eter.

Definition 3.2.5 For a finite distance-regular graph G, the table of associated constant
numbers

Co C1 Co -+ (g
apg ap Qg -+ Qq
bo by by -+ by
is called the intersection array of G. If GG is infinite, the array becomes infinite.
Since a, + b, + ¢, = by is constant, the row of ag, aq, ... may be omitted. Note that
co=0, ¢1>0, -+, ¢cg-1>0, c4>0,
bp >0, by >0, ---, bg_1>0, by=0.

Example 3.2.6 (1) The cheapest examples are C,, (n > 3) and K,, (n > 1).
(2) Let K,,,, be the complete bipartite graph. It is distance-regular if and only if n = m.
(3) The Petersen graph is distance-regular.

(4) A homogeneous tree of degree k, T,, is distance-regular.

(5) P, (n > 3) is not distance-regular (since it is not regular).

(6) Z? is not distance-regular.

Definition 3.2.7 A connected graph is called distance-transitive if, for any x,2’,y,y € V
with d(z,y) = d(«',y’) there exists a € Aut (G) such that o(z) = 2’ and a(y) = ¢'.
Proposition 3.2.8 A distance-transitive graph is distance-reqular.

In fact, (1)-(4) in Example 3.2.6 are all distance-transitive. The converse of Proposition
3.2.8 is not valid, for examples see Godsil-Royle [9: p.69], Brouwer et al. [10: p.136].
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Figure 3.2: Petersen graph

3.3 Adjacency Algebras of Distance-Regular Graphs

Definition 3.3.1 Let G = (V, E) be a connected graph. For k = 0,1,2,... we define a
matrix A®) indexed by V x V by

17 if a(x7y) = k?

0, otherwise
This matrix is called the k-th distance matriz.

Obviously,
A® = E  (identity), AW = A (adjacency matrix)

and we have

Z AW = J is the matrix whose elements are all one.
k=0

Lemma 3.3.2 Let G be a distance-reqular graph with the intersection array

Chp C1 Co
ap ap G2

b() bl bg

Then,
AA® = ¢, AR g AR g ARTD) k=0,1,2,.... (3.6)

Here we understand that A=Y = O and AT = O for d = diam (G) < oo.

PrRoOF. For k = 0 the equality (3.6) is obvious. Let k& > 1. Let x,y € V and set
n = 0(z,y). Then, by definition

(AAD) = (A)(AW)y = {z € V; 0(z,2) = 1, 0(2,y) = k} .

zeV

It is obvious by the triangle inequality,
{z€eV;0(z,2) =1,0(z2,y) =k} =0
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unless £ — 1 <n < k+ 1. Namely,
(AA®),, =0 unless k —1 <n <k+1.
Asuume that £k — 1 <n < k+ 1. Then, by definition of the intersection array, we have

Cny, k=n-—1,
{z€V;0(z,2) =1,0(z,y) =k} = { an, k=n,

b,, k=n-+1.
Thus,
Ck+1, 3(.75,y) :k+17
(AA(k)>xy = 3 @, 8(:1?,y> =R,
be—1, O(z,y)=k—1.
This completes the proof. |

Lemma 3.3.3 Fork=0,1,2,...,d, A% is a polynomial in A with degree k.

Proor. For k = 0,1 the assertion is apparently true. In fact,

A = fo(A)> fo(x) =1,
AW = fi(4), filz) =z
It follows from Lemma 3.3.2 that
1 b
AW = f(A), fr(z) = o (r — ap—1) fr1(z) — % fre—a(2).
for k=2,3,...,d. Note that ¢; >0, -+ ;¢4 > 0. i

Theorem 3.3.4 Let G be a distance-reqular graph. Then the adjacency algebra A(G) coin-
cides with the linear span of {A©®, AN Y. Moreover, {A® AV .} are linearly inde-
pendent so they form a linear basis of A(G).

Proor. It follows from Lemma 3.3.3 that the adjacency algebra A(G) contains the
linear span of {A©® A® 1. On the other hand, since

AW = fi(A) = A + ..., B, >0,
we see that A* is a linear combination of A A®M . A®)  Therefore, A(G) is contained
in the linear span of {A® A® 1. |

Theorem 3.3.5 IfG is a finite distance-reqular graph, dim A(G) = diam (G)+1 and A has
diam (G) + 1 distinct eigenvalues.
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Proor. Immediate from Theorem 3.3.4. |

Theorem 3.3.6 (Linearization formula) Fori,j k€ {0,1,2,...,d} there exists a unique
constant pfj such that

ADAG) = Zp,j i,j€{0,1,2,....d}. (3.7)

Moreover, for x,y € V with 0(x,y) = k,
{z€V;0(z,2) =14, d(z,y) = j}|
does not depend on the choice of x,y but depends on k, and coincides with pfj

PROOF. The first half is obvious by Theorem 3.3.4. Let z,y € V with 0(x,y) = [. Let
us observe the matrix element of (3.7). From the left-hand side we get

(ADAD),, =3 (AN, (AD),, = {2 € V; 8(z,2) =1, D(y, 2) = j}

zeV

On the other hand,

d
<Z pf}‘A(k)> =P
k=0 2y
which is constant for all x,y € V' with d(z,y) = [. Therefore, for such a pair x,y we have

{zeV;d(z,x) =1, 0(y,2) = j} :péj
as desired. I
Definition 3.3.7 The constant numbers {pf]} are called the intersection numbers of a
distance-regular graph G.
The intersection numbers satisfies:

(1) Pit =baot, Pl =an, DI = Cos

(2) pf; =0unless |i — j| <k < i+ .

(3) P = Pl

(4) vbo=1 po=pjp=0fori=>1.

Remark 3.3.8 In some of the literature, a distance-regular graph is defined to be a con-
nected graph for which the set of conatants {pfj}, where 7,7,k € {0,1,2,...},

P =HzeV;0(z2) =i, 0y, z) = j}

is independent of the choice of z,y € V with d(z,y) = k. This condition is seemingly
stronger than that of our definition (Definition 3.2.2) as is seen in (1) above; however, they
are equivalent.
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Exercises 3

3.1 For each of the following graphs find the adjacency matrix A and distance matrix
A®)_ Then find the relations between the powers of A and A® AW A = Finally
compare the dimensions of the adjacency algebras and the diameters of the graphs.

3.2 Is the 2-dimensional integer lattice Z? distance-regular?

3.3 Is the cube distance-regular?

3.4* Verify that the Petersen graph is distance-regular and find its intersection array.

3.5* Let n, d be natural numbers. Set F' = {1,2,... ,n}and V = {x = (&,&,...,&); & €
F}. For z = (&),y = (n;) € V define

w,y) =1 <i<d; & #n}l,

and draw an edge between x,y if d(x,y) = 1. Thus we obtain a graph G = (V, E), called a
Hamming graph. Show that the Hamming graph is distance-regular and find the intersection
array.

3.6* Define a polynomial T,,(z) by 7, (cosf) = cosn# and set

To(x) = To(x) =1,  Tp(x) = 2T, (g) L on>1.

Let A and A® be the adjacency matrix and the k-th distance matrix of Z, respectively.
Show that A®) =T, (A). ({T,(x)} are calle the Chebyshev polynomial of the first kind.)
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4 Quantum Probability
4.1 Algebraic Probability Spaces

Definition 4.1.1 Let A be a x-algebra over C with multiplication unit 14. A function
¢ : A — Cis called a state on A is

(i) ¢ is linear;
(i) p(a*a) > 0;
(i) p(14) = 1.

Then, the pair (A, ¢) is called an algebraic probability space.

Example 4.1.2 Let M(n,C) be the set of n X n complex matrices. Equipped with the
usual operations, M (n,C) becomes a x-algebra. Typical states are listed below:

(i) (trace) ,
oe(a) = ﬁtr a.

(ii) (vector state) Let £ € C™ with ||| = 1.
pe(a) = (& af).
(iii) (density matrix) Let p € M(n, C) satisfying p = p* > 0 and Trp = 1. Then
2p(a) = Tr (pa).
Every state on M (n, C) is of this form and the density matrix is determined uniquely.
Example 4.1.3 (Classical probability space) Let (2, F, P) be a probability space. Let

L~ = () L"(Q.F,P)

1<p<oo

be the set of all random variables having finite moments of all orders. Equipped with the
pointwise operations, L~ is a commutative x-algebra.

¢(a) = Ela] = / a(w)P(dw), ae€ L
Q
is a state on L.
Example 4.1.4 Let C[X] be the set of polynomials in the indeterminant X with complex
coefficients. Equipped with the usual addition, scalar multiplication and product, C[X]

becomes a commutative algebra. Moreover, we define the involution (x-operation) by

(co+aX+-+e, X")' =G+ X+ -+, X".
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Thus, C[X] becomes a x-algebra. Let P, (R) be the set of probability measures on R that
admit finite moments of all orders, i.e.,

+o0
/ |z u(dx) < oo.

o0

Let i € Pau(R). Then
olo) = ula) = [ Ca@p(dn).  aeClX],

is a state on C[X]. Thus, (C[X], i) is an algebraic probability space. For m = 1,2, ...
+oo
Ma() = | amnda)
is called the m-th moment of p, and {My(u) = 1, My(p), Ma(u), ...} the moment sequence
of .

Definition 4.1.5 Let (A, ¢) be an algebraic probability space. An element a € A is called
an algebraic random variable or a random variable for short. If a = a*, we call it real.

Theorem 4.1.6 Let (A, @) be an algebraic probability space and let a = a* € A be a real
random variable. Then, there exists a probability measure u € B (R) such that

+oo
p(a™) = / " p(dx), m=12,.... (4.1)
Definition 4.1.7 A probability measure p satisfying (4.1) is called the distribution of a in
. As discussed later, p is not uniquely determined in general.

PROOF. Set M,, = ¢(a™) and consider the Hanckel determinant:

MO ]\4'1 ce Mm
Am: |Hm|7 Hm: .1 .2 . .+1 (42)
Mm Mm+1 T M2m

It follows from Hamburger’s theorem (1920) that there exists a probability measure u €
P (R) such that

+o00o
Mm:/ ™ p(dx), m=1,2...,
if and only if

(M1) A, > 0 for all m; or
(M2) there exists mo > 1 such that Ay > 0,...,A,,,-1 >0and A,,, =---=0.
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We shall check this condition for our A,, defined in (4.2). For

Ug
u=|: | eCcmt!

U,
we have

(u, Hypu) = Z u; M, i u; ujp(a7)

4,7=0 4,7=0
:@(iu_lujaH‘]) :¢<(iulaz>*(iu]a])> 20
1,7=0 1=0 7=0

which shows that H,, is positive definite. Hence its eigenvalues are all non-negative real
numbers and A,, > 0.

We next show that A, = 0 implies A,,;1; = 0. Suppose that A,, = 0. Then there exists
u # 0 such that H,,u = 0. Set

v = [u e Cmt2,

Apparently, v # 0. Since
H,, x | [u B H,u - 0
o= [0 0p, 8] = [ = )

(v, Hp1v) = 0.

we have
Having shown that H,,,; is positive definite, we see that A1 = 0. |

Remark 4.1.8 In Theorem 4.1.6 the probability distribution p is not uniquely determined
in general (determinate moment problem).

Towards application to graphs we mention two basic states on the adjacency algebra
A(G) of a graph G.

(1) Assume that |V| < co. We define ¢, : A — C by
1
gor()—— (a) - a € A(G).
S A R ] 2;

One can check easily that ¢, is a state on A(G). We call it the normalized trace. The
distribution of A in ¢y, coincides with the spectral distribution of G. Namely,

pala™) = [ amutan),

—00
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where

1 S
== M0y, -
v &

(2) We put
Co(V)={f:V = C; f(x) =0 except finitely many = € V}.

Equipped with the usual operation, Cy(V') becomes a complex vector space. We define the
inner product by

(fr9) = f(@)g(x).

eV
With each = € V' we associate a function e, € C(V') defined by

) 1, ify=ux,
€z = .
Y 0, otherwise.

Then {e,} becomes a basis of Cy(V) sastisfying (e,, €,) = 0uy.
The adjacency algebra acts on Cy(V') from the left as usual:

bf(x) = (Dawfly), beAQG), [feCyV).

Let us choose and fix an origin (root) of the graph, say, o € V. Then,
Pola) = (a)oo = (€0, aco), a € AG),

is a state on A(G). Thus, (A(G),p,) = (A(G),e,) is an algebraic probability space. We
sometimes call ¢, the vacuum state at o € V.
Let p be the distribution of A in ¢,. Then we have

+o00o
©0o(A™) = |[{m-step walks from o to itself}| = / 2™ p(dx).

—0o0

Theorem 4.1.9 If G is a finite distance-reqular graph, we have

Dt = Po (as a state on the adjacency algebra A(G)).

PrRoOOF. Let a € A(G). We see from Theorem 3.3.4 that a is a linear combination of
distance matrices: .
a = Z cp AW
k=0

Then, (a)z, = ¢o for all z € V, and (a),, = (a)o, Therefore,

1
Pu(a) = |7| Z(a)m = (@)oo = ¥ola).

zeV

This proves the assertion. i
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4.2 Interacting Fock Spaces (IFS’s)
Definition 4.2.1 A real sequence {w, }> is called a Jacobi sequence if

(i) [infinite type] w, > 0 for all n > 1; or
(ii) [finite type] there exists my > 1 such that wy > 0, we > 0, ..., Wye—1 > 0, Wy, =
Wnga1 = -+ = 0.

By definition (0,0,...) is a Jacobi sequence (mg = 1).

Given a Jacobi sequence {w,}, we consider a Hilbert space I' as follows: If {w,} is
of infinite type, let I' be an infinite dimensional Hilbert space with an orthonormal basis
{®g, Pq,...}. If {w,} is of finite type, let I' be an mg-dimensional Hilbert space with an

orthonormal basis {®g, Dy, ..., Pp,—1}. We call @y the vacuum vector.
We next define linear operators B+ on I' by
B+®n = \/wn+1 ¢n+1, n:(),l,...’ (43)
B %, =0, B ®,=+w,®,-1, n= L2..., (44)

where we understand B¥®,,,, 1 = 0 when {w,} is of finite type. We call B~ the annihilation
operator and BT the creation operator.

Definition 4.2.2 A pair of sequences ({w,},{a,}) is called a Jacobi parameter or Jacobi
coefficients if

(i) {wn} is a Jacobi sequence of infinite type and {«,} is an infinite real sequence; or

(ii) {wn} is a Jacobi sequence of finite type with length mg and {aq, s, ..., ames1} is a

finite real sequence with mg + 1 terms.

Given a Jacobi parameter ({wy}, {a,}) we define the Hilbert space I with an orthonormal
basis {®,,}, the annihilation oprtator B~ and the creation operator BT as above. In addition
we define the conservation operator by

B°®, =a,11®P,, n=0,1,2.... (4.5)

Definition 4.2.3 The quintuple (I, {w,}, BT, B~, B°) obtained as above is called an inter-
action Fock space associated with a Jacobi parameter ({w,},{an}). When {a, = 0} is a
null sequence, we omit B° and {«,}.

We note that
(B+)* =B, (B7)" = BT, (B°)" = B°.

Let A be the x-algebra generated by B*, B~, B°, i.e., the set of all (noncommutative) poly-
nomials in BT, B~, B°. Then the function ¢y defined by

@0((1) = <(I)0, CL(I)0>, a € A

is a state on A. We call (A, o) = (A, §g) an interacting Fock probability space with vacuum
state.
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Figure 4.1: Interaction Fock space

4.3 Orthogonal Polynomials
We denote the inner product of L*(R, i) by

+oo
(f.9)= f(@) g(x) p(dz).
Now we define a sequence of polynomials Py(z), Py(z), ... by the following reccursive formula:
<P0,ZL'> 2 <P07I2> <P1,JZ2>
Py=1 P =x— Py =a® — Py — P, ...
T T T R T TR T Py
n—1
<Pk’ xn>
P,=a" — )

k=0 <Pk7 Pk:) g

This is the co-called Gram-Schmidt orthogonalization. Then,
P(x)=2a"4---, (P, P,y =0 form #n.

We call {P,} the orthogonal polynomials associated with pu.
The procedure of forming the orthogonal polynomials stops at the mq step if

<P0,P0>>0, ey <Pm0717Pm071>>07 <Pm07Pm0>:O

happens. In that case the orthogonal polynomials consists of Py(z), Pi(z),..., Pno—1(x).
This happens if and only if supp (u) consists of exactly mg points, i.e., p is a sum of delta
measures at different mg points with positive coefficients.

Theorem 4.3.1 (The three-term recurrence relation) Let {P,(x)}:2, be the orthogo-
nal polynomials associated with p € Py (R). Then there exist a pair of sequences {c, }22
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and {wy, }72 with o, € R, w,, > 0, such that

Po(x) = 1,
Pi(z) =2 — ay, (4.6
zP,(x) = Poi1(z) + a1 Po(z) + wp Poq(z), n=1,2,.... (4.7)

Moreover,
[Poll =1, [Pall* = wiws - wn, n 21, (4.8)
+oo
a1 = Myfp) = mean () = [ olde), (49)
+0o0 -

wy = var (u) = / (x — a1)?u(dr). (4.10)
Proor. Well known and omitted. |

Definition 4.3.2 We call the pair of sequences ({a,}>%,{w,}22,) the Jacobi coefficients
of the orthogonal polynomial associated with p (or simply of ).

Remark 4.3.3 Setting P_; = 0 and understanding woP_; = 0, we regard (4.7) is valid also
for n = 0. Remind that wy is not defined.

Remark 4.3.4 If the orthogonal polynomials consists of mg polynomials, we understand
the Jacobi coefficients are given by ({aq, g, ..., e}y {w1, w2, -+ o s Wing—1})-

Example 4.3.5 Let Tn(x) be the polynomial defined in Exercise 3.6. They are orthogonal
polynomials associated with the arcsine law

1 d
S H 2<a<2
s

VA — a2’
The Jacobi parameters are {w,} ={2,1,1,...} and {a,} = {0,0,0,...}.
Theorem 4.3.6 Let 1 € Pen(R) and ({wn}, {an}) its Jacobi coefficients. Let

(I, {®,}, BT, B~, B°) be the interacting Fock space associated with ({w,},{ca,}). Then it
holds that

M, (p) = /+OO 2" u(dz) = (®g, (BT + B° + B™)"®) (4.11)

[e.o]

Proor. Using
||P77»|| = \VWp Wi,

we obtain from (4.7)

o B@ o P B e Bl

Wn - W Wt " Wn - W Wno1 - W1
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We define an isometry U : T' — L*(R, 1) by

P,
ve, = 10

wn...wl

n=012,....

Then, we have
T U(I)n =\ Wn+1 U(I)n+1 —+ (77 NN] Uq)n + /Wy, U(I)nfl s

SO
Uz U(I)n =V Wn+t1 (I)nJrl + a1 (I)n + Vwn (I)nfl
=(B"+B°+ B")®,.
Therefore,

U'zU=DB"+B°+ B".
Then we have
(®g, (BT + B° + B7)"®q) = (Udy, U(BT + B° + B™)"®q) = (Udy, 2™ U D)
=R py = [ i) = Ml
This proves the assertion. i
Remark 4.3.7 U is not necessarily unitary, i.e, surjective.

4.4 Applications to Distance-Regular Graphs

Let G = (V, E) be a connected graph. Fix an origin o € V' we consider the stratification:
V:UVn’ Vn:{xGV;a<x70):n}'
n=0

Let A be the adjacency matrix.
We define three matrices A€ as follows: Let z € V,,.

(A+)yw = {1’

0, otherwise,

ify~xandyeV,q,

1, fy~xandyeV,,

otherwise,

ify~xandyeV, 4,

otherwise,

It is convenient to unify the above in the following form:

1, ify~ dy eV,
(As)yx:{o Iy T and Yy + €€{+,—,O}.

otherwise,
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(A7), =1 0 Vit

\ /

(A%, =1 qr\@ v,

AR

Figure 4.2: Quantum decomposition of the adjacency matrix

Lemma 4.4.1 (1) A= A"+ A~ + A°.
(2) (AT)*=A" and (A7) = AT.
(3) (A) =4

PRrROOF. Easy. |

Definition 4.4.2 We call A = AT + A~ + A° the quantum decomposition of the adjacency
matrix with respect to the origin o € V. Each A€ is called a quantum component.

We define

By definition, &y = e,. We note that
<¢Hn7¢”» ::5mn-
Let I' = T'(G, 0) denote the subspace of C'(V) spanned by @, @4, . ...

Lemma 4.4.3 For x € V,,

Afe, = Z ey, ee {+,—, 0}

YEVnte, Yy~

Lemma 4.4.4

AP, = —— lw_c(y)le (4.13)
| n ye‘/znw% ’

PROOF. Let us consider A*. By definition

V| Vil AT®, = Z Ate, = Z lw_(y)ley

xeVy yEVn4+1



4.4. APPLICATIONS TO DISTANCE-REGULAR GRAPHS 45

which proves the assertion. |

We see from (4.13) that A°®,, is not necesarily a constant multiple of ®,, .., in other words,
I' is not necessarily closed under the actions of the quantum components. The qugnatum
probabilistic approach is useful in the case where

(i) I is closed under the actions of the quantum components;

(ii) I is asymptotically closed under the actions of the quantum components.

Here we discuss typical examples for (i).

Theorem 4.4.5 Let G be a distance-reqular graph with the intersection array:

Ch C1 Co
Gy a3 QA
by b1 bs

Fiz an origin o € V', we consider the stratification of G, the unit vectors ®q = e,, ®1, Po, .. .,
the linear space T' = T'(G,0), and the quantum decomposition of the adjacency matriz A =
At + A= + A°. Then, T is invariant under the actions of the quantum components A€.
Moreover,

A+q)n = Wnt1 an—O—l; n = O, 1, ey (414)

A Py=0, AP, =+vw,®,_1, n=12,..., (4.15)

AP, =a,1P,, n=0,1,2,..., (4.16)
where

Wy = by_1¢p , Qp = Qyp_1, n=12,....

PrOOF. We continue the calculation of (4.13). Since G is distance-regular, we know
that for y € V4,

Cn+1, if € = +7

|w_5(y)| = N an, if e = o,
bn—l s if e=—
Then, for ¢ = + we have
Va
A+(I)n = Z cn+1ey = Cn+1 — F7— | +1| n+1 . (417)
\ yEVn+1 ’Vn‘
Similarly,
Vi
A™O n—1€y = bn 11—V ‘ 1| (I)n 1 (418)
yEVn 1 |Vn|
and

A°D, = A€y = 4.19
\/— > (4.19)

yEVn
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Now (4.16) is obvious from (4.18). We note that
bu|Val = e[Vl

wich counts the number of edges betwen two strata V,, and V,,.;. Then, the coefficient on
the right-hand side of (4.17) becomes

Cntl = r—7 | ] = \/ \/b Cnt1 = \/wn+1

Similarly, for (4.18) we have

These show that (4.14) and (4.15). |

The main point is that, accroding to the quantum decomposition of the adjacency matrix
A= A"+ A" + A°, we found an interacting Fock space structure. Thus,

A(pn = Wn+1 (I)n—i-l + an+1<1)n + Wn CDn—la n = O, 17 2, ceey (420)

where
Wy = by_1¢p , Oy = Qp_1, n=12,....

Theorem 4.4.6 Let G be a distance-regular graph with adjacency matriz A. Let ({wy}, {an})
be defined by

Wy = bp_1Cy, Ap = Ap—1, n=12...,
where a,, by, c, come from the intersection array of G. A probability measure u satisfies

“+o00

0o(A™) = (A™)go = M () = /_ 2" u(dz), m=1,2,...,

o0

if and only if the Jacobi coefficients of p coincide with ({w,}, {an}).

Exercises 4

4.1 Let T,(x) be a polynomial of degree n determined by

T, (cosf) = cosnb.

Show that
To(x) =1, Ti(x) =z, Thir(z) = 22T, (x) — T, -1 (),
and
1 m, m=mn =0,
dx
/ To(@)To ()2 = d 2 /2 m—n > 1,

otherwise.
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4.2 Let G is a finite distance-regular graph. Then two states ¢y, and ¢, on the adjacency
algebra A(G) coincide. [Hint: Any a € A(G) is a linear combination of distance matrices:
0= Sy AW)

4.3 Let (I'(C),{®,}, BT, B7) be an interacting Fock space associated with {w,}. Ex-
amine the action of the commutator [B~, BT| = B~B™ — BTYB~. In particular, the cases
when {w,, = n} (Boson Fock space), {w, = 1} (free Fock space), and {w; = 1,wy = --- =0}
(Fermion Fock space).

4.4* Find the Jacobi coefficients associated with the one-dimensional integer lattice Z.

4.5* Find the Jacobi coefficients associated with the homogeneous tree of degree k. (Z
is the case of kK = 2)

4.6* Prove that every state ¢ on M(n,C) is expressible in terms of a density matrix
p € M(n,C) in such a way that

pla) =Tr(pa),  a€ M(n,C).
Moreover, p is uniquely determined.

4.7* Let us study the cube in detail (Exercise 3.3).

(1) Find the spectrum.
(2) Find the Jacobi coefficients.

(3) Find the associated polynomials {F,(z)} determined by the three-term recurrence
relation.

(4) Examine that {P,(z)} is orthogonal polynomials associated with the spectral distri-
bution.
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5 Stieltjes Transform and Continued Fraction

5.1 Overview

With each p € P, (R) we associated two sequences, the moment sequence {M,,} and
the Jacobi parameter ({w,}, {an}).

sBfm (R)
/N
bij

Here we repeat the definitions of 9. For an infinite sequence of real numbers {M, =
1, My, My, ...} we define the Hankel determinants by

M
m

J

My M, ... M,
M, M, ... M,

A, =det | .= " m=0,1,2,.... (5.1)
My Mper ... Moy,

Let 90t be the set of infinite sequences of real numbers {My = 1, My, M,, ... } satisfying one
of the following two conditions:
(i) [infinite type] A,, > 0 for all m =0,1,2,...;
(ii) [finite type| there exists my > 1 such that Ay > 0,A; > 0,...,A,,,-1 > 0 and
ANy =Dy =+ =0.
Let J be the set of pairs of sequences ({wy,}, {a,}) satisfying one of the following conditions:
(i) [infinite type] {w,} is a Jacobi sequence of infinite type and {«,,} is an infinite sequence
of real numbers;
(ii) [finite type] {w,} is a Jacobi sequence of finite type and {«,} is a finite real sequence

{ai, ..., g}, where my > 1 is the smallest number such that w,,, = 0.

The map P, (R) — M is surjective. In fact, it follows from Hamburger’s theorem that
for any {M,,} satisfying condition (M1) or (M2) the exists p € Ppu(R) whose moment
sequence coincides with {M,,}. But the map P, (R) — MM is not injective.

Definition 5.1.1 A probability measure p € By, (R) is called the solution of a determinate
moment problem if M~ (M (u)) = {u}.

Theorem 5.1.2 (Carlemen’s moment test) Let {M,,} € M. If

o0

S M = oo,

m=1

then there exists a unique i € P (R) such that M, () = M, for allm =1,2,....
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The proof is omitted, see e.g., Shohat-Tamarkin [11].

Example 5.1.3 (1) If supp (i) is compact, then p is the solution of a determinate moment
problem.

(2) A classical Gaussian measure N(m,o?) is the solution of a determinate moment
problem. The density of the standard Gaussian measure N (0, 1) is given by

! e /2
V2
In fact, by the Stirling formula we have

Mzm—w~ﬁ<2—m)m.

- omp) e

(3) The classical Poisson measure with parameter A > 0 is defined by

The Poisson measure is the solution of a determinate moment problem. It is easily verified
that M, < (A+m)™.

Recall that, given p € P, (R), we obtain the Jacobi coefficients ({wy },{as,}) from the
three-term recurrence relation (Theorem 4.3.1) satisfied by the orthogonal polynomials { P, }
associated with p. Since the Gram-Schmidt orthogonalization is performed by using the
moments of y, the Jacobi coefficients ({w,}, {a,,}) depend only on {M,,(1)}. Therefore, the
map M — J is well defined.

Theorem 5.1.4 The map F' : 9N — J 1s bijective.
The proof is omitted, see e.g., Hora-Obata [3].
Remark 5.1.5 F~!':J — 9 is expressed explicitly by the Accardi-Bozejko formula [12].

Theorem 5.1.6 (Carleman) Let p € Pen(R) and ({wn}, {an}) be its Jacobi coefficients.
If

o0

1
n=1 V Wn, N

then  is the solution of a determinate moment problem. (If {w,} contains 0, we understand
the above condition is satisfied.)

+00,

The main topic in this chapter is how to recover 1 € P (R) from ({w,}, {an}) € J when
the uniqueness holds. For that purpose we need the Stieltjes transform.

o {Pula)}
|

G(2)

N

(M}~ ({wn}; {an})
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5.2 Stieltjes Transform

For a probability measure 1 € B(R) (not necessarily having finite moments) the Stieltjes
transform or the Cauchy transform is defined by

oo x
Gu(z):/ pulder). (5.2)

o Z—X

The integral exists for all z € C \ supp u since the distance between such a z and supp p is
positive. We list some fundamental properties, the proofs of which are straightforward.

Proposition 5.2.1 Let G(z) = G,(z) be the Stieltjes transform of a probability measure

1€ BR).

(1) G(2) is analytic on C \ supp p.

(2) ImG(z) <0 forImz >0 and ImG(2) > 0 for Imz < 0.

(3) |G(2)] < |Imz|7! for Im z # 0.

(4) G(z2) = G(z). In particular, G(z) is completely determined by its values on the upper
half plane {Im z > 0}.

Example 5.2.2 For u = ijékj we have
j=1

In contrast with the moment sequence, we have the following
Theorem 5.2.3 For two probability measure i1, 12 € P(R), G, = G, implies p = pia.
The proof is direct from the inversion formula mentioned below.

Theorem 5.2.4 (Stieltjes inversion formula) Let G(z) be the Stieltjes transform of p €
P(R). Then for any pair of real numbers s < t, we have

2 lim tImG(x—i—iy)dx:F(t)+F(t—0)—F(s) — F(s—0),

T y—=+0 J

where F is the distribution function defined by F(x) = pu((—o0, z]).

Theorem 5.2.5 Let G(z) be the Stieltjes transform of u € P(R). Then

plr) = —— ylggo Im G(z + 1y)

erists © € R a.e. and p(x)dx is the absolutely continuous part of .
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The discrete or singular continuous part of p is more complicated to obtain from its
Stieltjes transform. For our later application we only need the following

Proposition 5.2.6 Let u € P(R). Then its Stieltjes transform G(z) has a simple pole at
z=a € R if and only if a is an isolated point of supp u, i.e., p is a conver combination of
da and a probability measure v € P(R) such that suppr N{a} = @ in such a way that

p=co, + (1 —c)v, 0<e<Ll

In that case, ¢ = Res,—,G(z).

5.3 Continued Fraction

First we recall the notion of a continued fraction. In general, expressions of the forms

ay ap az as any,

=— = = = 5.3
a9 b1+b2—|—b3+"'+bn ( )
b1 +
a3
by +
bs + |
. +G_n
by,
and
a1 ay G2 as
- - = = 5.4
(05} b1+b2+b3+ ( )
by +
as
by + ———
b3+..

are called continued fractions. Since the expressions in the left hand sides are space-
consuming, we hereafter adopt the ones in the right hand sides. We only need to consider
complex numbers {a} and {b;}. For the infinite continued fraction (5.4), if

a1 az as an
b+ by b4+ b,

Tn

exists (namely, denominator is not zero) except finitely many n and lim,,_,, 7, exists, we say
that the infinite fraction converges and define

it G = lim 7,
bl+b2+b3+"‘ noo

In other words, the value of the infinite continued fraction (5.4) is defined as the limit of the
nth approximant:

ap Gz as . ap a2 ag anp,

N A fn
by + by + b+ neoo by + by + by + -+ -+ b,
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Example 5.3.1 (Euclidean algorithym) Every rational number ¢/p, 0 < g < p, p =
1,2, ..., admits a continuous fraction expansion of the form:

1 1 1 1
by +by+bg+---+b,
For example,
5 1 1 1

13 3 1 1
13 2+5 24— 2+ ——7—
1+§ 1+ —
1 _
*3

Example 5.3.2 (Golden number) The golden number x is defined in such a way that the
big and small rectangles in the following picture are similar.

<—1—>

€r —

In fact, z satisfies that 22 — 2 — 1 = 0 so that

14++/5 1 1 1
2 I1+1+1+---
This may be derived by successive application of rationalization of numerators. But, formally
the following derivation is much simpler:

1 1 1 1
x 1 1 1
1+~ 1+ —— 1+
T 1 1
1+~ 1+
x 14 -
5.4 Finite Jacobi Matrices
Let ({wn}, {an}) € J and set
i aq \/ W1 i
vV Wi %) V W2
\ W2 a3 \V W3
Wp—2 Op—1 Wn—1
L wnfl an |
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whenever w,_; > 0. A matrix of the form (5.5) is called a Jacobi matriz (of finite type).

We set
1
0
€y = .
0
Proposition 5.4.1
1 e
(€0, (z—T) "eg) = - 2 el
2= —Z—Qg—Z—Q3—"—2Z—Qp
Proor. We set
Jo
f
(z=T)'eo=f=|"
fnfl

First note that
(€0, (z = T) 'eq) = (eo, f) = fo.
On the other hand, we see from (z — T') f = ¢, that
(z —aq fo—\/w fi=1,
\/wzfl 1+ Z_al+1 \/wl+1fz+1 i:1727"'7n_27
—\V Wn-1 fn72 + (Z - Oén)fnfl = 0.

From the first relation in (5.7) we obtain

ol g}

and hence .

tm o — a2
Jo

fo=

Similarly, from (5.7) we obtain

\/;zfz 1 + fz { Oéz—l—l -V WH—I fH_l }

and therefore

o Ji N Wi

v Wi =

- /_f 1
fll — Q41 — Wit+1 H_

Finally, from (5.7) we have

\/w—lfnfl _ Wn—1
n— f :

n—2 Z— Qp

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)
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Combining (5.8)—(5.10), we come to

1 w1 ) Wn—1

fo=

2 —2Z—Qy—2Z—Q3— " —2Z—Qy

from which (5.6) follows. i
Proposition 5.4.2 For k = 1,2,...,n we define monic polynomials Py(z) = 2% + -+ and
Qr-1(2) =21+ by

1 Wy Wo Wh-1 Qr-1(2) (5.11)
Z——Z— Qg —Z— Qg — - — 2 — Qy Pi(z) '

Then, the following recurrence relations are satisfied:

Py(z)=1, Pi(z)=z-aq, (5.12)
Pi(2) = (z —ag)Pr_1(2) — wp—1Pro(2), k=2,3,...,n, '
QO(Z) =1, QI(Z) =Z—Qg, (5 13)
Qk(z) = (Z - Oék;+1)Qk:—1(Z) - kak—2(2)7 k=23,...,n—1

Proor. By induction, see also Exercise 1. |

Proposition 5.4.3 (Determinantal formula) For k= 1,2,...,n it holds that

zZ — Qq —1/ W1
—1/ W1 zZ — Q9 —1/ Wy
—1/ W2 Z — (O3 —1/ W3

Py(z) = det . ' ‘ = det(z — Tj).

—VWEk—2 2= Qp_1 T/ Wg-1

-V Wk—1 Z— O |

Fork=23,...,n it holds that
e a —\/aTQ -
Ve -y~
Qr-1(z) = det
—VWg—2 22— 0 —m

—V Wk—1 z — o

Proor. By expanding the determinants in the last column one can check easily that
these determinants satisfy the recurrence relations in (5.12) and (5.13). |

We now need spectral properties of the Jacobi matrix T'.
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Proposition 5.4.4 FEvery eigenvalue of T' =T, is real and simple. Moreover,

SpecT,, ={\ € C; P,(\) =0}. (5.14)

PROOF. Since T is an n X n real symmetric matrix, it has n real eigenvalues. (5.14) is
obvious from det(z — T,,) = P,(z), see Proposition 5.4.3.

We prove that every eigenspace of T is of one dimension. Let A be an eigenvalue of T’
and f a correswponding eigenvector. We write

Jo
=
fun
Then (A —T)f = 0 is equivalent to the following

(A —a1)fo—/wi fL =0,
—Vwi fir+ N =) fi— Vo fin =0, i=1,2,...,n—2, (5.15)
—\ Wn—1 fn—? + ()\ - an)fn—l =0.

Now let h,g be two eigenvectors corresponding to A. Choose (o, ) € R?, («a, 3) # (0,0),
such that agy + Sho = 0. Since f = ag + [h satisfies (A — T))f = 0, we have (5.15). Note

that fo = 0. Then, succesive application of (5.15) implies f; = -+ = f,—1 = 0. Thus we
have f = 0, which means that g and h are linearly dependent. Consequently, the eigenspace
corresponding to A is of one dimension. |

Proposition 5.4.5 For A\ € SpecT we put

Py(N)

Pi(N)/ /w1

) = (5.16)

P, 1(N)/\/wn-1--w

Then f(A) # 0 and T f(A) = Af(X). Namely, f(\) is an eigenvector associated with \.

PROOF. f(A) # 0 is obvious since Py(A\) = 1. In view of (5.12) we obtain

/\) = (/\ — ozk)Pk_l()\) - wk_lPk_Q()\), k= 2,3, e, = 1,
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The last identity comes from P,(\) = det(A —T") = 0. Then a simple computation yields

Vwr ]jl/%f =A—a; = (A—a)Py(N),

s 1L RS 10 Y i S1CY

wk_...wl wk_l.--wl wk—Q“.wl

for k=2,3,...,n—1, and

Po1(A P, _o(A
0:()\_%)#_ wn_1¢.
wn—l ... wl wn_2 DY wl
The above relations are combined into a single identity: (A —7) f(A) = 0. |

Proposition 5.4.6 Define a measure u on R by

n=D_ IIFOII*a, (5.17)

AESpecT

where f(A) € R™ is given by (5.16). Then, 1 € Pan(R) and

(e, (2 — T)leg) = /_ o pldy). (5.18)

Z—XT

PROOF. Since every eigenvalue of T' is simple (Proposition 5.4.4), we see from Propo-
sition 5.4.5 that {||f(A\)[|7'f(A); A € Spec T} becomes a complete orthonormal basis of C™.
Hence

(o, (z=T)"reo) = D Lea, ISV FONIF O F V), (2 = T) e

AeSpecT

= > I eo, FON(E=T)THF (), eo)
AeSpecT

= > IroIrPE=-n"

AeSpecT

where we used (eg, f(\)) = Py(A\) =1 and (2 —T)"1f(A) = (2 — A)"Lf(N\). Then, in view of
(5.17) we obtain

(o, (z=T)'eo) = Y Hf(_)!\ —/_OOM,

Z—XT
AeSpecT

which proves (5.18).
We need to show that p(R) = 1. This may be proved by observing asymptotics of both
sides of (5.18). In fact, with the help of Propositions 5.4.1 and 5.4.2 we see that

200 P - 1’
Re 2=0 Re 2=0 (2)

(5.19)
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where we applied the fact that both zQ,,_1(z) and P,(z) are monic polynomials of degree n.

On the other hand,
+00 d +o0
lim 2 / pldr) _ / u(dr) = p(R) (5.20)

Z—00 _
Re z=0 o < z —0o0

by the dominated convergence theorem. We see from (5.19) and (5.20) that u(R) =1. 1

Definition 5.4.7 For any probability measure p (not necessarily having moments) the in-

tegral
+oo
Gu(z) = / p(dr) : Imz#0

Z—X

o0

converges and G, (z) becomes a holomorphic function in {Imz # 0} = C\R. We call G,(2)
the (Cauchy-) Stieltjes transform of p.

Theorem 5.4.8 Let ay,...,a, € R and w; > 0,...,w,_1 > 0. Then the polynomi-
als Py(2), Pi(z),...,P,_1(z) defined by the recurrence relation (5.12) are the orthogonal
polynomials associated with p defined in (5.17). Therefore, the Jacobi coefficients of p is

({aq,...,an}, {wi,...,wn_1}). Moreover, the Stieltjies transform G, (z) admits a continued
fraction expansion:
o u(dx) 1 w1 Wy Wr—1
Gu(z) = = :
e 2T 2 —Z— Qg —Z— Q33— — 2 —Qy

PROOF. By using the recurrence formula (5.12) we may see easily that

Py(T)eg = ey, Pi(T)eg = /wg -+ wiex, E=1,2,...,n—1 (5.21)

On the other hand, for any polynomials p, ¢ with real coefficients we have

(p(D)eo.a(Dyeo) = Y (p(D)eo, LT FONASITFN), a(T)eo)

AeSpecT

= > IFOI o, pT)F )N a(T) F(N), eo)

AeSpecT

= > IFOIZ(NaN) eo, SN (F(A), eo)

AeSpecT

= > IFWIp(N)a()

AeSpecT

=[mmmmmm.

o

Hence, in particular,

400
| P@R@uds) = (BT, T)en) = ;- ley. )

[e.e]

so that Py(z), Pi(2),..., P,_1(2) are the orthogonal polynomials associated with pu. |
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5.5 General Case

Let ({wn}, {an}) € J be of infinite type. Then for any n, defining a Jacobi matrix 7,, as in
(5.5), we obtain a probability measure p,, and the polynomials { Py(x), Pi(x),..., P,(z)} as
in the previous section. Since these polynomials are defined by the recurrence relation with
{wn}, {an}), {Po(x), Pi(x),...,P,(x)} are common for all u,, for m > n. Consequently,
given ({wy}, {axn}), we have an infinite sequence of probability measures mu,,, and an infinite
sequence polynomials

Py(x)=1, P(z),....,P(x)=2a"+---, ,....

Lemma 5.5.1 Let pu € P (R) be a probability measure whose Jacobi coefficients are ({w,}, {an}) €
J. Then, for any m =1,2,... we have

im My, (pn) = M ().

n—o0

PrROOF. In general, M,,(v) is described by the first m terms of the Jacobi coefficients
of v. Suppose that n > m. Then we see that

Mm(Un) = Mm(,unJrl) == Mm(ﬂ)a

from which the assertion is clear. |

Theorem 5.5.2 Let u € Puu(R) be the solution of a determinate moment problem and
({wn}, {an}) be the Jacobi coefficients. Then the Stieltjies transform G,(z) admits a contin-
ued fraction erpansion:

+o0
Go(2) _/ pldr) 1 w1 Wy Wh—1

?
o Z—T Z—0]—Z—Qy—Z—Q3—- —Z—Qy

where the right-hand side converges in {Im z # 0}.

ProoOF. By Theorem 5.4.8 we have

/+oo pn(dz) 1 w1 Wo Wh_1

o AT 20— 22— Q=2 —Q3— " —2Z—Qy

On the other hand, it follows from Lemma 5.5.1 and the assumption that pu, converges to
weakly. Since x +— 1/(z — z) is a bounded continuous function on R, we have

iy [ L) [ )

z2—x z—x

n—oo [

oo o0

This completes the proof. i
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Exercises 5

1. Compute the following continued fractions:

(1)

[GVIN )

3
+54+
1

N | —

3 1
z2—1—2—2—2

(2)

2. Find the continued fraction expansion.

7
45
z+1
2242

(1)
(2)
3. Compute the following continued fractions:

11
F2424--

N | —

(1) [silver number] 2 +

1 a a
z+zt+z2+--

(2) (a>0)

1 1 1
4. Let p = 1 d_9 + 3 do + 1 d4+1. Compute the Stieltjes transform G(z). Then find its

poles and residues.

5. Let \/2 be defined by taking a branch of v/1 = 1. Find the following limits:

lim 2z lim vz

y—+0 y——0

Similarly, define v/z2 — 4 by taking a branch in such a way that /22 —4 > 0 for z > 2.
Compurte the following

lim vVz2—4 lim vz2 -4
y—+0 y——0

where z = x + 1y.
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6 Kesten Distributions

6.1 Homogeneous Trees

Definition 6.1.1 A connected graph is called a tree if it has no cycles. A tree is called
homogeneous if it is regular.

Figure 6.1: Homogeneous tree of degree 4

Let T, be the homoeeous tree of deree Kk > 2 and A = A, the adjacency matrix. We
choose and fix a vertex o € T, as an origin (root). Our interests are:

(i) Find the vacuum spectral distribution of A, namely, a probability measure satisfying

+0o0
(€0, A™e,) = |{m-step walks from o to itself}|. = / ™ (dr), m=1,2...

—00

(ii) Asymptotic behavior of y, for a large k.

6.2 Vacuum Spectral Distribution

Recall that T} is a distance-regular graph with intersection array:

0 1 1
0 0 0
k k—1 k-1

We see from Theorem 4.4.6 that the vacuum spectral distribution @ = p, has the Jacobi
parameter
wp=by_1¢p K, k—1,k—1,...; oy = ap_1 = 0.

Namely,

Lemma 6.2.1 The vacuum spectral distribution . is a probability measure whose Jacobi
coefficients are

Wi =K, Wy=wWg=-=K-=—1, ap =g == 0.
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Therefore, . is determined by

/*Oo,u,{(dx) 1 v k=1 k-1

z—x  z—z— z — oz —eee

[e.o]

We now introduce the following

Definition 6.2.2 Let p > 0, ¢ > 0 be constant numbers. A probabilty distribution on R
whose Jacobi parameters are given by

Wi =p, Wp=w3z="-"=4gq, an, =0,

is called the Kesten distribution with parameters p, q. In other words, the Kesten distribution
with parameters p, ¢ is determined by

/*‘”M(daf) 1 p q ¢

w R—% Z—2Z—2—Z—-"

Remark 6.2.3 By the Carleman condition we see that the Kesten distribution is uniquely
determined by the Jacobi parameters.

Theorem 6.2.4 The vacuum spectral distribution u, of the homogeneous tree of degree k is
the Kesten distribution with parameter k,k — 1.

6.3 Explicit form of the Kesten distribution

We start with the Stieltjes transform:

Straitforward computation yields

2 pP-p-9?

Applying the Stieltjes inversion formula:

1 O, |I|>2\/av
P =L i Gt i) = p i

2m p> — (p — q)a?’

We now remark the following
Lemma 6.3.1
+24 - L, 0<p< 2,

p
— dr =
2m -24 p*—(p—q)z? qu, 0<2qg<p,
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PrRoOOF. Straightforward computation. |

Therefore, when 0 < p < 2q, p(z)dz is a probability measure so that u,.(dz) = p(z)dx.

Therefore,
+27
G(z) :/ pla) dx.
—2./4 zZ—X
However, when 0 < 2¢ < p, p(z)dz is not a probability measure and p contains discrete or

singular continuous parts. In fact, G(z) has two poles at +p/+/p — ¢ (which are outside of
[—2,/4,2,/q] when p > q.) The residues are easily computed

P —2q
Res G(z) = .
 — =) 2(p —q)

Consequently, we come to the explicit form of the Kesten distributions.

Theorem 6.3.2 The Kesten distribution with parameter p > 0, ¢ > 0 is given by

p(z)dz, 0<p<= 2,
p(dz) = { plx)dr + Qij_—Qg) <(5_ 2+ ) pp,q> , 0<2q<np,
%(5\@—%6\@), q=0,
where
0, |z > 2/,
p(z) = p 4q — 22

lz| < 2,/q.

27 p? — (p— q)a®
Theorem 6.3.3 The vacuum spectral distribution of T, is given by p.(dz) = p.(z)dx with

k A4k —1) —a?

pfi(x) - % K2 — 2

6.4 Asymptotics of 7}, as Kk -

We are interested in the asymptotic behavior of u, as k — oo. Note first that

mean () = /+OO zpg(dr) = (A)w =0,

—00

400
var(p,) = /_ (z — mean(i, ) pe(dz) = (A?),, = deg(o) = .

[e.e]

Therefore,
At AT

A_
Vi Vs Ve

is a reasonable scaling for Kk — co.



6.4. ASYMPTOTICS OF T,, AS k — o0 63

It follows from the intersection array of T that

At At k—1
ﬁ (I)O = (I)l, ﬁ = — (I)n+1 (TL Z 1) (61)

A~ A~ A~ k—1
ﬁé():o? — ¢ = @, ﬁ@n: -

Jr

The actions of —= in the limit as Kk — oo are now easily expected. We are now in a position
K

to introduce the following

1 (n2>2) (6.2)

Definition 6.4.1 An interacting Fock space associated with the Jacobi sequence w,, =1 is
called the free Fock space. Namely, the free Fock space (I'free, {¥,}, BT, B7) is defined as

B*®,=®,,1 (n>0), B ®,=0, B ®,=®,; (n>1). (6.3)

Theorem 6.4.2 (Quantum Central Limit Theorem) For any €,...,¢, € {£} and
m=1,2,... we have

_ A AEl o o

In short, we say that A2

lim —& = B*

K—00 \/_

in the sense of stochastic convergence.

PROOF. More generally, we may prove that

< i il/ej ?/i > = (V,;, B - .- B";) (6.4)

for any 7,7 > 0. The proof is by induction on m. For m = 1 we need to prove that

lim
K— 00O

A@
] R Py = . 1Ny .
lim <¢“\/E<DJ> (U;, B1Y,) (6.5)

for any 7,7 > 1 and ¢; = £. Suppose that ¢; = +. By (6.1),

A—l—
hm <<I>“—H<I> > = hm <(I)Z,(I)1> <\I’Z,\Ij > <\Iji,B+\I/()>,
K—00 \/E

, Al , k—1 n
lim @i,ﬁ@ = lim T<¢iaq’j+1> = (U;, Ujp1) = (U, BTYy),

where j > 1. Thus, (6.5) is shown for ¢; = 4+. The case of ¢ = — is similar.
We now come to the induction step, but the idea is similar. The detailed proof is left to
the reader. |

As a direct consequence, we have

Theorem 6.4.3 It holds that

AN\
lim <eo, ( ) eo> = (®g, (BT + B7)™®y), m=1,2....
et Jr
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6.5 Chebyshev Polynomials of Second Kind
Definition 6.5.1 The Chebyshev polynomialof second kind U, (x) is defined by

sin(n + 1)
sin 6

Un(cosf) = , n=0,1,2,....

In fact, we obtain
Up(z) =1, Ui(x) =2z, U,ui(z)=22U,(x)— U,_1(z).

Moreover, by simple calculation we see that

Un(2)Up(2)\/1 — 22 dx = g&nn.

+1

-1

Definition 6.5.2 The probability distribution
L 2
% 4—z 1[,272}(Qf)dﬂf
is called the Wigner semicircle law. This is normalized to have mean 0 and variance 1.

The Wigner semicircle law is the Lesten distribution with parameter p = ¢ = 1.

Theorem 6.5.3 Set U, (z) = U”(g) Then {U,(z)} is the orthogonal polynomial with
respect to the Wigner semicircle law. Moreover, its Jacobi coefficients are

{w, =1} {a,, = 0}).

PRrROOF. Direct computation. |

Therefore,

Theorem 6.5.4 Let (I'jee, {V,}, BT, B™) be the free Fock space. Then,

1 +2
(@, (BT + B7)"®g) = — ™4 — 22 dx, m=1,2....

2 |,

Combining with Theorem 6.4.3, we obtain the following

Theorem 6.5.5 (Asymptotic spectral distribution for 7)) It holds that

AN\" 1 (T2
lim (e, [ 22) e, ) = — m I = 22 da, —1,2.....
i (oo () o) =3 [, A an
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Exercises 6

1. Fix a vertex o € V of the homogeneous tree T,,. Let V,, = {z € V'; d(x,0) = n}.
Show that

Vol =1, Vi|l=&k, |Val=k(k—=1), ..., [Vu|=rK(k—1)"""
Then verify directly the equality:
|Vn+1| _ bn
|Vn| Cn+1

where b,, and ¢, are constant numbers appearing in the intersection array of T}.

2. Compute the following continued fraction:

3. Verify the facts on the Chebyshev polynomial of second kind defined above.
4*. Verify the integral formula mentioned in Lemma 6.3.1.

k 4k —1)—a?

= — 5 5 compute the scaling limit:
2m K*—

5*. For the density function: p,(z)

lim /i py (Vi)

6*. Let p be a probability distribution and ({w,}, {a,}) the Jacobi coefficients. Show
the following:
(1) The Jacobi parameters of the translated p(dz—s) are given by ({w,},{a,+s}), s € R.

(2) The Jacobi parameters of the scaled u(A~'dz) are given by ({N\w,}, { \an}), A € R,
A # 0.
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7 Catalan Paths and Applications

7.1 Moments of the Wigner Semicircle Law

The Wigner semicircle law appears in the last chapter. It is absolutely continuous with
respect to the Lebesgue measure and has the density function:
L Vad—2?, x| <2
p(r) = q 27 T
0, otherwise.

This is normalized to have mean 0 and variance 1.

Theorem 7.1.1 Form =1,2,... the 2m-th moment of the Wigner semicircle law is given

by
1 2m)! 1 2m
m. 4 — 22 dr =
o r*dr = <m)

m+1)'m' m+1

The moments of odd orders vanish.
PROOF. By direct calculation. |

7.2 Vacuum Distribution of Free Fock Space

Let (Tgee, {®n}, BT, B7) be a free Fock space. In the last chapter we already showed
(slightly less rigorously) that

(B, (B + B~)"Dy) = / m A= P2de,  m=1,2,.... (7.1)
Therefore, it follows from Theorem 7.1.1 that for m =1,2,...,
(o, (BT + B7)* ') = 0, (7.2)
(2m)!

(o, (B + B7)""®) = (7.3)

ml(m + 1)1

Below we will show the above identities from a combinatorial viewpoint. Then, (7.1) follows
from Theorem 7.1.1.
Let us start with

(Bo, (BT + B7)*@g) = Y (®g, B%--- B Dy),

where
if B ... B1®y = P,

by, B - BP
(o o) 0, otherwise.

I
—
-
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Then (7.2) follows immediately from the actions of B* in (6.3). For k = 2m,
B®m ... chbo = CD[)

occurs if and only if

€1+€2+"‘+€2m71205
€1t e+ -+ €1+ €2m =0.

In general, € = (€1, €2, ...,6,) € {+,—}" is called a Catalan path of length m if

Vv

k
S
i=1
Z €k 0.
i=1
Let C,, denote the set of Catalan paths of length m. Obviously, C,, = () for an odd m.

Lemma 7.2.1 Form =1,2,... we have

(2m)!
m!(m + 1)!
PROOF. We set

Dm: {6:(61,62,...,62m) c {+’_}2m; €1+"'+62m:0}.

Obviously, C,, C D,,. Each € € D,, corresponds to a path connecting the vertices

(0,0), (1,€1), (2,€1 +€2), ..., (2m,e; + €9+ -+ + €9n) = (2m, 0)
in order. Since we have ) (2m)!
m m)!
D] = ( ) = il
m m!m/!

for |Cp,| it is sufficient to count the number of paths in D,, \ C,,. By definition a path
€ = (€1,€2,...,€,) in Dy, \ Cp, has one or more vertices with negative ordinates. Let k be
the abscissa of the first such vertex. Then 1 < kK < 2m — 1. If kK = 1 we have ¢ = —1.
Otherwise,

€120, ee+e>0, ..., a+-+e1=0,
€1+"'+€]€71—|—6k:—1.
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(0,0)

0,-1)

0,-2)

Figure 7.1: Counting the Catalan number

Let L be the horizontal line passing through (0, —1). Then € has one or more vertices which
lie on L and (k,—1) is the first one. Define € to be the path obtained from e by reflecting
the first part of € up to (k,—1) with respect to L (see Fig. 7.1). Then € becomes a path
from (0, —2) to (2m, 0) passing through (k, —1) as the first meeting point with L. It is easily
verified that € <> € is a one-to-one correspondence between D,, \ C,, and the set of paths
connecting (0, —2) and (2m,0). Obviously, the number of such paths is

2m (2Tn)!
(m+1) T m+DI(m -1 D \ Cial.

o 2m)! (2m)! __ (2m)!
Conl = il ™ T Dl = D)1~ ml(m + 11

which completes the proof. |

Hence

Y

Definition 7.2.2 For m =1,2,...,
(2m)!
Cn=|Con| = —/——"F"—+
(Caml m!(m + 1)!
is called the mth Catalan number. By definition Cy = 1.
With this notation we come to

(®o, (B* + B7)*"®) = |Com| = Crr. (7.4)
On the other hand, Theorem 7.1.1 is rephrased as

[t 2m)!
— ¥4 — 22 dx = _@mr Chn - (7.5)

2m J_, (m+ Dim!
Consequently, we have
1 [T
(@, (BT + B7)"®¢) = — 2"V4 —a2?dr, m=12....

2m ),
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7.3 Accardi—Bozejko Formula

Let ({wn}, {an}) be Jacobi coefficients and (', {®,}, BT, B~, B°) the associated inter-
acting Fock space. We are interested in the moment sequence of the real random variable
Bt + B~ + B*:

M,, = (®g, (BT + B~ + B°)"®y), m=1,2.... (7.6)
Expanding the right hand side, we obtain

M, =Y (®g, B --- BB ®y), (7.7)

where € = (ey, ..., €,) runs over {+, —, o}"™.

In order to observe the action of B -.. B2 B to the vacuum vector ®q it is convenient
to associate a sequence of points (i.e., a path) in Z?* starting at (0,0) as follows. Given
€= (€1,...,€6n) € {+,—,0}™ we associate a sequence of points in Z? defined by

(070)7 (L 61)7 (2761 + 62)7 BRI (m>€1 +et -+ Em)?

where numbers +1, —1, 0 are assigned to ¢; according as ¢; = +, —, 0. It is more instructive
to draw edges connecting these points in order (see Fig. 7.2).
A sequence € = (€1,...,6,) € {+,—,0}™ is called a (generalized) Catalan path if

Let C,, denote the set of such Catalan paths.

0.0) 3 (m.0)

Figure 7.2: Paths in {+,—,0}" and C,,
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In view of the action of B¢ we see easily that
<(I)07 B BE2B€1CI)0> =0, (617 s 7€m) < {+= ) O}m \ ém :

Hence (7.7) becomes

My, = > (®g, B -+ BB dy). (7.8)
€€Cm
To each € € C,, we associate a partition of natural numbers {1,2,...,m}. We need notation.

Definition 7.3.1 Let m > 1 be an integer. A partition of {1,2,... m} is a collection ¥ of
non-empty subsets v C {1,2,...,m} such that

{1,2,....m}:Uv, vNo' =0, v#v.

veY

A partition ¥ is called (i) a pair partition if |v| = 2 for all v € ¥; (ii) a pair partition with
singletons if |[v| =2 or |v| = 1 for all v € ¥. An element v € ¥ is called a singleton if |v| = 1.

Definition 7.3.2 Let 9 be a pair partition with singleton of {1,2,...,m}. For v € ¥ we set
vl =
[i,4], ifv={i,j} withi < j.

We say that 1 is non-crossing if for any pair of u, v € ¢, one of the following relations occurs:

Let Pxcp(m) and Pncps(m) denote the set of non-crossing pair partitions of {1,2,...,m}
and that of non-crossing pair partitions with singletons, respectively.

We next associate with each e € C,, a partition 9(e) of {1,2,...,m}. In general, e €
{+, —, o}™ being regarded as a map €: {1,2,...,m} — {4, —, o}, we obtain a partition:

{1,2,....m}y=cto)Uet(+H)Uet(-).
Let € € Cy,. Since e ' (+)| = |¢7}(—)| we may set
6_1(0) = {81 < e << Sj}, 6_1({+, —}) = {tl < - <K tQk:},

where j 4+ 2k = m. We shall divide {t; < .-+ < 3} into a union of pairs. First we take
1 < o < 2k such that

€(t1) = =¢€(ta) =+, €(tar1) =—.
Note that such an « always exists whenever e '({4,—}) # @. Then we make a pair {t, <
tat1}. Setting
{ty < <ty o} ={tr <+ <to} \{la <lat},
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0.0) | (m,0)

Figure 7.3: Path in C,, and partition in Pncps(m)

and applying a similar argument, we make the second pair. Repeating this procedure, we
obtain a pair partition

{tl < - <t2k}:{l1 <7’1}U~~~U{lk<rk},
where €(l;) = -+ = €(ly) = + and €(r1) = -+ = €(ry) = —. Finally we define a partition
(e) by
de) ={{s1},.. .. {s;}, {ls <m}, ..., {le <7mi}}, (7.9)
which is a pair partition with singleton (see Fig. 7.3).

Lemma 7.3.3 Let e € C, and 9(e) the pair partition with singleton of {1,2,...,m} defined
as in (7.9). Then 9(€) is non-crossing. Moreover, the map € — V(€) is a bijection from C,
onto Pxcps(m).

PrROOF. It is obvious from construction that J(e) is non-crossing and that € — 9J(e) is
injective. Suppose we are given ¥ € Pxcps(m). Set

U={{s1},.... {s;j}, {ti,m}, - {le, i} }
and assume that
§1< <8, Lh<--<lp, L<r, ..., lp<rg. (7.10)
Define € € {+,—,0}™ by
€(st) =0, €(lu) =+, €(ry)=—. (7.11)
It is apparent that €(1) 4 --- 4 €(m) = 0. We shall prove that ¢ € Cp,, i.e.,
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Given i, we choose u such that
h<-oo <l <i<lypyy <<l

Then, by (7.10) we have
{rl,...,rk}ﬂ [1,2] C {rl,...,ru}.

Hence in the left hand side of (7.12), (+1) appears u times and (—1) at most u times, which
shows that (7.12) holds. Finally, we need to prove that for € defined in (7.11), ¥(e) = ). Set

{ll,...,lk,Tl,...,Tk} = {U)l < e U)gk}.
The first step of constructing the partition ¥(e) is to find 1 < a < 2k such that
e(wy) = =€(wy) =+, €(war1)=—.

Obviously,
w1:l17 ceey wa:la7

and by non-crossing condition we have
Wa+1 = Tq -

Thus, J(€) contains a pair {l,,7,}. Repeating this argument, we conclude that J(e) = 9.
i i

Definition 7.3.4 Let ¥ € Pxcps(m). The depth of v € ¥ is defined by
dy(v) = {u € ¥; [v] C [u]}].
Note that dy(v) > 1 by definition.
For example, for ¢ in Fig. 7.3 it holds that
dy({1,2}) =1, dy({4,8}) =2, dy({5}) =3.
The next result is easy to see.

Lemma 7.3.5 Let 9 € Pxcps(m) be corresponding to € = (ey, ..., €y) € Cp. Then

((s—1
Z€i+17 ifU:{S}a
=1
dﬁ(U) - -1 r—1
Zei—Fl:Zei, ifv={l<r}.
\ =1 =1

With these notation we continue calculation of (7.8) and obtain a combinatorial expres-
sion of (7.6).
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Theorem 7.3.6 Let (I',{®,}, B",B~,B°) be the interacting Fock space associated with
({wn}, {an}). Then,

(®o, (BT + B~ +B)"0g) = Y [] alds(v)) [] w(ds(v)). (7.13)

YE€PNcps(m) veED veY
lv|=1 |v|=2

form=1,2,.... In particular,
(Qo, (B* + B7)"™10g) = 0,

(®g, (BT + B™)*™®y) = Z Hw(dg(v)). (7.14)

YE€PNcP (2m) ved

PRrROOF. From (7.8) we already know that

(Do, (BT + B~ + B°)"®y) = Y (g, B™ -+ BB ®y).

EEém

We shall calculate B ... B2B®, for € = (e1,...,€n) € Cm. Denote by 9 = J(e) €
Pxcps(m) the corresponding partition and set

9(e) = {{s1 ) {55} (L by oo Ll i} )

First consider a singleton s = s;. Since B%~!..- B9®; € CP., ..., , and B* = B°, we
obtain by virtue of Lemma 7.3.5

BBt BBy = afey -+ ey q + 1)BE - B
= a(dy({s}))B="'--- B".

Applying the above argument to all the singletons, we come to

B ... BO®, — {Ha(dﬁ({si}))} [[Bé" - .. B9]]®, , (7.15)

where [[B" - - - B®]] stands for omission of B°. Then [[B*" - - - B®']] is a product of k creation
operators BT and k annihilation operators B~ which form a non-crossing pair partition.
Hence there exists {l,r} = {l;,r;} such that B and B are consecutive. In that case

[[Bem . B“RA... Bel]]q)o _ HBEm ...B~BT... BE1H(I)0 .

Since the action of B° does not change the level of the number vectors, in the above expression
[+ B]]®g € CP¢,4....1¢,_, SO that the action of B~ BT on it becomes a scalar w(e; + - -+ +
€1+ 1) =w(dy({l,r})), where Lemma 7.3.5 is taken into account. Thus, we have

(B BB B = w(dy({Lr})[[B -+ BB BJ0y
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where B B means that B B is omitted. Repeating this argument, we come to

([BS™ - - B]|® = {Hw(dﬁ({zi,n}))} Dy . (7.16)

Now the formula (7.13) follows immediately from (7.15) and (7.16). The formula (7.14)
follows from (7.13). i |

Theorem 7.3.7 (Accardi-Bozejko formula) For u € P, (R) let {M,,} be its moment
sequence and ({wn}, {an}) its Jacobi coefficient. Then it holds that

My= > [ ads@) ] @), m=12... (7.17)

YEPNcps(m) ved veY
lv]=1 |v|=2

Moreover, if i is symmetric,

My =0,
Moy = > JJwlds(v), m=12,.... (7.18)

Y€PNcp (2m) veD

Proor. Let (I',{®,}, BT, B, B°) be the interacting Fock space associated with ({w,}, {an}).
We know that
M, = (&, (B* + B~ + B°)"®,), m=1,2,....
Then we need only to apply Theorem 7.3.6. 1

In Remark 5.1.5 we mentioned that there is a bijection F': 9 — J. In fact, F~1 : J — M
is expressed explicitly by the Accardi-Bozejko formula.

7.4 Quantum Decomposition of a Real Random Variable

Let (A, ) be an algebraic probability space and a € A a real random variable. Then
there exists a probability distribution p € P, (R) such that

+o0o
pla™) = / =™ p(dx), m=1,2,....

oo

This x4 is not uniquely determined by a but its Jacobi coefficients. Let ({w,}, {a,}) be the Ja-
cobi coefficients of ;1 and consider the associated interacting Fock space (T', {®,}, BY, B~, B°).
Then we know that
+oo
(@0, (B* + B~ + B°)"dy) — / uld),  m=12,....
Consequently,
(a™) = (®g, (BT + B~ + B°)™®y), m=1,2....
From the above identity we say that a and BT + B~ + B° are stochastically equivalent. For
brevity we write
a=B"+ B +DB°

and call the quantum decomposition of a.
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Remark 7.4.1 Recall that the map P, (R) — 9 is not injective (determinate moment
problem). Therefore, P, (R) — J is not either. A simple sufficient condition for p to be
the solution of a determinate moment problem is that

o0

1

— = 400. 7.19
2T (7.19)

This is knwon as Carleman’s condition. If w,, = 0 happens, we understand (7.19) is fulfilled
automatically. In that case, p is the solution of a determinate moment problem. Indeed, the
Jacobi coefficient is of finite type so that u is a finite sum of d-measures.

It may be worthwhile to mention a few words about how to deal with a classical random
variable. Let X be a classical R-valued random variable defined on a probability space
(Q, F, P). Let u be the distribution of X and assume that u € B, (R), that is, E(| X|™) < oo
for all m = 1,2,.... Then, taking the Jacobi coefficient ({wy,}, {an}) of u, we obtain

+oo
E(X™) = / 2" u(dr) = (®g, (BT + B~ + B°)"®y), m=1,2,....

[e.9]

We thereby write
X=B"+B +B°

and call it the quantum decomposition of a classical random variable X. The quantum
decomposition brings a classical variable X into a non-commutative paradigm where X is
studied by means of its quantum components.

Exercises 7

1. For m=1,2,... calculate the following integral:
1 +2
oy ¥\ 4 — 22 dx
m™J-2

There are many ways of computation. For example, the Beta-function may be applied.

' 2 L(p)T(q)
B(p,q) = / 1 — )t = 2/ cos?10sin?t9do = =L~
(p,q) i (1-1) i T+ )

2. Show that the Catalan number is given by

Hint: C,, = (2m) — ( 2m )
m m+1
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(0,0)

(0,-1)

(0,-2)

3. Find a quantum decomposition of a Bernoulli random variable X defined by P(X =
1) =pand P(X =0) =1—p. Hint: Find the Jacobi parameters.

4*. Let {X,} be a random walk on Z; = {0,1,2,...} determined by the transition
probabilities as below:

1 p b p p
q q q q q

where p + ¢ = 1. Applying the idea of the Accardi-Bozejko formula find a probability
distribution p € P, (R) such that

+oo
P(XmZO\XOZO)Z/ 2" u(dx), m=1,2,....

— 00
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8 Graph Products and Independence
8.1 Motivation

A growing graph models a revolution of networks in the real world.

Figure 8.1: Growing graph

It would be interesting if the growing graph G*) is considered as an analogue of an inde-
pendent increment process in classical probability theory. It is our hope that the evolution
is formulated as

GV =qvVga®), (8.1)

where § H") is an operation to form a new graph G and H®) is given at each evolution
step. We hope that H) shares a common sprit with independent random variables.

In this chapter we discuss graph products. Given two graphs GG; and G, we form a new
graph GGy as a “product.” This graph product gives rise to a product of the adjacency
matrices

A= A8 A,. (8.2)
When the evoluton of graphs is formulated in terms of a graph product, (8.1) yields
AW — A=1) ﬁB(”) == (- ((A(O) IjB(O)) i B(l)) o)t B®.

We may expect that the spectral properties of A®) follow from the study of some interrelation
among B") with respect to the operation . From this aspect various types of independence
in quantum probability would be useful.

8.2 Direct (Cartesian) Products

Definition 8.2.1 Let G, = (V4, Ey) and Gy = (V3, E3) be two graphs. For (x,y), (2',y') €
Vi x Va we write (x,y) ~ (2/,y') if one of the following conditions is satisfied:

(i) x=2" and y ~ ¢/;
(ii) x ~ 2" and y = ¢/,
Then V; x V5 becomes a graph in such a way that (x,y), (¢/,y') € Vi x V4 are adjacent if

(x,y) ~ («/,y'). This graph is called the direct product of G; and G, and is denoted by
G1 X GQ.
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Example 8.2.2 Cy x (4

(1,3)
4 3 3’ \-
7 [N
A. = or
@1) (31)
1 2 v 2
1,1) 1)
C4 CS CyX 03
Lemma 8.2.3 (1) G; x G5 = Gy x Gy.
(2) (Gl X Gg) X Gg = Gl X (G2 X Gg)
PRrROOF. Straightforward. |

Example 8.2.4 ZN ~ 7 x --- x Z (N times)

Example 8.2.5 Let n,d be natural numbers. Set
V=Ar=(&,&,...,6); & € I}, F={1,2,...,n}.
For x = (&),y = (n;) € V define
Oz, y) =1 <i<d;&#n}l,

and draw an edge between z,y if O(x,y) = 1. Thus we obtain a graph G = (V, E), called a
Hamming graph and denoted by H(d,n). The Hamming graph H(d,n) is isomorphic to the
direct product of d copies of the complete graph K, i.e.,

H(d,n) =K, x---x K, (dtimes).
The adjacency matrix A; acts on Cy(V;) by usual matrix multiplication, hence the adja-

cency matrix A of the direct product G; x Gy acts on Cy(Vi x Vo) = Cy(V1) @ Cy(V2), where
the canonical isomorphism is defined by the correspondence of basis 6, ) = 0, ® 9.

Theorem 8.2.6 As an operator acting on Co(V1) @ Co(Va), the adjacency matriz A of the
direct product G, x Gy is of the form.:

A:A1®E2+E1®A2, (83)

where E; is the identity matriz on Co(V;).



8.3. STAR PRODUCTS 79

Proor. We see that

1, ifx~2 and y =1,

A®Exz”:Axx’E "=
(Ay 2)( ) (2’ y) (A1)zar (Ea)y,y {(), otherwise.

Similarly,
1, ifer=2"andy~y
E ®A T ') — E xx! A ;) = ’ ’
(Er 2) @y @ y) = (E1)za (A2)yy {07 otherwise.
Since the two conditions (i) z ~ 2’ and y = ¢/; (ii) * = 2’ and y ~ y/ do not occur

simultaneously, we have

L, if (z,y) ~ (2, 9),

A1 @ By + B @ As) @y 0 y) =
(Aq 2 1 2) (@), (' ') {07 otherwise.

This means that Ay ® Ey + Ey ® Ay coincides with the adjacency matrix of G x Gbs. |

8.3 Star Products

Definition 8.3.1 Let Gy = (Vi, Ey) and Gy = (V3, Ey) be two graphs with distinguished
vertices 0, € V; and oy € V5. Define a subset of V; x V5 by

Vix Vo ={(z,09); x € Vi} U{(01,y); y € Va}

The induced subgraph of G x G5 spanned by Vi x V, is called the star product of G; and
G4 (with contact vertices 01 and 0s), and is denoted by Gy x Gy = G 5,%0, Go.

In general, H = (W, F) is called a subgraph of a graph G = (V, E)if W C V and F C E.
A subgraph H = (W, F) is called an induced subgraph of G = (V,FE) spanned by W if
F={{z,y} € E;z,ye W}

Lemma 8.3.2 Let Gy = (Vi, E1) and Gy = (Va, E3) be two graphs with distinguished vertices

o1 € Vi, 09 € V. Let G = G * Gy be the star product. Then two vertices (z,y), (x',y') €
Vi %V, are adjacent if and only if one of the following conditions is satisfied:

i) z=2"=o01 andy ~y';

(ii) x ~ 2" and y =y = 0s.

PrROOF. Straightforward. |

Example 8.3.3 C, x (5
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4 3 5

(1,2')- = : ,h.
A :(4,1/) : 3,1)
1 2 1 2 ;
(11) 1)
Cy o Ci%xCy
Lemma 8.3.4 (1) Gy xGy = Gy *Gs.
<2> (Gl * G2> * G3 = G1 * (G2 * Gg)
ProoOF. Exercises. 1

As usual, we regard the adjacency matrix A; as an operator acting on Cy(V;). Since
G x G5 is an induced subgraph of G; x G5 spanned by Vi x V5, its adjacency matrix A acts
on Cy(V1 x Va), which is a subspace of C'(V; x V3) = C(V1) @ C(V3).

Theorem 8.3.5 Let G; = (V1,E1) and Gy = (Va, E3) be two graphs with fized origins
01 € Vi and oy € V5. Let A be the adjacency matrix of the star product G, x G5. Then, as
an operator acting on C(Vy x V) we have

A= (A QP+ P ® As) [onan)

Proor. It follows from the above argument that A = Ag, «q, [c(i«z)- By Theorem
8.2.6 we see that

A = AG1 X Go rC(V1*V2): (Al ® E2 + El ® A2> rC(Vl*V2)

It is easily verified by definition that
(A1 ® By + By ® Ag) Teis)= (A1 ®@ P+ Pr ® A2) [oies)

which completes the proof. |

8.4 Comb Products

Let G; = (V4, Ey) and Gy = (Vi, Ey) be two graphs. We fix a vertix o, € V5. For
(z,y), (2, y") € V1 x Vo we write (z,y) ~ (2/,y) if one of the following conditions is satisfied:

(i) x=2"and y ~ /;
(ii) x ~ 2’ and y = ¥ = 0,.

Then V; x V3 becomes a graph in such a way that (z,y), (2/,y) € Vi x V; are adjacent if
(x,y) ~ (2/,y'). This graph is denoted by G >,, G2 and is called the comb product.
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Theorem 8.4.1 As an operator on Cy(Vy) ® Co(V2) the adjacency matriz of Gy t>,, G is
gien by
A=A P+ E ®A

where Py : Cy(Va) — Co(V2) is the projection onto the space spanned by 6,, and Ey is the
identity matriz acting on Co(V7).

Proor. Exercise. |

Example 8.4.2 C4 > C3

4 3 3 N -
L2 /- \ /
A @1) 31
1 2 v >
(1,1 1)
C, C, C,=>C,

The comb product is not commutative, but associative.

Lemma 8.4.3 (G1 > GQ) >G3 =G> (Gz > G3)

8.5 Notions of Independence

Consider two classical random variables X, Y defined on a probability space (2, F, P).
If they are independent, by the product formula we obtain

E(XYXXYXY) =E(X'Y?) = E(XHE(Y?). (8.4)

In general, such a statistical quantity as above is called a mized moment or a correlation
coefficient. 'We understand that the independence gives a rule of calculating mixed mo-
ments. In quantum probability theory many different rules can be introduced because of
non-commutativity of random variables, where, for example, the first equality in (8.4) may
be no longer guaranteed. In this section, we shall mention four different notions of indepen-
dence, which have been up to now considered most fundamental.

Definition 8.5.1 (Commutative independence) Let (A, @) be an algebraic probability
space. A family { Ay} of x-subalgebras of A is called commutative independent or tensor
independent (with respect to @) if

olay - - ap), a; € Ay, ,

1s factorized as follows:
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(1) when Ay € {Xa,..., A\n},
play---am) = p(ar)p(az - am);
(ii) otherwise, letting r be the smallest number such that \y = A,
play---am) = p(ag- - ar1(a10,) 11 ).
Note that neither Ay nor A is assumed to be commutative.

Definition 8.5.2 (Free independence) Let (A, ) be an algebraic probability space. A
family {A\} of x-subalgebras of A is called free independent (with respect to ) if

holds for any a; € Ay, with ¢(a;) = 0,7 =1,2,...,m, and \; # Xy # -+ # A\ (any two
consecutive indices are different).

Definition 8.5.3 (Boolean independence) Let (A, ) be an algebraic probability space
and Ay C A a subset which is closed under the algebraic operations and involution (i.e., a
x-subalgebra which does not necessarily contain the identity 14 of A). We say that { Ay} is
Boolean independent (with respect to @) if

for any a; € Ay, with Ay # Xy # -+ # A
We need notation. Let (A, <) be a totally ordered set and consider a finite sequence

MAENE EXNE A (8.5)

of elements in A, m > 2. Then )\, is called a peak in (8.5) if (i) 1 <p <m, A\pu1 < A, and
Ap > Appr;or (i) p=1and Ay > Ag; or (iil) p =m and A\,m1 < Ay

Definition 8.5.4 (Monotone independence) Let (A, ) be an algebraic probability space.
Let (A, <) be a totally ordered set and for each A € A, A, C A a subset which is closed
under the algebraic operations and involution. We say that {A,} is monotone independent
(with respect to ¢) if

olay - am) = @lay)p(ay - ay- - ay) (@p: omission)

for any a; € A, with A, being a peak in Ay # Ao # - -+ # \,,.

Remark 8.5.5 The Boolean independence yields a rather trivial situation when A4, contains
the identity. This remains even if the condition in Definition 8.5.3 is weakened in such a way
that a; is taken from A,,\ C. Assume that {A4;, 45} is Boolean independent and that .4;
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contains the identity, i.e., is a x-subalgebra. Take a; € A;\ C and consider ¢(a}(a; + 1)as).
Applying the independence and then linearity, we come to

p(az(ar + 1)as) = p(a3)p(ar + 1)p(as)
= w(az)p(ar)p(az) + p(a3)e(az). (8.6)
On the other hand, applying first linearity and then independence, we obtain
plaz(ar + 1)az) = p(asaiaz) + p(azaz)
= p(az)p(ar)e(az) + p(azas). (8.7)

We then see from (8.6) and (8.7) that

p(asaz) = @(a3)p(az) = [p(az)]*.

Similarly, from ¢(as(ay + 1)al) we obtain

p(azas) = |80(a2)|2-

Consequently, as = ¢(a2)l (the Schwarz equality holds). In other words, Aj is reduced
essentially to the x-subalgebra C1. A similar situation occurs in the case of monotone
independence.

The above definitions indicate only the first step of calculating a mixed moment p(ay - - - a,,).
Table 8.1 shows how mixed moments of a € A; and b € A, are factorized when {A;, A} is
commutative, free, Boolean, or monotone independent (for the monotone independence the
natural order 1 < 2 is adopted). In actual computation the following formulae are useful.

Lemma 8.5.6 Let (A, ) be an algebraic probability space. Let a; € A and set a; = a; —
ola;), 1=1,2,...,m. Then

al...am:al...C_Li...am_i_(p(ai)al...di...am’ (88)
plar - ap) = @@ @m) + > _p(a)p(ar - ai y @iy - ). (8.9)
=1 i1 i
ProoF. Exercise. I i

Definition 8.5.7 Let (A, ) be an algebraic probability space and {a,} be a sequence of
random variables. Let AY be the linear span of elements of the form

ast - -am g €{l,x}, m=12,...,

and set A, = A° + C1, which is the *-subalgebra generated by a,. We say that {a,} is
commutative or free independent if so is {A,}. We say that {a,} is Boolean or monotone
independent if so is {A%}.
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Table 8.1: Illustrating the factorization rules

commutative free Boolean | monotone

plaba) | (a®)p(b) pa?)pd) | wla)*p(®) | p(a®)p(d)

p(bab) | p(a)p(b?) pla)p®?) | pla)p(d)? | pla)p(d)’
p(a)’o(0?)

plabab) | ¢(a®)p(?) | +p(a®)p(b)? | v(a)’(b)? | p(a®)p(b)®
—p(a)’p(b)?

Remark 8.5.8 A° is closed under the algebraic operations and involution. But it can not
be decided by definition whether or not the identity 14 is contained in AY.

Theorem 8.5.9 Let G = G X Gy be the direct product of two graphs and
A=A QEF+FE® A, (8.10)

be the adjacency matriz expressed as an operator on Co(Vi) ® Co(Va), see Theorem 8.2.6.
Then the right hand side of (8.10) is a sum of commutative independent random variables
with respect to the vacuum state e,, ® e,,, where o, € Vi and oy € V.

ProoFr. The full proof is omitted. For simplicity we set

p(a) = (€0, ® €0y, (€0, @ €o,))-
We will only observe that
P((A1 © E)*(B1 ® A2)7) = (A1 @ E2)*)p((Er © Ag)?). (8.11)
First the left hand side becomes
P((A1 ® Ey)*(Er © A)7) = (e, ® €0y, (A1 ® E2)*(E1 @ A3)7 (€0, ® €5,))

= (Cor, ATEY €0,)(€0s, B5 Ages,)

= (0, A€o, Meo,, Aey,).
On the other hand, for the right hand side we have

P((A1 ® En)*) = (€0, ® €0y, (A1 ® E2)" (€0, ® e0,))

- <€01 A?em > <€02 ) E§602>

= (€0, AT€o,)-

Similarly,
@((El ® AQ)ﬁ) = <€02A3602>'
Thus, (8.11) is verified. |
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Theorem 8.5.10 Let G1 = (Vi, Ey) and Gy = (Va, Ey) be two graphs with fized origins
01 € Vi and oy € V4. Let A be the adjacency matrix of the star product G, x G5. Then, as
an operator acting on C'(Vy x Va)

A= (A1 @ P+ P ® Ag) [ewianm)

is a sum of Boolean independent random variables with respect to the vacuum state at (01, 09),
see also Theorem 8.3.5.

PrROOF. Detailed argument is left to the reader. We only show that
(A1 ® P)*(Pr ® A2)° (A1 @ P2)7) = (A1 @ Po)")((P1 @ A2)”) (A1 ® P)7).
In fact, we first observe that
(A1 @ P)*(PL @ A3)P (A1 @ Py)7) = (e,,, AYPiAle,, ) (€0, P AS Py, ). (8.12)

Here Py A6y, = (d0,, A]d0, )00, sO that

(€ors AT PrAT€o,) = (€0, AT€oy) (€015 A€o, ) (8.13)

On the other hand,
(€0, PyAD Prey,) = (e, ASe,,). (8.14)
Incerting (8.13) and (8.14) into (8.12), we obtain the desired relation. |

Theorem 8.5.11 Let G; = (Vi, E1) and Gy = (Va, Ey) be two graphs with fized origins
0y € Vo. Let A be the adjacency matriz of the comb product G, > Go. Then, as an operator
acting on C(Vy x Vs)

A=A 3P+ FE ® A,

is a sum of monotone independent random variables with respect to the vacuum state at
(01,09), see also Theorem 8.4.1.

The proof is omitted.
In fact, Theorem 8.5.10 is a consequence from a more general result.

Theorem 8.5.12 Forn = 1,2,...,N let H, be a Hilbert space with a distinguished unit
vector €2, € H,, and consider an algebraic probability space:

(B(H1®"'®HN)>Q1®"'®QN).

Let P, € B(H,,) be the projection onto the one-dimensional subspace spanned by 2, and A,
the set of operators of the form

P1®®Pn—1®8n®Pn+1®®PN7 SnEB(Hn> (815>

Then {A,} is Boolean independent.
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PrROOF. Note that A, is closed under the algebraic operations and involution. (A,
might contain the identity or might not.) For simplicity we set

H=H® - Q@Hy, Q=R - R0y.

Let m > 2 and take ny # ny # -+ # n,, from {1,2,..., N}. For a; € A,, we need to show
that
(Q,ay -0, Q) = (a1 (2, as -+ - apf?). (8.16)

We set
n;th

ai:P1®"'® S@ ®"'®PN7 SZEB(%nz)
Noting that n; # ny, we observe that

nath nith
aail=(P® @ S - QPy)(PLR®--® S} @ ® Py)Q
:Ql®"'®S;Qn2®"'®Pmsian1®"‘®QN~

Since P, ST, = (Qny, ST, )20y = (Q,a7Q)82,,, we have

abai=(0,a NN ® - 550, 0 - Q0 @ @0y
= (Q, a1 Q) a3 2.

Hence
(Q a1 a, Q) = (a5a1Q, a3 - - - a,, Q)
= (Q,a1Q) (a3, a3 - - - a,;, )
= (Q, 1) (Q, azaz - - - a,, ),
which proves (8.16). 11 |

Similarly, Theorem 8.5.11 is generalized as follows:

Theorem 8.5.13 For n = 1,2,... N let H, be a Hilbert space. Consider an algebraic
probability space:
(BH1® - @HN), Y@+ RQN),

where 1 is a state on B(Hy) and Q, a vector state on B(H,) corresponding to a unit vector
(denoted by the same symbol) in H, forn =2,3,...,N. Let A, be the set of operators of
the form

L® - ®1,.105 P11 ® - Q Py, Sn € B(Hn),

where 1, is the identity of B(H,) and P, € B(H,) the projection onto the one-dimensional
subspace spanned by Q.. Then {A,} is monotone independent. (Here {1,2,...,N} is
equipped with the usual total order.)

PRrRoOOF. Similar to Theorem 8.5.12. |
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Exercises 8

1. Draw a picture of the Hamming graph H(2,3). (This is known as rook’s graph.)

2. Let G; and G5 be two graphs and G = (G; x G4 the cartesian product. Prove that
degq((#,y)) = degg, (z) + degg, (v)

3. Find the degree and diameter of H(d, N).

4*. Let G1,G5 be two graphs and A, As their adjacency matrices, respectively. Let
G = (G1 X G5 the cartesian product and A its adjacency matrix. If A;f = \f and Asg = pg,
show that A(f®g) = (A+p)(f®g). Describe Spec (G) in terms of Spec (G) and Spec (Gs).

5. Let G7 and G4 be connected graphs. Show that G = G X (G5 is connected and prove
a(;((l‘, y)7 (l‘,, y/)) = 8G1 (ZL‘, l‘/) + an (y, y/)'
6. Let G; and G5 be connected graphs. Show that G = GG; X (5 is connected and prove

8G’ = 8G’1><G2 er*Vz .

7*. Verify Table 8.1.
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9 Quantum Central Limit Theorems

9.1 Singleton Condition

We first recall roughly the central limit theorem in classical probability theory. Let
X1, Xs,... be independent, identically distributed random variables with mean 0 and vari-
ance 1. Then the sum

obeys approximately the Gaussian distribution N(0, N) for a large N. More precisely,

N
1 1 oo
lim Pla< —= X,<b|=— e =2 dx,  a<b.
N—o0 < - \/N; - > V 27T /—oo

We should like to discuss a similar question in quantum probability.
Let (A, ) be an algebraic probability space and a,as, -+ € A a sequence of random
variables. We are interested in the asymptotic behaviour of the partial sum defined by

N
SN — Zan (91)
n=1

as N — oo. In the following we restrict ourselves to the case of real random variables, i.e.,
a, = a’. The moments of Sy are given by

N
o(Sy) = Z o, -+ an,, ), m=1,2.... (9.2)
We will study ¢(Sy) for a large N under the condition that ai,as, ... are “independent.”
Definition 9.1.1 For a finite sequence of natural numbers:
(T 7 VRN 7 (9.3)
we say that ng is a singleton in (9.3) if ny appears just once, i.e., if ngy # n; for all i # s.

Definition 9.1.2 Let (A, ¢) be an algebraic probability space. Let aj,as,--- € A be a
sequence of random variables satisfying a’ = a,, and ¢(a,) = 0 for all n. We say that the
sequence {a,} satisfies the singleton condition if

So(anl -.-ans-..anm> :O
holds for any choice of finitely many natural numbers nq, ..., ng,...,n, with a singleton n.

Remark 9.1.3 In some literatures the singleton condition is defined for a sequence of sub-
algebras. Let By, Bs,--- C A be *-subalgebras without assuming 14, namely B, is only
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assumed to be closed under the algebraic operations and the involution. We say that {B,}
satisfies the singleton condition if

by by---by) =0

holds for any choice of finitely many natural numbers ny, ..., ng,...,n, with a singleton n,
and for any b; € B,, with ¢(bs) = 0. We mention relation between two definitions. Let
aj,as,--- € A be a sequence of random variables satisfying a = a,, and ¢(a,) = 0 for all n.
Define A to be the linear space spanned by a,,a?,a3,.... If {A%} satisfies the singleton
condition, so does {a,}. However, the converse is not valid.

Theorem 9.1.4 Let (A, ) an algebraic probability space and ay,as,--- € A a sequence of
random variables satisfying af = a, and p(a,) = 0 for all n. If {a,} is commutative, free,
Boolean or monotone independent, it satisfies the singleton condition.

PROOF. The proof is rather simple for the case of commutative, Boolean and monotone
independence. Here we prove only for the free independence.

Let A, be the x-subalgebra generated by a,, that is, the polynomials in a,. By definition
{A,} is free independent. For any choice of natural numbers ny,...,ng,...,n, with a
singleton ns; we need to show

(p(anl .. .ans DY anm) pu— 0‘
Here, in ny,no,...,ng, ..., N, a pair of successive numbers may coincide. So we rewite

an,, = at* -

Pk
m i1 ;

anl...ans... .ait...a/Zk

where iy # iy # -+ # iy, i, = n, is a singleton therein, and p; > 1. Thus, it is sufficient to
show that

o(by- by by) =0 (9.4)
holds for any choice of ny # ng # - -+ # n,, with a singleton ns and b; € A,,, with ¢(bs) = 0.
We employ the mathematical induction on m. For m = 1 the assertion is obvious.

Assume that the assertion is true up to m — 1, m > 2. Taking i # s, we observe that

= @by (b = (b)) -+ by -+ bu) + @(b)p(br by by - by (9:5)

(by - b+ by bm) = 0 by the induction hypothesis. For simplicity we write b; =
b; — ¢(b;). Then (9.5) becomes

The last expression is 0 by free independence. i
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9.2 Singleton CLT

We now go back to (9.2), namely, we study the asymptotic behaviour of the mth moment

of SN
N

o(Sy) = Z o, -+ an,, ), m=1,2,.... (9.6)
We now assume the following conditions:

(i) a, isreal, i.e., a, = a’;
(ii) a, is normalized in such a way that ¢(a,) = 0 and p(a?) = 1;

(iii) {a,} has uniformly bounded mixed moments, i.e., for each m = 1,2, ...,

K., =sup{|p(an, - - an, )| N1y oynm =1,2,... F < 005

(iv) {a,} satisfies the singleton condition.

Our strategy is simple. We eliminate the terms ¢(ay, - - a,,,) in the right hand side of (9.6)
which do not contribute to the limit.

We prepare some notation. Let 9t(m, N) denote the set of maps from {1,2,...,m} into
{1,2,...,N}. Then, (9.6) becomes

(SY) = Z Py = an,, ) (9.7)

neM(m,N)
By singleton condition if nq,...,n,, contains a singleton, the corresponding term vanishes.
Setting
M (m, N) = {n € M(m,N); [n"'(i)| #1 for all i € {1,2,...,N}},
we have
p(SN) = Z P(an, - - an,,).- (9.8)
neM’(m,N)
For n € 9 (m, N) we have
—1
Imn| < % for even m; Imn| < m for odd m.

Forp=1,2,... we set
M, (m, N) = {n € M'(m, N); [Imn| = p}.

Then we have

QO(SJQVm) - Z Sp(am T a”?m)7 (99)
p=1 neM,(2m,N)
m—1

QO(S]%/m_l) - @(am e anszl)v (910>
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We now examine (9.9). First observe that

2 ) = () G = 0vm)., 3 o 2, ) = (),

Hence under the condition (iii) uniformly bounded mixed moments we see that

m—1
]\}E};o N~ Z Z Qp(am T a?’lgm) =0.

p=1 neMy,(2m,N)
Therefore, we see from (9.9) that
1 -m DY
lim N77p(SF) = lim N > plan, - an,).
neM,, (2m,N)

In other words,

N 2m
1 . —-m
me((Gr o) )=y S o)

neM’ (2m,N)
We next consider (9.10). Since

m—1
9%, (2m — 1, N)| = O(N™ ),

p=1

we have

lim N—2m-1)/2 Z Z <P(6Ln1 ammil) = 0.

N—oo
p=1 neM;,(2m—1,N)

b (e 5e) ) o 012

Summing up, we obtain the following

In other words,

Theorem 9.2.1 Let {a,} be a sequence of random variables in an algebraic probability space
(A, @) satisfying the four conditions (i)-(iv) above. Then for m =1,2,... we have

P (ES A o1
lim (( )2m>: lim N7 > (), (9.14)

N—o0
nemy,, (2m,N)
where M (2m, N) is the collection of maps n from {1,2,...,2m} into {1,2,..., N} such
that |In=(i)| =0 or 2 fori e {1,2,...,N}.

2%
s

3% 3%
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Remark 9.2.2 If {a,} is a sequence of bounded operators on a Hilbert space such that
sup,, ||a,|| < oo, then {a,} has uniformly bounded mixed moments in a vector state. This
criterion is also valid for a C*-probability space (A, ¢).

Remark 9.2.3 One might consider another scaling such as

lim N~"o(SP),  a>0.

N—oo

However, as is seen during the above discussion, « = 1/2 is the unique choice for the
reasonable limit under condition (iii).

9.3 Quantum Central Limit Theorems

Throughout this section we keep the assumptions

(i) a, is real, i.e., a’ = ay;
(ii) a, is normalized, i.e., p(a,) = 0 and p(a?) = 1;

(iii) {a,} has uniformly bounded mixed moments.

Replacing the condition (iv) of singleton condition with one of the four independence, see
Theorem 9.1.4, we proceed computation of (9.14).

Let Pp(2m) denote the set of all pair partitions of {1,2,...,2m}. With each n €
M (2m, N) we associate a pair partition ¥ € Pp(2m) by

9={n"Yi);i€{1,2,...,N},n '(i) # 0}.
The blocks in ¥ may be arranged in such a way that

{ll,Tl}, {ZQ,T’Q}, ey {lm,rm},

with
l1<T1, l2<7"2, ey lm<Tm, ll<12<"'<lm.
Moreover, ly,...,ly,r1,. ..,y are uniquely determined. Define a map o : {1,2,...,m} —
{1,2,...,N} by
O'(k?) =ny, .
Then o is an injection. Let 9%;(m, N) denote the set of injective maps from {1,2,..., m} into

{1,2,...,N}. Thus we obtain a map n — (9,0) € Pp(2m) x M;(m, N), n € M, (2m, N).
It is easily seen that this map is bijective. With these notation (9.14) becomes

N 2m
1
lim — an, = lim N7 Apy * Ay, ), 9.15
() ) S8 a1

VePp(2m) c€M;(m,N)

where n is determined by (), o) as above. The alternative expression (9.15) is also useful.
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Theorem 9.3.1 (Commutative CLT) Let {a,} satisfy the above three conditions (i)-(iii)
and assume that it is commutative independent. Then

1 &L \" 1 [t 2 /2
lim — an, :—/ e " de, m=1,2,...,
NW@((W; ) ) Vo )

where the probability measure appearing in the right hand side is the standard Gaussian
distribution.

ProOF. By elementary calculus, we know that

“+o0o +00
1 / p2m=1,-2%/2 1. _ 0, 1 / 22 e—a/2 g — (2m)! '
V2T J oo V2T J oo 2mm]

Hence it is sufficient to show that

2m)!
lim N°™ Z Ay Ay, ) = (@2m)!

N—oo - 2mp!
neM’ (2m,N)

Since {a,} is commutative independent,

Sp(a“nl "'anzm) :Qp(ai)---gp((ﬁ ) = 1a nemlm(2ma N)

Hence
N3 ot ) = NI, (2m, )|
neM’, (2m,N)
_ - N\ (2m)! (2m)!7
m/) 2m 2mip|
as desired. I

Theorem 9.3.2 (Free CLT) Notations and assumptions being as in (CC), if {a,} is free
independent, we have

1 JE— E n [ — L\/ J— 2d — ’2’."

where the probability measure appearing in the right hand side is the Wigner semicircle law.

ProOOF. The proof is similar to that of Theorem 9.3.1. We already know that

1 +2 1 +2 |

. 2m—1 2 _ . 2m 2 _ (2m)
x V4 —2?dr =0, x "\ /4 xdx——(m+1)!m!.

27T ) 27T -2

Hence it is sufficient to show that

lim N7 Z Sp(a’m T anzm) = ( <2m)'

N—» m+ 1)Im!’
> neM’ (2m,N) T )

(9.16)
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We observe easily that

1, ﬁE’PNCP(Qm),
0, otherwise,

(p(am T amm) = {
where 1 is a pair partition associated with n. Hence,

Z P(an, *+* Gny,,,) = [IMi(m, N) X Prep(2m)] = <N> m! ( T

Im!’
nemMy, (2m,N) mn m + 1)im!
from which (9.16) follows. i

Theorem 9.3.3 (Boolean CLT) Notations and assumptions being as in (CC), if {a,} is
Boolean independent, we have

N
1 m 1 “+o00
1. 2 _ m J— I j! .
Nl—>nool S0((\/Nn_—l an) ) 2/ z (6 1 6+1)(d$), m » = )

o0

where the probability measure appearing in the right hand side is the Bernoulli distribution.

PrROOF. The proof is similar to those of Theorems 9.3.1 and 9.3.2. We readily know
that

1 oo 2m—1 1 oo 2m
5 x (0_1 4 041)(dx) =0, 5 (01 + 041)(dz) =1,
so it is sufficient to show that
i N7y p(an ) = 1 (9.17)

neM:, (2m,N)

By Boolean independence we see that

17 Ny ="MNg, ..., Nom—1 = Nam,

(A, Any,,) = {

0, otherwise.

The number of such n’s is (N
m

)m!. Hence

N
lim N°™ Z O(ap, * Ay, ) = lim N_m< )m! =1,

N—oo N—oo m
neM: (2m,N)
as desired. I

Theorem 9.3.4 (Monotone CLT) Notations and assumptions being as in (CC), if {a,}
1s monotone independent, we have form =1,2,.. .,

1111 — Qp = — —F ax, .
N—)OOSO ‘/anl T -2 2_:[;2

where the probability measure appearing in the right hand side is the normalized arcsine law.
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PROOF. By elementary calculus we obtain

1/+\/§ x2m—1 J 0 1/-1-\/5 me y (2m)'
——adx = J— J— e L A—

p 52— 22 ’ T)oys J2—22  2mmlml’

It is then sufficient to show that

. m _(2m)!
dim N D plan e am,) = g (9.19)
neM’ (2m,N)
Let n € M (2m, N). Then ny, ng, ..., nay is an arrangement of 1 < iy <ig < -+ <ip < N

with each number appearing twice. By monotone independence ¢(ay, - - ay,, ) = 0 if iy,
appears as a peak, i.e., if 7,,, does not appear successively. If i,, appears successively, we take
out ¢(a? ). For the rest we repeat a similar consideration, we see that

gp(am T an2m) =1

if 4,,, appears side by side, i,, 1 appears side by side in the sequence obtained by eliminating
im, and so forth;

©(an, -+ Uy, ) =0

otherwise. The number of such arrangements of a fixed 1; < 19 < -+ < iy, is

(2m—1)(2m—3)...3-1:<22m—w;2;.

Therefore,

| |
lim N°™ Z O(an, -y, ) = lim N7 (N) (2m)! _ (2m)!

N-00 N-—00 m) 2mm!  2mm!m!
neM’ (2m,N)

which completes the proof. |
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Exercises 9

1. Let (A, ) an algebraic probability space and aj,aq,--- € A a sequence of random
variables satisfying a = a, and ¢(a,) = 0 for all n. Assume that {a,} is commutative
independent, i.e., {A,} is commutative independent, where A, is the x-subalgebra spanned
by a, (polynomials in a,).

(1) Prove that ¢(ajasajazasa;) = 0.

(2) Prove that {a,} satisfies the singleton condition.

2. Let p,m, N be natural numbers with m < N. Let 9 (m, N) denote the set of all
maps from {1,2,...,m} into {1,2,..., N} such that

(i) [n7'()| # 1 for alli € {1,2,...,N}; (ii) [Imn| = p.
Show that

() 191, 2, ) = () G = oavm)

(2) [, (m, N)| = O(NP).

3. Compute the cardinalities |Pp(2m)| and |9%;(m, N)|. Then examine directly
90T, (2m, N)| = [Pp(2m) x M;(m, N)|.
4. Let (A, p) an algebraic probability space and aj,as, -+ € A a sequence of random

variables satisfying a’ = a,, ¢(a,) = 0 and ¢(a2) = 1 for all n. Assume that {a,} is free
independent. Calculate the following

(ajazay) (ajazaiaz) p(ajaazas) (ajazaszay)

5. Keeping the same assumptions as above, prove that

1, ﬁEPNcp(Qm),
0, otherwise,

@(&nl e aﬂzm) = {

where 1 is a pair partition associated with n.

6. Show that
1 /+°° o —a2j . (2m)! 1 /*\/5 z2m _ (2m)!
— x"e de = —~, — - dr=—"2L"
V2T J o 2mm! T J_3 2 — g2 2mm!m)!
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10 Deformed Vacuum States and ()-Matrices

10.1 (@-Matrices
Definition 10.1.1 Let G = (V, E) be a connected graph. Given ¢ € C, the matrix Q) = @,
indexed by V' x V defined by

(Qay =", zyeV

is called the Q-matriz of G. For ¢ = 0 we understand that 0° = 1 and Qy = F (the identity
matrix).

When a @)-matrix is considered, the graph is pressumed to be connected. The @)-matrix

q=0

is related to the adjacency matrix: o Q
q

Example 10.1.2 (1) *— [1 q]

qg 1
3
1qqq2
qg 1 q q
2 L\ .
g ¢ ¢ 1

The @-matrix gives rise to a one-parameter deformation of the vacuum state. Let us

define
(a), = (Qe,, ae,) = Zq 2 (e, a€,), a € AG). (10.1)

zeV

Obviously, A(G) 3 a +— (a), is a normalized linear function on A(G).

Definition 10.1.3 A normalized linear function defined in (10.1) is called a deformed vac-
uum functional on A(G).

A deformed vacuum functional is not necessarily a state. We are interested in when (-),
is positive. We recall the following general notion.

Definition 10.1.4 Let T be a matrix indexed by V' x V. We say that T is positive definite
if

(f.,Tf)>0 for all f € Co(V).
A positive definite matrix T is called strictly positive definite if

(f,Tf)>0 for all f € Co(V), f #0.

Theorem 10.1.5 The normalized linear function (-), defined by (10.1) is positive, hence a
state on A(G) if the following two conditions are fulfilled:
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(i) @ is a positive definite kernel on V;

(ii) QA = AQ. (Note that Q is not necessarily locally finite but A is. Therefore the matriz
elements of both sides are well-defined.)

PrROOF. Let a € A(G). Since a is a polynomial in A, we have Qa = a@). Then, by the
definition (10.1) we have

<a*a>q = <Q60, a*a€o> = <aQ607 a60> = <Qa60, a€o> Z 07
which proves the assertion. |

Lemma 10.1.6 Let G = (V, E) be a graph with |V| > 2. If Q = (¢°™¥)) is a positive definite
kernel on V', then —1 < q < 1.

PROOF. By assumption there is a pair of a,b € V such that d(a,b) = 1. Since
Q = (¢?™¥)) is a positive definite kernel on V| taking f = ae, + Bey in Cy(V), we obtain

GLE AR e wsee w02

where (-, -) is the usual Hermitian inner product of C2. Therefore, the 2 x 2 matrix appearing
in (10.2) is positive definite. Hence ¢ € R and 1 — ¢* > 0. |

It is an important question, which is quite open, to determine the range of ¢ € [—1,1]
for which @) becomes positive definite. For a graph G we set

1; @, is strictly positive definite},
1; @, is positive definite}.

Lemma 10.1.7 (1) ¢[G] C ¢[G].

(2) q|G] C q|G] and §|G] is a closed subset of [—1,1].

ProoF. Immediate. |

Example 10.1.8 (1) The eigenvalues of the Q-matrix of P, = Ky are 1 + ¢q. Hence

Q[PQ] = (_17 1)7 q[PQ] = [_17 1]

(2) The eigenvalues of the @-matrix of C3 are 1 4 2¢ and 1 — ¢ (multiplicity 2).

icd = (-31). a5
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(3) For a complete bipartite graph K, , with 2 <m <mn,

1 1
el = <_ Vm=1)(n=1)" /(m—1)(n— 1>> ’
1 1
V=1 —-1) \/(m=1)(n—1)

More discussion on ¢[G] and |G| will be found in the next sections.
In order to derive a sufficient condition for the equality QA = AQ we consider a geometric
property of a graph. A graph G = (V| E) is called quasi-distance-reqular if

{zeV; ggi:i; ?H:Hzev; ggzz;:i H (10.3)

holds for any choice of z,y € V and n = 0,1,2,.... Here the number defined by (10.3)
may depend on the choice of x,y € V. By definition, a distance-regular graph is quasi-
distance-regular. On the other hand, if (10.3) depends only on d(x,y), the graph G becomes
distance-regular.

Q[Km,n] = [_ ] u{-1,1}.

Proposition 10.1.9 If a graph is quasi-distance-reqular, then QA = AQ for all ¢ € R.
Conversely, if QA = AQ holds for q running over a non-empty open interval, then the graph
18 quasi-distance-reqular.

Proor. Let z,y € V. Then

(QA),, = Z T A,, = Z e

z€V Z~y
=S gz €V 0(z,x) = n, Oz y) = 1), (10.4)
n=0

which is in fact a finite sum. Similarly, we have
n=0

Hence, if the graph is quasi-distance-regular, the coefficients of ¢™ in (10.4) and (10.5) coincide
and we obtain (QA)., = (AQ)., for all 2,y € V. The converse assertion is readily clear.

10.2 Cartesian Product
Lemma 10.2.1 Let G = Gy X Gy. Then,

ag((l’, y)? (xlv y,)) = aG1 (:E7 J"/) + an (ya y/)' (106)
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PROOF. Set s = dg((x,y), (2',y)). Then we may find a sequence of vertices of G; x G
such that

(x,y) = (l‘o,yo) ~ (xlvyl) ~ (a:2,y2) ~ore (xsflaysfl) ~ (33573/5) = (xl7y,>'
Then, every pair of consecutive vertices in the sequence
T =20, Ti, Ty, ..., Tso1, Tg=1

are identical or adjacent. Hence, reducing consecutively identical vertices into one vertex,
we obtain a walk connecting = and ', of which the length is, say, .. Similarly, from

Y=Y, Y, Y2, -y Ys—1, Ys=Y

we obtain a walk connecting y and ¢, of which the length is, say, 5. By the definition of a
direct product graph, x; = x;,; happens if and only if y; ~ y;,1. Hence

a+f3=s.
Since g, (z,2") < a and 0g, (y,y') < 5, we have
(9@1(33',.]7,) + an(y>y/) <a+ 5 = S.

That 0g, (x,2") + 0g,(y,y’) > s is shown by constructing a walk. |

Lemma 10.2.2 Let Q1, Q2 and @ be the QQ-matrices of graphs G, G5 and G = G X G,
with a common parameter q. Then

Q=Q1®Q.
Proor. First by definition

(Q)(a} y) (.1}/ y/) — an((:my)’(x/’y/))'

Applying Lemma 10.2.1, we obtain

= q891 (w’m/)qacz W) = (Q1>m’(Q2)yy’ = (1 ® Q2)(w,y),(m’,y’)'

Therefore, QQ = Q1 @ Q. i

Theorem 10.2.3 Let G = G x Gs.
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ProoOF. We see from Lemma 10.2.2 that the eigenvalues of () are of the form o, where
a and f are eigenvalues of 1 and )9, respectively.

(1) Let ¢ € q[G1] N q[Gs], namely, Q; = @Q;(q) is a strictly positive definite kernel for
G;. Since the eigenvalues of (); are all positive, every eigenvalues of () are also positive.
Therefore, ¢[G1] N q[G2] C ¢[G].

We show that () contains (J; as a principal submatrix. Take a vetex oy € V5 and set

W ={(x,00); x € V1 }.

Let H; be the induced subgraph of GGy x G4 spanned by W. Then, H; is isomorphic to G,
and 0y = Jg, coincides with the restriction of 0 to H. Hence () is regarded as a principal
submatrix of (). The situation is similar for Q3. Now let ¢ € ¢[G]. Then @ is strictly positive
definite so are all the principal submatrices. In particular, so are J; and ). Consequently,
q[G] C q[G1] N q[G].

(2) The proof is similar. Let ¢ € ¢[G1] N ¢[G3], namely, Q; = Q;(q) is a positive definite
kernel for GG;. Since the eigenvalues of (); are all non-negative, every eigenvalues of () are
also non-negative. Therefore, ¢[G1] N ¢[G2] C ¢[G].

The second half is also similar to the argument in (1). |

10.3 Star Product and Comb Product

We now consider the graph distance of the star product.

Lemma 10.3.1 Let G = G xGy. Then,
aG = aGlXGQ rV1*V2 .

PRrROOF. Take a pair of vertices of Gy x Ga. For (z,09), (2, 02) we have

aG((I’ 02)’ (ZL‘/, 02)) = 8G’1 (I’ ZL‘/)
= 0g,(z,2") + g, (02, 02)

= 86'1 XGQ((xv 02)7 (l’/, 02))'

For (z,09), (01,y) we have

06((,02). (01.9)) = Da((,02). (01, 02)) + Bes((01. 02). (01.4))
= 0g, (x,01) + 0g,(02,y)
= 0c,xc, (2, 02), (01,9))-

As an immediate consequence from Lemma 10.3.1 we obtain

Lemma 10.3.2 The Q-matrixz of the star product G = G x G is a principal submatriz of
the Q-matriz of G1 X Gy as follows:

Qcixce = Qaixas [ovien)
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Theorem 10.3.3 Let G = G« Gs.

PrROOF. (1) Supose ¢ € ¢q|G1] N q[G5]. We see from Theorem 10.2.3 that Qg, <, (q) is
strictly positive definite. Since Q¢ ., is @ principal submatrix by Lemma 10.3.2, it is also
strictly positive definite. Namely, ¢[G;1] N ¢[Gs] C q[G].

Conversely, let ¢ € q[G]. Then Qg+, (q) is strictly positive definite. Since G; is isomet-
rically imbedded in G x Gy, its @Q-matrix is a principal submatrix of Qg,+q,(q). Therefore,
Qc,(q) is also a strictly positive definite. Thus, ¢[G] C ¢[G1] N q[G2].

(2) is proved similarly. |

Remark 10.3.4 Theorem 10.3.3 was first obtained as a corollary to Bozejko’s theorem on
Markov sum. The above argument provides an alternative proof.

Theorem 10.3.5 Let G = G > Gs.

PROOF. Since

[Vi| times
"

Gi> Gy (- (G x Go) % Gk -+ ) % Ga,

the assertion follows from Theorem 10.3.3. |

10.4 Haagerup States

Let T}, denote the homogeneous tree of degree k. We start with the following fundamental
fact.

Theorem 10.4.1 The deformed vacuum functional (-), on the homogeneous tree T, is a
state for all =1 < g < 1.

PrROOF. We check the conditions (i) and (ii) in Theorem 10.1.5. First, (i) is clear
because T}, is distance-regular. For (ii) it is sufficient to show that the @-matrix of a finite
tree is positive definite for all —1 < ¢ < 1. But a tree is formed by repeated application
of star product with P, = K,. Since ¢[P;] = [—1,1] we see from Theorem 10.3.3 that
qT.] = [-1,1]. i

Definition 10.4.2 The deformed vacuum state (-), on the adjacency algebra A(7}) is called
the Haagerup state.
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Remark 10.4.3 In fact, Theorem 10.4.1 is originally due to Haagerup. His proof uses some
specific structure of free group. Later Bozejko, introducing a concept of Markov sum of
positive definite kernels, drastically simplified the proof. Our proof is based on our argument.

We are interested in the asymptotics of the spectral distribution g, , determined by

+oo
(amy, :/ (), m=1,2,. ..

[e.9]

It is reasonable to call p, , a deformed Kesten distribution. We first note the following
Lemma 10.4.4 (1) mean (p.,) = (4), = Kq.
(2) var (jusq) = 2(A) = (1 = ¢%).
Proor. (1) By definition

<A>q = <Q(Soa A60> = <507 QA60> = (QA)OO

= (Qox(A)zo =D (Qow = > _ "

zeV r~0 T~

=q{x € V;z ~ o} =gk

(2) Since
S2(A) = (A%), — (4)2

q

by definition, we need to compute (A?),. In a similar manner as in (1) we see that
<A2>q = w(k = 1)¢* + &,

from which the assertion follows. |

Lemma 10.4.4 suggests that a reasonable object to study is not A itself but the normalized
adacency matrix defined by

A—(A),  A-nrq

Se(4) VEL—¢?)

We will study the moments:

<<M>m> m=12 ...
Wa-) /. >

Having already chosen an origin o of T, we have the natural stratification and the
quantum decomposition of A = AT + A~ (A° = 0 for a tree). Accordingly, the normalized
adjacency matrix is decomposed into three parts:

A—rqg At A~ Kq

@) D) @) )
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For simplicity we introduce C¢ = C*(k, q) by

. _ At N A~ o —kq

, C" = — C° = —. (10.7)
(1 —¢?) VE(l—¢?) (1 —¢?)
Using the actions of A* on I'(T}), see Section 6.4, we obtain easily
+ + k— 1
C @0 \/1: O @ 1 n+1 TL > 1)
- _ k—1
C™ Py = 0@12— 15 ¢, = W@n—l (n>2)

(n>0)

We are interested in the asymptotics as k — oo (the growing trees) so we need to take a
suitable balance with ¢q. The reasonable scaling is as follows:

K — 00, QK — 7, qg— 0, (10.8)

where v € R is a constant. Under this scaling limit the limit actions of C° are rather
apparent. In particular, in view of the actions of C*, we expect that the limit is described
in terms of the free Fock space.

We need to discuss the mixed moments:

<Cﬁm - C€1>q = <Q(I)07 cem ... 061(I)0>,

where the limit actions of C ... (' are readily observed. Consider the vector Q®,. By
definition

QDo =Y (02, QP0)d = Y (Q)aoSe

eV eV
= "0 =) Y q"
zeV n=0 z€V,

_ Z qn|Vn|1/2(I)n
n=0

Since |V,| = k(k — 1)"! for n > 1, under the scaling limit as in (10.8) the coefficient
converges:
qn|vn|1/2 N Vn

Definition 10.4.5 Let (I'tee, {V,}, BT, B7) be a free Fock space. For z € C,
Q. =3, . (10.9)

is called a coherent vector.
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(10.9) is a formal sum but makes sense as a linear functional on the x-algebra Agee
generated by BT, B~ and diagonal operators. Namely, for a € Agee,

o0

QZ,G,‘IIQ - Z maq)o

n=0

is a finite sum and

= <927 a\IJ(])
is a linear functional on Agee.
Remark 10.4.6 (1) The infinite series (10.9) converges in norm for |z| < 1.

(2) Q. is an eigenvector of B~ i.e., B~, = 28),. More precisely, (Q2,, BTW,) = (20, ¥,,)
for n. This motivated us to call 2, a coherent vector.

Theorem 10.4.7 (Quantum Central Limit Theorem) Let A = A, be the adjacency
matriz of T, and define C¢ = C(k,q) as in (10.7). Let (T'gee, {Vn}, BT, B™) be the free Fock
space and set B° = —~I (scalar operator). Then

hm <C€m cee Cel>q - <er, Bem te BEl\IfO)freea

where the limit is taken as kK — oo, ¢ — 0 with gv/k — v € R (constant).

PrROOF. The proof is already clear from the above argument. |

Theorem 10.4.8 For the normalized adjacency matriz of T,, we have

A _ m
lim <(—/€Q> > = (Q,, (BT + B~ — 7I)™¥¢)free, m=1,2,....
5(1 - (]2) q

10.5 Free Poisson Distributions

In this section we meet one of the most basic result on the free Fock space. Let P be the
vacuum projection, i.e.,

Note that BtB~ =1 — P.

Lemma 10.5.1 For z € C and m = 1,2,... we have:

(Qz, (BT + B7)™Wg) = (Ug, (BT + B~ + 2P)™¥y), (10.10)
(Qz, (BT + B~ — 2)™W,) = (O, (BT + B~ — 2zBTB7)™¥), (10.11)

where 25 is the coherent vector with parameter z.
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Proor. (10.11) follows from (10.10). In fact,

(Q, (BT + B~ — 2)"¥,)

(1) arrie (Bt + By

n

I
NE

=0

Y <7:) (—2)™ (W, (BY + B~ + 2P)"y)

3

n=

= (Ug, (Bt + B~ + 2P — 2)™¥y).
Since Bt B~ =1 — P, the last expression becomes
= (Uy, (Bt + B~ — 2BTB7)™¥),

which proves (10.11). The proof of (10.10) is left to the reader. |

In particular, for any v € R there exists a probability measure p, such that

+oo
(0, (B + B~ — 7)™ Ug) = (o, (B + B~ — 7B B~)"Wg) — / ", (dx)
for m =1,2,.... In fact, the Jacobi coefficients of p., is given by
W1:WQ:"':1, 051:0, Qg = g = - = —7. (1012)

Then, Corollary 10.4.8 yields the following

Theorem 10.5.2 (CLT) For the normalized adjacency matriz of T, we have

_ " +o0
lim _ AR = / "y (dx), m=12 ...,
/i(l — q2) q —00

where (., is uniquely determined by the Jacobi coefficients given by (10.12).
We are now in a good position to give the following

Definition 10.5.3 Let (Igee, {U,}, BT, B™) be the free Fock space and A > 0 a constant.
The vacuum spectral distribution of (B+ + v/A)(B~ + v/)) is called the free Poisson distri-
bution or Marchenko—Pastur distribution with parameter . In other words, the free Poisson
distribution with parameter A is a probability measure v, uniquely specified by

+oo
(o, (BY + VA)(B™ + V)™, = / z"vy(dx), m=1,2,.... (10.13)
Lemma 10.5.4 (1) mean (vy) = var (v)) = A.
(2) The Jacobi coefficients of vy are given by

w1:w2:---:/\, 011:)\, 042:()(3:"':/\+1. (1014)
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Proor. (1) follows from (2) since mean (v,) = al and var (v)) = wl.
(2) Note that

(BY* + VA (B~ +VA) =VABT +VAB +(A\+B"B").

Since
VABT®, =V, n>0,
we obtain w; = wy = -+ = A. Similarly, from
(A + BTB7)® = \d,, A+BTB)®,=\+1)®, (n>1)
we see that oy = Aand ag = a3 =--- =X+ 1. |

Comparing (10.12) and (10.14), we claim the following

Theorem 10.5.5 For v # 0, u, is obtained from the free Poisson distribution vy,.» with
parameter 1/~* by reflection and normalization. For v =0, w. is the Wigner semicircle law.

Remark 10.5.6 The density function of the free Poisson distribution is given explicitly.
For A > 0 we set

palx) = ﬂA_(zir;l_A)Z’ (1-VA)?2 <z < (1+ VA2,

0, otherwise.

The free Poisson distribution with parameter X is given by

(1 — /\)50 + p,\(x)dx, 0< A<,
pa(z)dz, A> 1.
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Exercises 10

1. Prove that

- (). ani-[]

Then for a general complete graph K,, prove that

i) = (=) k= |-

2. Let G be a cube. Find ¢[G] and ¢[G].

3*. Let G be an octahedron. Find ¢[G] and ¢[G].

1

4. Let T, = (V, E) be a homogeneous tree with a distinguished vertex o € V. Let
V=V, Vu={reV;i(z0) =n}
n=0

be the stratification.

(1) Find the cardinality |V,|.
(2) Set

Then compute (P, QPy).

5. Let (-), be the Haagerup state on A(7};). Show that the mean and the variance of the
adjacency matrix A are given by

(A)g = Kq, ((A— <A>q)2>q = k(1 — q2)-

6*. Let (I',{W,}, BT, B7) be a free Fock space. Let §2, be a coherent vector, z € C and
P the vacuum projection. Show that
<Q:2a (B+ + B_>m\110> = <\110a (B+ +B" + Zp>m\110>7
(Qs,(B" + B~ — 2)™Wy) = (U, (BT + B~ — 2B"B7)™¥,).
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Addendum: An Experimental Mathematics
1. The following pair of graphs have the same spectra. Find the positivity regions ¢[G]

and ¢[G].

2. (1) It is desirable to find the positivity regions ¢|G] and ¢[G].
(2) If (1) is difficult, it would be interesting, as an easier question, to determine the region
of ¢ such that det @ > 0 or det @ > 0.

(a) sequence of triangles

JAVAN

(b) polygons with center, as a blocks of triangles

(c) block of triangles

(d) block of squares




