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As an introduction to mathematical analysis of random phenomena we learn probability models,

their construction and analysis. We start with fundamental concepts in probability theory (random

variables, probability distributions, and so on). For the time evolution of random phenomena we

study basic properties of random walks, Markov chains, Markov processes, and take a bird’s-eye
view of their wide applications. Background knowledge on elementary probability is required.

@ Topics

Random variables and probability distributions
Bernoulli trials

Random walks

Markov chains

Poisson processes

Queues

Galton-Watson branching processes
Birth-and-death processes .... etc
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Overview

0.1 Stochastic Processes

We will study the probability models for time evolution of random phenomena. Measuring a certain quantity
of the random phenomenon at each time step0, 1, 2, ..., we obtain a sequence of real values:

X07X1,X2,--~,Xn,....

Because of randomness, we consigens a realized value of a random variable Here a random variable
is a variable taking several figrent values with certain probabilities. Thus, the time evolution of a random
phenomenon is modeled by a sequence of random variables

{an n:o31,2’~~-}:{X07X1’X29--~9Xn""}9

which is called aliscrete-time stochastic procedthe measurement is performed along with continuous time,
we need aontinuous-time stochastic process

{Xe; t= 0}
It is our purpose to construct stochastic processes modeling typical random phenomena and to demonstrate their
properties within the framework of modern probability theory.
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Figure 1: Solar spots; Nominal exchange rate (red) and fisdte&ve exchange rate (blue)

We hope that you will obtain basic concepts and methods through the following three subjects:

0.2 One-Dimensional Random Walk and Gambler’'s Ruin Problem

Let us consider coin tossing. We getl if the heads appears, while we get (i.e., lose+1) if the tails
appears. Le¥, be the value of the-th coin toss.

To be precise, we must say tha,} is a sequence of independent, identically distributed (iid) random vari-
ables with the common distribution

P(Zy = +1)=P(Z, = -1) = %
In short,{Z,} is called theBernoulli trials with success probability/2. Define

n
Xo =0, xn:sz n=12....
k=1

Then X, means the net income at the timgor the coordinate of a drunken walker aftesteps. The discrete
time stochastic proce$X,} is calledone-dimensional random walk



(i) law of large numbers
(ii) diffusion speed (central limit theorem)
(iii) recurrence
(iv) long leads (law of happy time)
(v) gambler’s ruin (random walk with barriers)

0.3 Markov Chains

Consider the time evolution of a random phenomenon, where sevéiereditstatesare observed at each
time stepn = 0,1,2,.... For example, for the ever-changing weather, after simplification we observe three
states: fine, cloudy, rainy. Collected data look like a sequenée@fR:

FFCRFCCEFR...

from which we may find the conditional probabiliB(X|Y) of having a weatheX just afterY. Then we come to
the transition diagram, where each arrgw- X is asigned the conditional probabiliB(X|Y).

The above diagram describes a general Markov chain over the three states because the transitions occur
between every possible pair of states. According to our purpose, we may consider variations. For example, we
may consider the following diagram for analysis of life span.




A Markov chain{X,} is a discrete-time stochastic process over a state $pacé, j,...} (always assumed
to be finite or countably infinite), which is governed by the one-step transition probability:

pij = P(Xn+l = j|xn = |)

where the right hand side is independenhdfime homogeneous). A random walk is an example of a Markov
chain. The theory of Markov chains is one of the best successful theories in probability theory for its simple
description and unexpectedly rich structure. We are interested in the following topics:

(i) stationary distribution

(i) recurrence

(iii) average life span

(iv) survival of family names (Galton-Watson tree)

(v) birth-and-death chains

0.4 Poisson Process

Let us imagine that an eveRtoccurs repeatedly at random as time goes on. For example, alert of receiving
an e-mail, passengers making a queue at a bus stop, customers visiting a shop, occurrence of defect of a machine,
radiation from an atom, etc.
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Figure 2: Nerve impulses

To obtain a stochastic process, we count the number of occurrence of theEegtaring the time interval
[0,1], which is denoted byX;. Then we obtain a stochastic procégXs; t > 0}. The situation is illustrated as
follows, wherety, to, . .. are the time whelft occurs.



A fundamental case is described by a Poisson process, where the event happens independently each other.
The first to check is the statistics between two consecutive occurrence of events (waiting time).

(i) Applications to queuing theory (waiting lines are modeled by a Poisson process).
(ii) A birth-and-death process as generalization.

Poisson process is one of the fundamental examples of (continuousMiank)v processesAnother is the
Brownian motion (Wiener process).

Figure 3: Two-dimensional Brownian Motion (simulation)
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