
Lecture 3

Normal Linear Models



1. Multi-dimensional data

2-dimensional data

No. parent Adult child

1 68.2 63.3

2 71.8 72.5

3 64.4 69.2

⋯ ⋯ ⋯

𝑖 𝑥𝑖 𝑦𝑖

⋯ ⋯ ⋯

928 𝑥928 𝑦928

𝑥1 𝑥2 ⋯ 𝑥𝑗 ⋯ 𝑥𝑝

1

2

⋮

𝑖 𝑥𝑖1 𝑥𝑖2 ⋯ 𝑥𝑖𝑗 ⋯ 𝑥𝑖𝑝

⋮

𝑛

p variables

n
sa

m
p

le
s

p-dimensional data

𝐗𝑖 =

𝑥𝑖1
𝑥𝑖2
⋮
𝑥𝑖𝑝

𝑖th data

data matrix

𝐃 = 𝐗1 𝐗2⋯ 𝐗𝑖⋯𝐗𝑛
𝑇

2

Matrix notation



1.  Multi-dimensional data:  Frequency table

Mid-Heights of Parents 𝑥

H
ei

g
h

ts
 o

f 
A

d
u

lt
 C

h
il

d
re

n
 

below 64.5 65.5 66.5 67.5 68.5 69.5 70.5 71.5 72.5 above sum

above 5 3 2 4 14

73.2 3 4 3 2 2 3 17

72.2 1 4 4 11 4 9 7 1 41

71.2 2 11 18 20 7 4 2 64

70.2 5 4 19 21 25 14 10 1 99

69.2 1 2 7 13 38 48 33 18 5 2 167

68.2 1 7 14 28 34 20 12 3 1 120

67.2 2 5 11 17 38 31 27 3 4 138

66.2 2 5 11 17 36 25 17 1 3 117

65.2 1 1 7 2 15 16 4 1 1 48

64.2 4 4 5 5 14 11 16 59

63.2 2 4 9 3 5 7 1 1 32

62.2 1 3 3 7

below 1 1 1 1 1 5

sum 14 23 66 78 211 219 183 68 43 19 4 928

F. Galton:
Regression towards mediocrity 
in hereditary stature, 
Anthropological Miscellanea 
(1886)
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Mid-heights of Parents

H
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h
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u
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 C

h
il

d
re

n

below 64.5 65.5 66.5 67.5 68.5 69.5 70.5 71.5 72.5 above sum

above 5 3 2 4 14

73.2 3 4 3 2 2 3 17

72.2 1 4 4 11 4 9 7 1 41

71.2 2 11 18 20 7 4 2 64

70.2 5 4 19 21 25 14 10 1 99

69.2 1 2 7 13 38 48 33 18 5 2 167

68.2 1 7 14 28 34 20 12 3 1 120

67.2 2 5 11 17 38 31 27 3 4 138

66.2 2 5 11 17 36 25 17 1 3 117

65.2 1 1 7 2 15 16 4 1 1 48

64.2 4 4 5 5 14 11 16 59

63.2 2 4 9 3 5 7 1 1 32

62.2 1 3 3 7

below 1 1 1 1 1 5

sum 14 23 66 78 211 219 183 68 43 19 4 928

x

y
Joint 
distribution 

4

We like to know a reasonable formula

𝑥 𝑦

𝑥

𝑦

2. Regression analysis



3. Models for response

𝑦 = 𝛽𝑥 ( or 𝑦 = 𝛽𝑥 + 𝛾 )

𝑦 = 𝑥1𝛽1 + 𝑥2𝛽2

𝑦 = 𝑓 𝑥

𝑦 = 𝑓 𝒙 = 𝑓 𝑥1, 𝑥2

deterministic 
system

𝑦

stochastic
linear system

𝑦

deterministic 
linear system

𝑦

𝑌 = 𝛽𝑥 + 𝑒

𝑌 = 𝑥1𝛽1 + 𝑥2𝛽2 + 𝑒

𝑒 ~ 𝑁(0, 𝜎2)

input
explanatory variables

outcome
response

5

𝑥

𝒙 = 𝑥1 𝑥2

• one-variable

• two-variable

• or more

𝒙 = 𝑥1 ⋯ 𝑥𝑝



5. Normal linear models

𝒀 = 𝑿𝜷 + 𝒆 where

In matrix expression:

𝒀 =

𝑌1
⋮
𝑌𝑖
⋮
𝑌𝑛

, 𝒆 =

𝑒1
⋮
𝑒𝑖
⋮
𝑒𝑛

𝜷 =

𝛽1
⋮
𝛽𝑗
⋮
𝛽𝑝

,𝑿 =

𝑥11 ⋯ 𝑥1𝑗
⋮ ⋮
𝑥𝑖1 ⋯ 𝑥𝑖𝑗

⋯

⋯

𝑥1𝑝
⋮
𝑥𝑖𝑝

⋮ ⋮ ⋮
𝑥𝑛1 ⋯ 𝑥𝑛𝑗 ⋯ 𝑥𝑛𝑝

,

𝑌𝑖 = 𝛽𝑥𝑖 + 𝑒𝑖 𝑌𝑖 = 𝑥𝑖1𝛽1 +⋯+ 𝑥𝑖𝑝𝛽𝑝 + 𝑒𝑖

We consider 𝑦𝑖 is a realized value of a random variable 𝑌𝑖 where 

𝑒1, 𝑒2, ⋯ , 𝑒𝑛 are independent random variables obeying 𝑁(0, 𝜎2)
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or

stochastic
linear system

𝑥𝑖
𝑦𝑖

outcome𝑖-th input 𝑖 = 1,2,⋯ , 𝑛

• one-variable

𝒙𝑖 = 𝑥𝑖1 ⋯ 𝑥𝑖𝑝• 𝑝-variable



where 𝑒1, 𝑒2, ⋯ , 𝑒𝑛 are iid random variables obeying 𝑁(0, 𝜎2)

𝒀 = 𝑿𝜷 + 𝒆 where 𝒀 =

𝑌1
⋮
𝑌𝑖
⋮
𝑌𝑛

, 𝒆 =

𝑒1
⋮
𝑒𝑖
⋮
𝑒𝑛

𝜷 = 𝛽 ,𝑿 =

𝑥1
⋮
𝑥𝑖
⋮
𝑥𝑛

,

stochastic
linear system

𝑥𝑖 𝑦𝑖

(Parents’ height) (Child’s height)

Basic Problem: Given observations 𝑦1, 𝑦2, ⋯ , 𝑦𝑛 we determine the best 𝛽
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5. Normal linear models: An example



6. Scatter plot

𝑥

𝑦

𝑥

𝑦

𝑥𝑖

𝑥𝑖 , 𝑦𝑖

modeled by 𝑌𝑖 𝑦 = 𝛽𝑥 𝑦 = 𝛽𝑥 + 𝛾

𝑦𝑖

𝑥𝑖

𝑦𝑖

Problem: Find the best parameters 𝛽, 𝛾
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7. Maximum likelihood estimation

1-dimensional input (case of single explanatory variable)

𝑌𝑖 = 𝛽𝑥𝑖 + 𝑒𝑖 𝑖 = 1,2,⋯ , 𝑛 (size of data)

𝑒1, 𝑒2, ⋯ , 𝑒𝑛 are iid random variables obeying 𝑁(0, 𝜎2)

Then 𝑌𝑖 ~ 𝑁 𝜇𝑖 , 𝜎
2 with 𝜇𝑖 = 𝛽𝑥𝑖 so the probability density function is given by

The log-likelihood function 

𝑓𝑌𝑖 𝑦𝑖 =
1

2𝜋𝜎2
exp −

𝑦𝑖 − 𝜇𝑖
2

2𝜎2
=

1

2𝜋𝜎2
exp −

𝑦𝑖 − 𝛽𝑥𝑖
2

2𝜎2

How to determine the best 𝜷 in the normal linear model 𝒀 = 𝑿𝜷 + 𝒆

log 𝐿 = logෑ

𝑖=1

𝑛

𝑓𝑌𝑖 𝑦𝑖 = −
𝑛

2
log 2𝜋𝜎2 −

1

2𝜎2
෍

𝑖=1

𝑛

𝑦𝑖 − 𝛽𝑥𝑖
2

9



The log-likelihood function 

log 𝐿 = logෑ

𝑖=1

𝑛

𝑓𝑌𝑖 𝑦𝑖 = −
𝑛

2
log 2𝜋𝜎2 −

1

2𝜎2
෍

𝑖=1

𝑛

𝑦𝑖 − 𝛽𝑥𝑖
2

We need to find  𝛽 which maximizes log 𝐿

𝜕

𝜕𝛽
log 𝐿 = −

1

2𝜎2
෍

𝑖=1

𝑛

2 𝑦𝑖 − 𝛽𝑥𝑖 −𝑥𝑖 =
1

𝜎2
෍

𝑖=1

𝑛

𝑦𝑖 − 𝛽𝑥𝑖 𝑥𝑖 = 0

෍

𝑖=1

𝑛

𝑥𝑖𝑦𝑖 − 𝛽෍

𝑖=1

𝑛

𝑥𝑖
2 = 0⇒

𝛽 =
σ𝑖=1
𝑛 𝑥𝑖𝑦𝑖
σ𝑖=1
𝑛 𝑥𝑖

2⇒

In matrix form

𝛽 = 𝑿𝑇𝑿 −1𝑿𝑇𝒚 𝑿 =

𝑥1
⋮
𝑥𝑖
⋮
𝑥𝑛

, 𝒚 =

𝑦1
⋮
𝑦𝑖
⋮
𝑦𝑛

10

Check the details!



𝑝-dimensional input (case of 𝑝 explanatory variables)

𝑌𝑖 =෍

𝑗=1

𝑝

𝑥𝑖𝑗𝛽𝑗 + 𝑒𝑖 𝑖 = 1,2,⋯ , 𝑛 𝑒1, 𝑒2, ⋯ , 𝑒𝑛 iid obeying 𝑁(0, 𝜎2)

𝑓𝑌𝑖 𝑦𝑖 =
1

2𝜋𝜎2
exp −

𝑦𝑖 − 𝜇𝑖
2

2𝜎2

Then 𝑌𝑖 ~ 𝑁 𝜇𝑖 , 𝜎
2 with 𝜇𝑖 =෍

𝑗=1

𝑝

𝑥𝑖𝑗𝛽𝑗

so the probability density function is given by

11

Recall the case of 1-dimensional input

𝑌𝑖 = 𝛽𝑥𝑖 + 𝑒𝑖 𝑖 = 1,2,⋯ , 𝑛 (size of data)

𝑒1, 𝑒2, ⋯ , 𝑒𝑛 are independent random variables obeying 𝑁(0, 𝜎2)

𝑝-dimensional input



The log-likelihood function 

log 𝐿 = logෑ

𝑖=1

𝑛

𝑓𝑌𝑖 𝑦𝑖 = −
𝑛

2
log 2𝜋𝜎2 −

1

2𝜎2
෍

𝑖=1

𝑛

𝑦𝑖 − 𝜇𝑖
2 𝜇𝑖 =෍

𝑗=1

𝑝

𝑥𝑖𝑗𝛽𝑗

We need to find  𝛽𝑘 which maximize log 𝐿

𝜕

𝜕𝛽𝑘
log 𝐿 = −

1

2𝜎2
෍

𝑖=1

𝑛

2 𝑦𝑖 − 𝜇𝑖 −
𝜕𝜇𝑖
𝜕𝛽𝑘

=
1

𝜎2
෍

𝑖=1

𝑛

𝑦𝑖 − 𝜇𝑖 𝑥𝑖𝑘 = 0

⇒ This is a linear system and is solvable.

෍

𝑖=1

𝑛

𝑦𝑖𝑥𝑖𝑘 −෍

𝑖=1

𝑛

෍

𝑗=1

𝑝

𝑥𝑖𝑗𝛽𝑗𝑥𝑖𝑘 = 0⇒ 𝑘 = 1,2,⋯ , 𝑝

⇒ Matrix notation is essential!
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Matrix notation

𝒚 =

𝑦1
⋮
𝑦𝑖
⋮
𝑦𝑛

, 𝜷 =

𝛽1
⋮
𝛽𝑗
⋮
𝛽𝑝

𝑿 =

𝑥11 ⋯ 𝑥1𝑗
⋮ ⋮
𝑥𝑖1 ⋯ 𝑥𝑖𝑗

⋯

⋯

𝑥1𝑝
⋮
𝑥𝑖𝑝

⋮ ⋮ ⋮
𝑥𝑛1 ⋯ 𝑥𝑛𝑗 ⋯ 𝑥𝑛𝑝

,

⟺ 𝑿𝑇𝒚 𝑘 − 𝑿𝑇𝑿𝜷 𝑘 = 0෍

𝑖=1

𝑛

𝑦𝑖𝑥𝑖𝑘 −෍

𝑖=1

𝑛

෍

𝑗=1

𝑝

𝑥𝑖𝑗𝛽𝑗𝑥𝑖𝑘 = 0 𝑘 = 1,2,⋯ , 𝑝

⟺ 𝑿𝑇𝒚 = 𝑿𝑇𝑿𝜷

⟺ 𝜷 = 𝑿𝑇𝑿 −𝟏𝑿𝑇𝒚

Theorem.  For a normal linear model

𝒀 = 𝑿𝜷 + 𝒆

the maximum likelihood estimation is given by

𝜷 = 𝑿𝑇𝑿 −𝟏𝑿𝑇𝒚
13

Check the details!



8. Example

Based on a physical principle two variables 𝑥 and 𝑦
are known to be related as 𝑦 = 𝛽𝑥. In an experiment
𝑥 is controlled very precisely, and we measure 𝑦.  The 
result of five experiments is as follows. Determine 𝛽.

𝑥 2 4 5 7 8

𝑦 3 9 10 11 17

We apply the formula 𝜷 = 𝑿𝑇𝑿 −𝟏𝑿𝑇𝒚 where
0

5

10

15

20

0 1 2 3 4 5 6 7 8 9

⇒ 𝑿𝑇 𝑿= 158 𝑿𝑇𝒚 = 305 𝛽 =
305

158
= 1.93𝜷 = 𝛽 , 𝑿 =

2
4
5
7
8

, 𝒚 =

3
9
10
11
17 14



9. Regression lines

𝑥

𝑦
𝑦 = 𝛽𝑥 + 𝛾

𝑥𝑖

𝑦𝑖

Ask for the best parameters 𝛽, 𝛾

𝒚 =

𝑦1
⋮
𝑦𝑖
⋮
𝑦𝑛

, 𝜷 =
𝛽
𝛾𝑿 =

𝑥1
⋮
𝑥𝑖
⋮
𝑥𝑛

1
1
1
1
1

,

Setting 

Our normal linear model is given by

𝒀 = 𝑿𝜷 + 𝒆 ⇔ 𝑦𝑖 = 𝛽𝑥𝑖 + 𝛾 + 𝑒𝑖

and the maximum likelihood estimation 

is given by

𝜷 = 𝑿𝑇𝑿 −𝟏𝑿𝑇𝒚

dummy variable

15



where 𝒚 =

𝑦1
⋮
𝑦𝑖
⋮
𝑦𝑛

, 𝜷 =
𝛽
𝛾𝑿 =

𝑥1
⋮
𝑥𝑖
⋮
𝑥𝑛

1
1
1
1
1

,

9. Regression lines: An explict form

𝜷 = 𝑿𝑇𝑿 −𝟏𝑿𝑇𝒚

The maximum likelihood estimation:

𝑿𝑻𝑿 =

෍𝑥𝑖
2 ෍𝑥𝑖

෍𝑥𝑖 𝑛

𝑿𝑇𝒚 =

෍𝑥𝑖𝑦𝑖

෍𝑦𝑖

It is convenient to introduce

ҧ𝑥 =
1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖 , ത𝑦 =
1

𝑛
෍

𝑖=1

𝑛

𝑦𝑖 ,

𝜎𝑥𝑥 =
1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖
2 − ҧ𝑥2 𝜎𝑥𝑦 =

1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖𝑦𝑖 − ҧ𝑥 ത𝑦

𝑿𝑻𝑿 = 𝑛 𝜎𝑥𝑥 + ҧ𝑥2 ҧ𝑥
ҧ𝑥 1

𝑿𝑇𝒚 = 𝑛
𝜎𝑥𝑦 + ҧ𝑥 ത𝑦

ത𝑦

𝜷 = 𝑿𝑇𝑿 −𝟏𝑿𝑇𝒚

Then we have

First we note that

=
1

𝜎𝑥𝑥

𝜎𝑥𝑦
− ҧ𝑥𝜎𝑥𝑦 + ത𝑦𝜎𝑥𝑥

=
1

𝜎𝑥𝑥

1 − ҧ𝑥
− ҧ𝑥 𝜎𝑥𝑥 + ҧ𝑥2

𝜎𝑥𝑦 + ҧ𝑥 ത𝑦

ത𝑦
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Thus, 

𝜷 =
𝛽
𝛾

=
1

𝜎𝑥𝑥

𝜎𝑥𝑦
− ҧ𝑥𝜎𝑥𝑦 + ത𝑦𝜎𝑥𝑥

𝑦 = 𝛽𝑥 + 𝛾 =
𝜎𝑥𝑦
𝜎𝑥𝑥

𝑥 −
𝜎𝑥𝑦
𝜎𝑥𝑥

ҧ𝑥 + ത𝑦

𝑦 − ത𝑦 =
𝜎𝑥𝑦
𝜎𝑥𝑥

𝑥 − ҧ𝑥⟺

𝑦 − ത𝑦

𝜎𝑦𝑦
=

𝜎𝑥𝑦
𝜎𝑥𝑥𝜎𝑦𝑦

𝑥 − ҧ𝑥

𝜎𝑥𝑥
⟺

Correlation coefficient

𝜌𝑥𝑦 =
𝜎𝑥𝑦
𝜎𝑥𝑥𝜎𝑦𝑦

=
𝜎𝑥𝑦
𝜎𝑥𝜎𝑦

Note: the roles of 𝑥 and 𝑦 are not symmetric.
Regression line of 𝑥 on 𝑦 is given by

𝜌𝑥𝑦
𝑦 − ത𝑦

𝜎𝑦
=

𝑥 − ҧ𝑥

𝜎𝑥

Theorem Regression line of 𝑦 on 𝑥 is 
given by

𝑦 − ത𝑦

𝜎𝑦
= 𝜌𝑥𝑦

𝑥 − ҧ𝑥

𝜎𝑥

Namely,
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Exercise 5 (10min)

𝑥 6 2 10 4 8

𝑦 5 1 7 4 3

We have the following data.

Find the regression line of 𝑦 on  𝑥,

by using the formula

18

0

2

4

6

8

0 2 4 6 8 10 12

𝑦 − ത𝑦

𝜎𝑦
= 𝜌𝑥𝑦

𝑥 − ҧ𝑥

𝜎𝑥
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sum mean

𝑥 6 2 10 4 8

𝑦 5 1 7 4 3

𝑥2

𝑦2

𝑥𝑦

[Hint] completing the following table to obtain ҧ𝑥, ത𝑦, 𝜎𝑥
2, 𝜎𝑦

2, 𝜎𝑥𝑦 and 𝜌𝑥𝑦



10. Least squares estimation

variance-covariance matrix

𝐄 𝒀 = 𝑿𝜷 + 𝐄 𝒆 = 𝑿𝜷

mean vector

⇔ 𝐄 𝑌𝑖 = 𝑿𝜷 𝑖 = ෍

𝑘=1

𝑝

𝑥𝑖𝑘𝛽𝑘

Normal linear model

𝒀 = 𝑿𝜷 + 𝒆

⇔ 𝑌𝑖= ෍

𝑘=1

𝑝

𝑥𝑖𝑘𝛽𝑘 + 𝑒𝑖

𝐕 𝒀 = 𝐄 𝒀 − 𝑿𝜷 𝒀 − 𝑿𝜷 𝑇

⇔ 𝐕 𝒀 𝑖𝑗 = 𝐄 𝒀 − 𝑿𝜷 𝒀 − 𝑿𝜷 𝑇
𝑖𝑗

= 𝐄 𝒀 − 𝑿𝜷 𝑖 𝒀 − 𝑿𝜷 𝑗

= 𝐄 𝑌𝑖 − 𝐄 𝑌𝑖 𝑌𝑗 − 𝐄 𝑌𝑗

= 𝐂𝐨𝐯 𝑌𝑖 , 𝑌𝑗 = 𝜎2𝛿𝑖𝑗

Because 𝑒1, 𝑒2, ⋯ , 𝑒𝑛 are independent random 

variables obeying 𝑁 0, 𝜎2 by assumption.
20



Consider

𝑆 𝜷 = 𝒚 − 𝑿𝜷 𝑇𝑽−1 𝒚 − 𝑿𝜷

Suppose we are given data 𝒙1, 𝑦1 , 𝒙2, 𝑦2 , ⋯ , 𝒙𝑛, 𝑦𝑛

where

𝒚 =

𝑦1
⋮
𝑦𝑖
⋮
𝑦𝑛

, 𝜷 =

𝛽1
⋮
𝛽𝑗
⋮
𝛽𝑝

,𝑿 =

𝑥11 ⋯ 𝑥1𝑗
⋮ ⋮
𝑥𝑖1 ⋯ 𝑥𝑖𝑗

⋯

⋯

𝑥1𝑝
⋮
𝑥𝑖𝑝

⋮ ⋮ ⋮
𝑥𝑛1 ⋯ 𝑥𝑛𝑗 ⋯ 𝑥𝑛𝑝

, 𝑽 =

𝜎2 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝜎2

⋯

⋯

0
⋮
0

⋮ ⋮ ⋮

0 ⋯ 0 ⋯ 𝜎2

𝑆 𝜷 = 𝜎−2෍

𝑖=1

𝑛

𝑦𝑖 − 𝑿𝜷 𝑖
2 = 𝜎−2෍

𝑖=1

𝑛

𝑦𝑖 −෍

𝑗=1

𝑝

𝑥𝑖𝑗𝛽𝑗

2
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𝑆 𝜷 = 𝒚 − 𝑿𝜷 𝑇𝑽−1 𝒚 − 𝑿𝜷 = 𝜎−2෍

𝑖=1

𝑛

𝑦𝑖 −෍

𝑗=1

𝑝

𝑥𝑖𝑗𝛽𝑗

2

Minimize

𝜕

𝜕𝛽𝑘
𝑆 𝜷 = 𝜎−2෍

𝑖=1

𝑛

2 𝑦𝑖 −෍

𝑗=1

𝑝

𝑥𝑖𝑗𝛽𝑗 −𝑥𝑖𝑘 = 0

⇔ ෍

𝑖=1

𝑛

𝑦𝑖𝑥𝑖𝑘 =෍

𝑖=1

𝑛

෍

𝑗=1

𝑝

𝑥𝑖𝑗𝑥𝑖𝑘𝛽𝑗

⇔ 𝑿𝑇𝒚 𝑘 =෍

𝑗=1

𝑝

𝑿𝑇𝑿 𝑘𝑗𝛽𝑗 = 𝑿𝑇𝑿𝜷 𝑘

⇔ 𝑿𝑇 𝒚 = 𝑿𝑇𝑿𝜷

⇔ 𝜷 = 𝑿𝑇𝑿 −1𝑿𝑇𝒚

Theorem  For a normal linear model

𝒀 = 𝑿𝜷 + 𝒆

the least squares estimation is given by

𝜷 = 𝑿𝑇𝑿 −𝟏𝑿𝑇𝒚

Note: The result is the same as the one
obtained by maximum likelihood estimation.

22

Check the details!



11. Two-dimensional normal distribution 𝑁 𝒎, Σ

• mean vector    𝒎 =
𝑎
𝑏

23

• variance-covariance matrix Σ =
𝜎11 𝜎12
𝜎21 𝜎22

necessarily symmetric 

𝜎12 = 𝜎21

and positive definite

𝒙, 𝐴𝒙 > 0 for all 𝒙 with 𝒙 ≠ 𝟎.

Then   Σ = det Σ ≠ 0

• density function of 𝑁 𝒎, Σ

𝑓 𝑥, 𝑦 = 𝑓 𝒙 =
1

2𝜋 2 Σ
exp −

1

2
𝒙 −𝒎 , Σ−1 𝒙 −𝒎

Note:  𝒙, 𝒚 = 𝒙𝑇𝒚 (LHS is a matrix form)



11. Two-dimensional normal distribution 𝑁 𝒎, Σ

𝑚𝑋 = න
−∞

+∞

න
−∞

+∞

𝑥𝑓 𝑥, 𝑦 𝑑𝑥𝑑𝑦 = 𝑎

𝜎𝑋
2 = න

−∞

+∞

න
−∞

+∞

𝑥 − 𝑎 2𝑓 𝑥, 𝑦 𝑑𝑥𝑑𝑦 =𝜎11

𝜎𝑋𝑌 = න
−∞

+∞

න
−∞

+∞

𝑥 − 𝑎 𝑦 − 𝑏 𝑓 𝑥, 𝑦 𝑑𝑥𝑑𝑦 = 𝜎12 = 𝜎21

𝑚𝑌 = න
−∞

+∞

න
−∞

+∞

𝑦𝑓 𝑥, 𝑦 𝑑𝑥𝑑𝑦 = 𝑏

𝜎𝑌
2 = න

−∞

+∞

න
−∞

+∞

𝑦 − 𝑏 2𝑓 𝑥, 𝑦 𝑑𝑥𝑑𝑦 =𝜎22

24

𝑓 𝒙 =
1

2𝜋 2 Σ
exp −

1

2
𝒙 −𝒎 , Σ−1 𝒙 −𝒎 = 𝑓𝑋𝑌 𝑥, 𝑦

𝑓𝑋 𝑥 = න
−∞

+∞

𝑓𝑋𝑌 𝑥, 𝑦 𝑑𝑦

Marginal distributions

𝑓𝑌 𝑥 = න
−∞

+∞

𝑓𝑋𝑌 𝑥, 𝑦 𝑑𝑥

Check the details!



PROOF.  Note first that

Then

𝑓 𝑥, 𝑦 =
1

2𝜋 2 Σ
exp −

1

2
𝒙 −𝒎 , Σ−1 𝒙 −𝒎

=
1

2𝜋 2𝜎𝑥𝑥𝜎𝑦𝑦

exp −
1

2
𝜎𝑥𝑥
−1 𝑥 − 𝑚𝑋

2 + 𝜎𝑦𝑦
−1 𝑦 − 𝑚 2

=
1

2𝜋𝜎𝑥
2
exp −

𝑥 − 𝑚𝑋
2

2𝜎𝑥
2 ×

1

2𝜋𝜎𝑦
2

exp −
𝑦 −𝑚𝑌

2

2𝜎𝑦
2

= 𝑓𝑋 𝑥 𝑓𝑌 𝑦

𝒙 −𝒎 , Σ−1 𝒙 −𝒎

=
𝑥 −𝑚𝑋

𝑦 − 𝑚𝑌
,
𝜎𝑥𝑥
−1 0

0 𝜎𝑦𝑦
−1

𝑥 − 𝑚𝑋

𝑦 − 𝑚𝑌

= 𝜎𝑥𝑥
−1 𝑥 − 𝑚𝑋

2 + 𝜎𝑥𝑥
−1 𝑥 − 𝑚𝑋

2

𝜎𝑥𝑥 = 𝜎𝑥
2 , 𝜎𝑦𝑦= 𝜎𝑦

2,

𝜎𝑥𝑦 = 𝜎𝑦𝑥 = 𝐂𝐨𝐯 𝑋, 𝑌

Σ = 𝜎𝑥𝑥𝜎𝑦𝑦

Since the joint density function is factorized, 𝑋 and 𝑌 are 
independent.

Σ =
𝜎𝑥𝑥 𝜎𝑥𝑦
𝜎𝑦𝑥 𝜎𝑦𝑦

=
𝜎𝑥𝑥 0
0 𝜎𝑦𝑦

25

THEOREM:  Assume that a random vector 𝑋, 𝑌 obeys 2-dimensional normal 
distribution 𝑁 𝒎, Σ .  Then 𝐂𝐨𝐯 𝑋, 𝑌 = 0 implies that 𝑋 and 𝑌 are independent.

25

Check the details!



Assume that a random vector 𝑋, 𝑌 obeys 2-dimensional normal distribution 𝑁 𝒎, Σ , that is, the joint 

distribution is given by

Problem 9

26

𝑓𝑋𝑌 𝑥, 𝑦 =
1

2𝜋 2 Σ
exp −

1

2
𝒙 −𝒎 , Σ−1 𝒙 −𝒎

𝑓𝑌|𝑋 𝑦|𝑥 =
𝑓𝑋𝑌 𝑥, 𝑦

𝑓𝑋(𝑥)

(1) Show by direct computation of the integral that the marginal distribution 𝑓𝑋(𝑥) obeys 𝑁 𝑎, 𝜎11 .

𝐄 𝑌|𝑋 = 𝑥 = න
−∞

+∞

𝑦 𝑓𝑌|𝑋 𝑦|𝑥 𝑑𝑦 where

𝑓𝑋 𝑥 = න
−∞

+∞

𝑓𝑋𝑌 𝑥, 𝑦 𝑑𝑦

𝒎 =
𝑎
𝑏

Σ =
𝜎11 𝜎12
𝜎21 𝜎22

(2) Calculate the conditional expectation:

(3) Examine that 𝑦 = 𝐄 𝑌|𝑋 = 𝑥 is the regression line of 𝑦 on 𝑥. 



Problem 10

27

Mid-height parents (𝑥)

A
d

u
lt

 C
h

ild
re

n
 

)

64.5 65.5 66.5 67.5 68.5 69.5 70.5 71.5 72.5 sum

73.2 3 4 3 2 2 14

72.2 1 4 4 11 4 9 7 40

71.2 2 11 18 20 7 4 2 64

70.2 5 4 19 21 25 14 10 1 99

69.2 2 7 13 38 48 33 18 5 2 166

68.2 7 14 28 34 20 12 3 1 119

67.2 5 11 17 38 31 27 3 4 136

66.2 5 11 17 36 25 17 1 3 115

65.2 1 7 2 15 16 4 1 1 47

64.2 4 5 5 14 11 16 55

63.2 4 9 3 5 7 1 1 30

62.2 1 3 3 7

sum 22 65 78 211 218 178 64 41 15 892

The right table shows 892 samples

of (𝑥, 𝑦), where 𝑥 is the mid-height

of parents and 𝑦 the height of their 

child [Galton 1886].

(1) Find the correlation coefficient.

(2) Find the regression line of 𝑦 on 𝑥.


