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Generic SIR model

dS(t)
dt

= − ΛS(t)

dI(t)
dt

= ΛS(t)− qI(t)

dR(t)
dt

= qI(t)

S(t) + I(t) + R(t) = N
(time-independent constant total population size)
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Kermack-McKendrick SIR model
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Final size equation for Kermack–McKendrick SIR model

S∞ − q
β

log S∞ = S(0) + I(0)− q
β

log S(0)
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q
β

⇒ I(t) increases in the early period
of disease invasion;

S(0) ≤ q
β

⇒ I(t) monotonically decreases.
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Kermack-McKendrick SIR model

R0 > 1 ⇒ I(t) increases in the early period
of disease invasion;

R0 ≤ 1 ⇒ I(t) monotonically decreases.

Basic reproduction number for Kermack–McKendrick SIR model

R0 :=
β

q
S(0) ⪅ R0 :=

β

q
N
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In the biological context, the basic reproduction number

R0 is defined as the expected number of new cases of

an infection caused by an infective individual, in a pop-

ulation
::::::::::::::::::::::::::::::::::::::::::
consisting of susceptible contacts only.

※ The definition is independent of the epidemic situation in the population!

The number of infectives increases. ⇒ R0 > 1;

The number of infectives decreases. ⇒ R0 < 1 (likely)
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William Ogilvy Kermack Anderson Gray McKendrick
(26 April 1898 – 20 July 1970) (8 September 1876 – 30 May 1943)

References: Davidson, J. N. (1971) ”William Ogilvy Kermack. 1898-1970”. Biographical Memoirs
of Fellows of the Royal Society, 17: 399–429. doi:10.1098/rsbm.1971.0015;
http://www-history.mcs.st-and.ac.uk/Biographies/McKendrick.html
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齋藤保久・佐藤一憲・瀬野裕美, 数理生物学講義【展開編】 ー数理モデル
解析の講究ー, 共立出版, 東京, 2017.

日本数理生物学会 (編), 『数』の数理生物学 (瀬野裕美 責任編集), シリー
ズ数理生物学要論, 第１巻, 共立出版, 東京, 2008.

稲葉寿, 感染症の数理モデル, 培風館, 東京, 2008.

稲葉寿, 数理人口学, 東京大学出版会, 東京, 2002.
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Kermack-McKendrick SIRS model R0 :=
β
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N

R0 ≤ 1 ⇒ (S(t), I(t)) →
t→∞

(N, 0) 【感染症不在平衡状態】
disease-free equilibrium state

R0 > 1 ⇒ (S(t), I(t)) →
t→∞
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q
β

, I∗) 【感染症定着平衡状態】
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1 − 1/R0

1 + q/ω
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Kermack-McKendrick SIRS model

I

I

R

R

S

S

time

time

I

S

I

S
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q = 1
7 ;

ω = 0.1, 0.5;

(S(0), I(0), R(0))
= (0.99N, 0.01N, 0.0).
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Force of infection

Kermack–McKendric model

Λ = βI = γ · I
Ñ

· cÑ

Frequency/Ratio-dependent force of infection

Λ = λ
I
Ñ

= γ · I
Ñ

· C
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Force of infection

Vector-borne disease transmission (mass-action type)

Λ = β̂HV = γ̂ · V
M̃

· ĉM̃
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Vector-borne disease transmission (mass-action type)
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A model for the vector-borne disease transmission

dS(t)
dt

= −β̂HV(t)S(t) + ωR(t)

dI(t)
dt

= β̂HV(t)S(t)− qI(t)

dR(t)
dt

= qI(t)− ωR(t)

dU(t)
dt

= Q − β̂MI(t)U(t)− δU(t)

dV(t)
dt

= β̂MI(t)U(t)− δV(t)
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A model for the vector-borne disease transmission

dS(t)
dt

= −β̂HV(t)S(t) + ω
{

N − S(t)− I(t)
}

dI(t)
dt

= β̂HV(t)S(t)− qI(t)

dV(t)
dt

= β̂MI(t)
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}
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A model for the vector-borne disease transmission

dS(t)
dt

= −β̂HV(t)S(t) + ω
{

N − S(t)− I(t)
}

dI(t)
dt

= β̂HV(t)S(t)− qI(t)

dV(t)
dt

= β̂MI(t)
{ Q

δ
− V(t)

}
− δV(t)

Basic reproduction number

R0 :=
(

β̂HN · 1
δ

)
︸ ︷︷ ︸
human infection by
a carrier vector

×
(

β̂M
Q
δ

· 1
q

)
︸ ︷︷ ︸
production of carrier
vectors by an infective
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