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What is considered

We consider a mathematical model for the epidemic
dynamics with the heterogeneity of preventive behavior
among individuals about a disease transmission,
focusing on the relation of the distribution of preventive
behavior to the final epidemic consequence in a
community. By mathematical analyses on the model,
we are going to provide some theoretical results on the
contribution of the heterogeneity in social behavior to
the epidemic dynamics.
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Handwashing

Maskwearing

Reducing outdoor activities

Indoor ventilation

Without preventive behavior

• Constant population size;

• Individuals are categorized into n classes based
on their caution level;

• Caution level affects preventive behavior in both
susceptible and infected individuals;

• Susceptible individuals of low caution level are
more likely to get infected;

• Low caution level individuals contribute more
to disease transmission due to lower-quality
preventive behavior, even after infection.

Model

dSi

dt
=− εiβ

n∑
k=1

ckIkSi;

dIi
dt

= εiβ

n∑
k=1

ckIkSi − ρIi;

dRi

dt
= ρIi,

Initial condition: Si(0) + Ii(0) = piN , Ii(0) > 0,
and Ri(0) = 0 for ∀i.

• Si, Ii, and Ri: Sizes of susceptible, infective,
and recovered subpopulation of caution level i
respectively.

• N : Total population size in the community.

• pi: Proportion of subpopulation size of caution
level i.

• Si(t) + Ii(t) + Ri(t) = piN for ∀t ≥ 0, with
pi ∈ (0, 1), and

∑n
i=1 pi = 1.

• εiβ: Infection coefficient of susceptibles of
caution level i.

• εi: Efficiency of preventive behavior, where
εi ∈ (0, 1), and ε1 > ε2 > . . . > εn.

• ck: Contribution of the infectives of caution
level k to the disease transmission, where ck ∈
(0, 1), and c1 > c2 > . . . > cn.

• ρ: Recovery rate.

Non-dimensionalization

τ := ρt; ui :=
Si

N
; vi :=

Ii
N

; wi :=
Ri

N
;

⟨ε⟩ =
n∑

k=1

εkpk; R0i :=
ciβ

ρ
⟨ε⟩N ; ηk :=

ck
⟨ε⟩ ;

dui

dτ
= −uiR0i

εi
ci

n∑
k=1

ηkvk;

dvi
dτ

= uiR0i
εi
ci

n∑
k=1

ηkvk − vi;

dwi

dτ
= vi,

ui(0) + vi(0) = pi, vi(0) > 0, wi(0) = 0 for ∀i.

Temporal variation
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

N = 1.0×105; n = 5; pk = [nCkq
k(1−q)n−k]/[1−(1−q)n];

q = 0.5; εk = exp[−0.5(k − 1)]; ck = exp[−0.1(k − 1)];

β = 3.0 × 10−5; ρ = 0.4; R0 = 3.86978; ⟨ε⟩ = 0.515971;

ui(0) + vi(0) = pi; v1(0) = 0.01; vi(0) = 0.0 for i ̸= 1.

Conserved quantities

F (U(τ)) :=
lnU(τ)

R0
+

n∑
k=1

ηk [pk − uk(0) {U(τ)}εk ]

=

n∑
k=1

ηkvk(τ)

with R0 := β⟨ε⟩N/ρ;{
ui(τ)

ui(0)

}1/εi

=

{
uj(τ)

uj(0)

}1/εj

= U(τ)

for ∀i, j.

Final epidemic size w∞ := 1−
∑n

i=1 u
∞
i

w∞ =

n∑
i=1

w∞
i with w∞

i := pi − u∞
i ,

where U∞ ∈ (0, 1) is the root of equation F (U) = 0,
and u∞

i = ui(0)U
εi
∞ .

Infimum of the final epidemic size w∗

w∗ := inf
{ui(0)}

w∞ =

n∑
i=1

w∗
i with w∗

i := pi{1− (U∗)εi},

where U∗ ∈ (0, 1] is the root of equation

lnU

R0
+

n∑
k=1

ηkpk {1− (U)εk} = 0.

Relation to the class size distribution

0.01q =

w

q

kp

k

0.3q =
0.5q =

0.69q =

0.99q =

N = 1.0 × 105; n = 100; pk = [nCkq
k(1 − q)n−k]/[1 −

(1 − q)n]; εk = exp [−0.02(k − 1)]; ck = exp [−0.01(k − 1)];

β = 3.0 × 10−5; ρ = 0.4.

Distribution of final sizes
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N = 1.0 × 105; n = 100; pk = [nCkq
k(1 − q)n−k]/[1 −

(1 − q)n]; εk = exp [−0.02(k − 1)]; ck = exp [−0.01(k − 1)];

β = 3.0 × 10−5; ρ = 0.4.

Sensitivity to the variation of class size

For a chosen ℓ,

pℓ → pℓ − δp;

pℓ−1 → pℓ−1 + αδp;

pℓ+1 → pℓ+1 + (1− α)δp,

where α ∈ [0, 1], δp > 0. Then w∗ → w∗ + δw∗.

We find that δw∗ < 0 for sufficiently small α, while
δw∗ > 0 for α sufficiently near to 1.
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α = 0; N = 1.0 × 105; n = 100; pk = [nCkq
k(1 −

q)n−k]/[1 − (1 − q)n]; εk = exp [−0.02(k − 1)]; ck =

exp [−0.01(k − 1)]; β = 3.0 × 10−5; ρ = 0.4.

Concluding remarks

• Final epidemic size strongly depends on the distribution of caution level among individuals in the community.
There exists a criticality for the distribution of caution level that determines the minimum epidemic size.

• Education targeted to the largest class or the class of lower caution level may not be the most effective. The program
for such an education must account for both class size distribution and difference in caution level.


