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Dynamics of Structured Populations

Lectures at East China Normal University,
Shanghai, July 5 to 12, 1988

Odo Diekmann
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Contents

I. Ecological motivation, general model structure and examples:
- age dependent population dynamics
- energy budget models for size-structured populations (Daphnia)
- multiplication by division: the cell size distribution
- epidemic spread (the threshold phenomenon and the asymptotic
speed of spatial propagation)
- prey-predator interactions in an ensemble of local patches
- cannibalism
II. Analytical techniques:
- integration along characteristics (following cohorts)
- reduction to integral equations
- remarks about numerical methods
- semigroups of operators
- stable distributions (asymptotic behaviour of positive linear semi-
groups)
III. Functional analytic foundation:
- dual semigroups of operators
- weak * topology
- Favard class
- ©® subspace of strong continuity
- variation-of-constants formula
- perturbation theory
- semilinear problems (linearized stability, center manifold, Hopf bifur-
cation)
- open problems
IV. Nonlinear problems:
- feedback through the environment
- reduction to ordinary differential equations (stable distributions, lin-
ear chain trickery)
- model reduction by time scale arguments
- open problems
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Preface

The main aim of these notes is to sketch
(i) a general modelling methodology for the dynamics of populations with in-
ternal, physiological structure based on the idea of interaction through the
environment; several examples are presented to illustrate the key points
of this approach
(ii) a collection of (partly still immature) ideas about a general mathematical
theory for the functional-partial differential equations which arise from
such models; the proposed theory centers around duality; the goal is a
qualitative theory for stability and bifurcation
(iii) some techniques and tricks which one can try when dealing with nonlinear
problems which at first sight look too complicated

Many of the ideas presented here were originated by Hans Metz and further
developed in discussions with him. In addition I want to acknowledge the cooper-
ation with Philippe Clément, Mats Gyllenberg, Henk Heijmans and Horst Thieme
which has been most stimulating. It is a pleasure to thank Professor Wang Fu Jun
for the invitation to give these lectures and Professor Jiang Furu for initiating my
visit to China.

Amsterdam, June 10 1988
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I. Ecological Motivation, General Model Structure and Examples

When investigating the biological world we can concentrate on different levels
of organization. For instance, we can look at individual organisms and try to un-
derstand the V physiological processes that are essential for their functioning, ) their
behaviour and "Wother aspects of their life history. Or we can look at populations
of such organisms and try to understand or even predict how numbers change in
the course of time.

Of course these levels are strongly coupled. Taking into account relevant dif-
ferences at the individual level enables the modeller to incorporate a detailed de-
scription of the influence of the environment (including other populations) on the
basis of biological knowledge. As a concrete example one can think of a model to
predict the consequences of toxic chemicals at the population level from data about
the effects at the individual level.

Such models take the form of balance laws. The ingredients are models for
birth, death and change at the individual level, the rest is bookkeeping.

EXAMPLE 1. Age dependent population dynamics.

on on t = time
)+ ) = —planlta) L

n(t,0) = /0  Blan(t ) da

Here p(a) is the age-specific per capita death rate
B(a) is the age-specific per capita birth rate
Age and time increase with the same speed therefore, in the absence of death,
the ageing is a simple shift with uniform speed 1 in the (a,t)-plane. Newborns
“enter” at the a = 0 axis and if we start at some time, say, ¢t = 0, with a given
population composition we have a boundary condition along the ¢ = 0 axis.

q/

a
—

The density n is such that faalz n(t, ) da is the number of individuals at time ¢

with age between a; and as. Note that % describes the ageing but that we have
differentiability only along the characteristics t = a + constant. One can think of
infinitesimal cohorts (groups of individuals with identical properties) which travel
along such characteristics. Their number diminishes due to death. At the a = 0
boundary new cohorts are formed at a rate n(¢,0) which we require to be identical
to the total offspring production fooo Bla)n(t, o) da.

Of course 1 and 8 may depend on environmental variables (which we denote
by E(t)) which themselves change in time and so are time dependent, but we have
not yet incorporated this in our notation. O

EXAMPLE 2. Size dependent population dynamics.
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Let x denote size. Assume that all individuals are born with the same size x.
Let g = g(z,S) be the growth rate of individuals with size  when the substrate
concentration is S(t) (think for instance of filter feeders like Daphnia and let S
denote the algae concentration in the water),i.e.

X gw9)
Then
O 1,2) + (gl S)n(t,2) = (e S)n(t, )

o)
g(xp, S)n(t, p) = B(E, S)n(t,§) d€
y

Note that we have to take the z-derivative of the flux, which is the velocity g
times the density n. And likewise at the x = xz, boundary the flux is prescribed
and not the density itself (in the case of example 1 this is irrelevant since ‘é—‘; =1).

From a biological point of view the modelling still has to start: one has to
specify how pu, 8 and g depend on x and S.

We obtain a nonlinear model if we close the feedback loop by adding an equation

for S in which the consumption of algae by the Daphnia is incorporated:

o ns)- | °° e S)n(-€) e

where h describes the dynamics of the algae in the absence of Daphnia and ~ is
the per capita consumption rate which is size specific and which depends on the
current algae concentration S.

So nonlinear models arise from linear ones with environmental input by feed-
back to the environment. O

EXAMPLE 3. Multiplication by division.

So far the reproduction process is described by a boundary term. Consider now
a cell population with size structure and assume that a mother cell divides into two
exactly equal daughter cells. Then

0 0

S (62) + 5= (g(0)n(t @) = —B@)n(t, ) +4B(2w)n(t, 22)
where we have ignored death and substrate dependence. Why is the factor for the
term describing the reappearance of two daughters four and not two? O

EXAMPLE 4. Size and age dependent population dynamics.
Combining the examples 1 and 2 we obtain

on on 0
E(tvaa‘r) + %(t,a,x) =+ %(g(x, S)n(t7av .13)) = —,LL(CL, z, S)n(tv CL,I)

n(t,0,2) = /0 /O B(S,z, 0, E)n(t, . £) dev e

where we have now allowed for a variable birth size x.
If we want a fixed birth size we change the boundary condition into

n(t.0,) = 6w —2) [ [ B(S.0.n(t,0,€) dade
0 0

where §(- — x3)is the point measure concentrated in z,. Note that in that case
all newborn cohorts travel along a line (implicitly determined by g and S) in the
x,a plane and that, consequently, the n is not a smeared out density but in fact
a measure concentrated on a line. So we have to be careful in our choice of a
population state space for n and in our interpretation of the partial differential
equation. O
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di

Tp

The following is a general recipe for the formulation of a structured population

model:

(i)

(iii)

(iv)

Distinguish individuals from one another according to relevant variables.
That is, choose finitely many i-state variables (i- for individual) which, by
assumption, contain sufficient information about the past of an individual
to fix its future (given the environmental conditions) as far as it concerns
population dynamically relevant events. Examples: age, size.

Genuine modelling: specify and describe (mathematically) the processes
which change the i-state and those which lead to the creation or destruc-
tion of individuals. The smooth “change” processes describe the trajec-
tories of individuals in the i-state space and we usually assume that these
are deterministic (i.e. identical for all individuals with a given i-state)
and described by an ordinary differential equation. Examples: ageing,
growth. The “creation-destruction” processes are usually stochastic (some
die some don’t) but we will always assume that numbers are so large that
we can describe these chance processes in terms of rates. Examples: fis-
sion, removal from a chemostat by overflow.

Introduce a density function n = n(t,y) (or a measure) , t = time,
y = i-state, to describe the p-state (p- for population) and do the necessary
bookkeeping to derive how the i-processes are expressed at the p-level. So
fw n(t,y) dy = number of individuals at time ¢ with i-state in w, where w
is any (measurable) subset of the i-state space. This bookkeeping is only
possible at an infinitesimal basis and the result is a (partial-functional)
differential equation. The coefficients in this equation stem from the mod-
els for death, birth and change at the individual level, but the solution
pertains to the population level.

The influence of environmental variables has to be incorporated in the
i-submodels for birth, death and change (growth). Some environmental
variables (like substrate) are in turn influenced by the population (through
consumption) and in that case one has to specify the F dynamics.

The general form of the p-balance law is:

- (ty) + V-u(y, E)n( —u(y, E)n(t,y)

oy, Byl 9l e, /By, )

on
ot
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di

) = i-state space
(subset of R¥)
o0

where p is the per capita death rate, 8 the per capita birth rate (8 also specifies
the distribution of the offspring over possible birth states) and v is the velocity i.e.

dy

dt
So vn is the flux. The part of the boundary where the vector v points into the
i-state space 2 is denoted by 024 and v denotes the inward unit normal at the
boundary. V -vn is the divergence of the flux i.e.

v for individuals

V-Un:Z%vm (if @ Cc RF).
i=1 7t

This form is general only in so far as birth occurs at the boundary only. As example
3 shows one may in fact have a source term in the interior of €2 as well.

To indicate how one can derive this form we neglect death and take some subset
w of the interior of 2. Then conservation of individuals requires that

d
T wndy—k/awu-(bda:O
where v now denotes the outward unit normal and ¢(t,y, E) the flux. By the
divergence (or Gauss) theorem we have

d
%/wndy—f—/wvwdy—o

and because w is arbitrary %’g +V-¢=0. If = vn (ie. if change is purely
deterministic) we obtain the equation (with p = 0).

One may call this the Euler derivation.

Alternatively one may use a Lagrangian approach and follow the individuals
along their paths in i-state space. This requires much more work, but the work is
actually useful as a preparation for solving the equation by the method of charac-
teristics. See M&D p. 95,96.

So far we have concentrated on the so-called (Kolmogorov) forward equation.
Alternatively we may use the backward equation, which is derived as follows.

Let n(t, to, dy,, dy) be the solution of the forward problem corresponding to the
condition that at ty the population consists of a single individual with state yg
(so the initial state is d,,, the unit measure concentrated in yo, and for each ¢ the
solution is a measure, which we express in our notation by writing dy). Let ¢ be
some continuous function on . Then

/Q ()l to, 6. dy)
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is the clan mean of ¢ when starting at ¢y with one individual yg. Let, by definition,
m(to,t, ¢, y0) be such that

/mto,t b, 4)6(y — yo dy—/¢ n(t, to, by, dy)
The interpretation implies that (suppress ¢ in the notation)

m(to,t,y0) = (1 — pu(yo, E(to))dto)m(to + dto, t, yo + v(yo, E(to))dto)
+ dt() /Q m(th ta U)ﬁ(d% Yo, E(to)) + O(dto)

since the probability that the individual does not die between ty and ty + dtg is
(1 = p(yo, E(to))dto) + o(dto) and, when surviving, the individual has state yo +
v(yo, E(to))dto + o(dty) at time tg + dtg; moreover it has spawned offspring at n
with probability 3(dn,yo,to)dto + o(dtg) and this offspring starts its own clan.

Taking the limit dtg — 0 we arrive at the (suppress ¢ in the notation) backward
equation

%(tm Yo) +v(yo, E(to)) - Vyom(to, yo)

= g0, E(to))m(to, yo) — / m(to, m)B(dn, yo, E(to)

with ‘final’ condition
m(t,y0) = ¢(yo)-

Remarks: (i) the evolution equation for m follows directly from the interpretation
of m. (ii) Later on we shall verify that indeed the n-problem is the adjoint of the
m-problem. (iii) our use of duality is based on our assumption that for given FE(t)
the equations are linear; this requirement can help us when, in a given context, we
want to specify what F is. (iv) we now indeed take 8 to be a measure in its first
argument.

Example 1:
87m(t 87771 — —_
Bty 0:Go) + day (to, ao) = p(ao)m(to, ao) — B(ao)m(to,0)
Example 2
om om
g(foaxo) + g(zo, S(to ))8 (to, o) = p(wo, S(to))m(to, o)
0 Zo
— B(wo, S(to))m(to, xs)
Example 3:
am om T
G T 95y = Blaomlto, z0) — 28(xo)m (1o, )
Example 4:
adm  Om
o + 9ag + 95— =pm— / m(to, 0, 80)B(S(t0), zo, a0, §0) déo
resp. :um—m(to,O,xb)ﬁ(S(to),mo,ao)

if every individual is born with size xy.

EXAMPLE 5. Cannibalism.

The moral of this example is that one should think about the “environment”
as the conditions encountered by the individuals. Consider intra-specific predation
in an age-structured population. We can describe this by writing for the death rate

u(t,a) = v(a) + C(a)k(t)
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where
v(a) is the age-specific “natural” death rate

C(a) is the attack rate as a function of the age of the victim
k(t) is the effective number of cannibals

So k describes the environment as far as intra-specific predation is concerned. How
does k relate to n? We put

k(t) = /000 K(a)n(t,a)da

where K (a) is a dimensionless age-specific index of cannibalistic activity.
More complicated versions, in which the attack rate depends on the combina-
tion of the age (or size) of the aggressor and the victim, can be formulated. O

EXAMPLE 6. Epidemic Spread.

Let S(t) denote the density of susceptibles with respect to some infections
disease. Let A(7) be the mean infectivity of an individual which was infected 7
time units ago. The infectives are “structured” in terms of this class-age variable
7. One has

01 01
ot + or 0

i@mS@AmMQWJMJ

Al

-
—

where we have assumed mass-action kinetics to describe the infection mecha-
nism. (So for the infectives S is the “environment”)

If we assume that the population is demographically closed and the disease
conveys ever lasting immunity then

ds o
E“F>S@A A(0)i(t, o) do

To describe the spatial spread in a two-dimensional field of host plants we may
modify the S equation as follows:
oS o ,
7(1;’1') = —S(t,l') A(U,,f’y)l(t,o" y) dydg
5t 0 R2

where now A describes the infectivity as a function of time o elapsed since infection,
position x of plant that is susceptible and position y of infectious plant. A usual
assumption is

A(ryz,y) = H(T)V (|2 — yl)
Likewise we take i(t,0,x) = S(t, J;)/ Ao, z,y)i(t,o,y) dy do
0 Jr2

but don’t change the % + % = 0 equation since plants don’t move. So the geo-
graphical interaction is in the infection step only (think of air-borne spores). O
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EXAMPLE 7. prey-predator-patch models.

The moral of this example is that “individual” should not be interpreted very
narrowly.

If the interaction of phytophages and their natural enemies takes place in an
ensemble of local patches of host plants one can consider the local colonies as
“individuals” and characterize these by such quantities as the leaf area, the number
of phytophages and the number of predators. Such “individuals” will beget offspring
since phytophages disperse and found new colonies and likewise predators disperse
to invade other phytophage colonies. Such “individuals” change since local densities
change in the course of time according to plant-prey-predator interaction equations.

One such model takes the following form:

W (1,0) + - (o(@In(t,2) = —n(2)Q)n(1, )
S o)+ 5 (o(egpmit. ) + (o y)m(, ) =0

Here n is the density of phytophage-patches of size x and m the density of predator-
phytophage-patches of size x (phytophages), y (predators). The growth rate of the
phytophage colony is v and the interaction is described by a prey-predator system

dzr

i g(z,y)
dy

—_— = h

il (z,y)

The ‘vulnerability’ 7 describes how attractive (or, conspicuous) a phytophage patch
of size x is and Q(¢) is the density of potentially invading predators (an environ-
mental variable about which we shall be more specific below).

The boundary conditions are:

1) v(1)n(t,1) = (no(t)P(t) where P(t) is the analogue of @ but now for
phytophages and ng(t) is the density of suitable “empty” patches and,
finally ( is a reaction coefficient.

2) h(z,)m(t,z,1) = n(z)Q(t)n(t, x)

At this stage the environment is characterized by ng, P and Q). For these we assume

dn

7; = f(no) — (noP

dP o0 o0 o0

= rwomeodos [ sy dyde - P
dt 1 0o J1

dQ _

T —/ yg9(0,y)m(t,0,y) dy — vQ
1

where 7 denotes the rate at which phytophages disperse from a patch. Here we have
assumed that the predators drive their prey locally to extinction and thereafter go
into the air (which gives a rate [, yg(0,y)m(t,0,y) dy). O
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(55 3 [B] BIEEWIERZE < 5TEHR]

XY RIT—VERERY N T—TLEDEAFTZIOR

—/WUtE ¢, EIRE T

uurrrRrRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRARRRARRRNANR

1. LI

F3IEEEX, *y VY- DEKE XY bY—2
DEAFITZAEWMY EWFET. 2y b I =20
@ Python 74 77 U ¥ LT NetworkX B[k < i
TWET. T3, NetworkX OFFHE R F N IZOWN
ThA Ry VI —=7Z2E L, ZNZAHLL D
St L £3. XIZ, EoN (Epidemics on Networks)
WS Python Xy 7 —YZHWT, v b7 —72 1
DREYYERIES I 2L —Yarorar s A 2ERL
3. EoNIWZiE, v b7 —27 L CRIYERIES I 2
L—a Y EETTA2MARBEBPHEIRTWET
EoN 0o B#io 5% L T NetworkX THEM X NT= 1 v
=% ETEIICR-TEDY, 2y bV —20
HEZEZDZLDBRSTT.

SEENTIZETOTR I LDY —Z2a— RiF,
i 2[A] L [AIRRIC GitHub (https://github.com/igenki
/biomathNL) [1] KEWTHD ET. 774 LDXY
Yua—RFEREE 1R, F2RTHPELE LD TH
FITIE L TISL FE W,

2. NetworkX

NetworkX[2] &, #v b7 —2773H D720 D Python
Ry —=ITF. 2y NI =T DR - B - 5H7k
ERTRZAET. 25, WohrDty hv—21
PERR L, ZREA[H{LT % Z ¥ T NetworkX DffiH
BEENHEEATOERVE BVWET,

2.1 Ry bFIT—UDERCIRE

GitHub 26 & v > v — K L7z NetworkX.ipynb 7 7
A V% Jupyter THIWTL 72XV, K1 Da— Kpi#
RENFET. ZD+EL% Shift+Enter TEITLEL &
5. ZOMR, 1O TOXS %%y b7 —2OIER
YRI2D &S5y b7 —27 Jupyter R 1E
S

a— FOFHAZIEICL TWE F3. 2/7H T Jupyter
NTHBREZRRTEL LS ICHRELTVET. 417H
T NetworkX Z#tAAA, nx L WS KETTHZ % X

*ER B RS2 e Lo mE I

PN N

V757 dMENET. ZITREAY h7—2820)
B TRHR— L ET.

In (1) # Jupyter £ CHIRETD/-DEE
%matplotlib inline
# NetworkX& « 27— k
import networkx as nx

¥R rT—OER

G = nx.Graph([(1, 2). (2. 3). 3. D))

nx.draw(G, with_labels=True, node_size=600) # SA~LZFTrue/=l THESD AR
print(nx. info(G))

Name:

Type: Graph

Nusber of nodes: 3
Number of edges: 3
Average degree 2.0000

1 NetworkX FflD—#*

2 BHIDOAy FT—2

SIICLET. TITH Ay V7 — 2RO TT.
nx.Graph() £ 35 L 2Dy b7 — 7 ZAENLE T,
TIHDE I/ — RORT7EX TN GUEIRDERT)
DIERTEHEZ B Z2DR7D /) — RIDIicY > 273
MRONET. LMo T, TfTHODa—FTIE/ —
F12 207D/, 22 3DXR7OM, 3 1DR
7 ORIZENENY IR LND I IR D FT.
DI LTER LAY VY= (DTS
F) ZGrWVHOHLHTTHRIFELTVET. 8{THD v
b Y — 27 OREESTY. draw & WO BEICX ®1F
CERLZGCEET TG EREFEELTVWET (K
2). Bl DF S a > T, withlabels=True ZF5E L
T, /—FHBEHH/—FLRicHHENZ XS5 CLTW
% 3. nodesize=600iC LT, /—FOKEX%EKZ

DEPEEARLYEDED. 22T/ — REWSIEYA

TH—LET.
DPRFIRE LD ES. TITRY Y7 LWIMUST
M—L%x7.
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CLTHRPFTLLLTVET. SEED2h3<LT5
72DIDFTVWETH, Zhbldr 7 7fiEICHIz-
TAEMNRE ZATERVDT, F 7> arve LT
EET, nx.draw(G) 2 THRED D FEA. RED
TCHy 7 — 27 OEANZIEHRZ nx.info(G) % print
TRz THALTWES. /— KO (Number of
nodes) , V27 D& (Number of edges) , F¥IRE
(Average degree) R EMNK 1 TICHAIATVET.
S — R H30bD, VI3 RKDHZDT, Z
DEICRRINTVET. KEriX, /—Rok
BoTWB VY Z7OMTT. SEEETD ./ — K232
AKFODY T e ORPBoTVWEDT, 2y hT7—72
DGR 2 72D £7.

Rz, TOFy bT—=271THRHLT, /—FRV>7
DIEN - HIBRZEIToTAEL k5. $3WE/—FDiE
T ¥. NetworkX.ipynb DX 3 ® a— K45 % FAT
LTIV, 4D &SIy VT —27WEHIN
%3, X3 ®D G.addnode(4) IZ&»>T, 4 W5 £
D —KhBxy FU—7 GIZBMXhTED, ZOT
Toxdraw() IZCGZEL THEMELTVWES. /—
F413) Y7 BBV DT, 2y P T =702
DBHPNTNET,

In [2): # /— FoDEM
G. add_node (4)
nx.draw(G, with_labels=True, node_size=600)

M3 /—Foihn

4 J—FEBIMLEZXY FU—2

Rk, VoI72BMLTAET. K5EETLTK
ZEW. K6DX5 Ay V=R EHINET.
G.add_edge(1, 4) IZ&>T, /=K1 4DfICY ~
IHRRONET. IALLTWi/ —F4Bn/—F1e
DKM o7 DT, nx.draw() THIET 2 & 2 THDOR
Wolz1D2Dy VT =212 D FE L.

K, D) —FRY Uy Z70BMTY. 2hbd
WU R roERTENThoBBICHES Z & TEH
TEET. R7Z2FEFTLTLIEEIV. 8D XS

In [31: | # U>omiEM
G. add_edge (1, 4)
nx. draw (G, with_labels=True, node_size=600)

X5 V¥ZoEmm

6 VyrEBMLEAY FT—2

2y MU= HREHRINET. ZZTREET, nkw
SHHITI5, 6, 7 EWVIBBOY X PE2AERL 7.
G.addmodes_from() IZn 2T Z & T5,6, 7TV
30D/ — FABMENKT. KT, e LW HHIT
[(5,6), (3, 7), (4,6)] £\W\S XTI NEEHRL LTHDOV
A MRERLET. 2z Gaddedges_from() IZJE T
ZtT, /J—F5L 60, 327D, 4% 6D
VY rpEMER, ZRHHDRHMND £

In [4): # ##/— FDEM
n=1[5 6 7]
G. add_nodes_from(n)
# Y >0 DEM
e=[(56), B7, 46]
G. add_edges_from(e)

nx.draw(G, with_labels=True, node_size=600)

X7 HEO/—FeVyrroBEin

8 HWHD/—FrVryIZEBMLIAY Y T—2
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Rix, /7—=F2V Y I70HIFRTY. RI9ZHETLT
CEZEWV. KI0DE51ty b= HEhE
3. G.removenode(4) 12k D, /— N4ADHIFRENF
. ZAED, xy b= 3FT 220N
¥79. Z5HITGremove edge(l,2)I2&bD, /—F1¥&
2EDRNTWRY Y7 HHIREhE T,

In [8): # /— Fo#IE
G. remove_node (4)

# U0 DEk
G. remove_edge (1, 2)

nx.draw (G, with_labels=True, node_size=600)

X9 /—FrvyrZollk

®9

10 /—FReVYZDHIFRLIAxY b —2

BRI, BBO/ —FRY Y70 IBRTY. K11
ZEITLTLEIV. K120 L5124y hT =270
HficNEd. Z 2Tl Gremove nodes_from([5, 6])
T/—FH6ZFeHTHIFRLTVET. THI
G.remove_edges_from([(1,3), (3,7)) iC&>T, /—F
1300, 3L 7ORDY > 27%220% D THIKRL
TVWET.

In [6]: | # &6/ — FDHIR

G. remove_nodes_from([5, 6])

# Y > DEIR
G. remove_edges_from([(1,3), (3,7)])

nx. draw(G, with_labels=True, node_size=600)

X 11 #Eo/,—FreVyr2olikk

22 ETFIDLSORY FT—UDER
kT, Ay bU—2E—moEoTAT LN
NetworkX {Zl& v bV —2 57 V% 1T CHERTE
Bk A BHMAABBEBAHAR IO THES. 22Tk
Erdds-Rényi D7 ¥ & 524 v 7 —72, Watts-Strogatz
DAE—NT—)L R4y MU —2 Barabési-Albert &
TILVDRT—=)LT7 V) =2y FT—=2D3D4EMRL,

./.

K12 #HEO)—Fe VY IRHBRLERY hU—2

FWL 00Dy V=7 OFEE BV
LEWE T, #7212 NetworkModels.ipynb 7 7 £ L%
GitHub 25X v > — R L, Jupyter THWTL 72X
V. M130a— FBPRRINET.

31, Erdés-Rényi D7V Z Lty VT —T 5
TY. 2Oy b7 =213 G(n,p) THREZNET. n
2/ — FELT, pld /) — FOERTIZV YIRS
ZHERTT. ,ColBYDRTOEDBHD I, Fh
ZADRZIHLTHERpTY Y7 %KkD 3. K13
@ a— } % Shift+Enter TEITLTLZE W, M13F
DHy b7 =7 OEREKI4D X570y b=
MTx%7.

I—FTRET, nepDRFX—2252F3. Z
ZT, N FNn=100,p=0.05 LTVWET. 7
R Lty b7 —27DERMIX, nx.erdos_renyi_graph(n,
P)DIUTTTEET. RICZDAy YV —2%2ER W
IHETTIREFEL TWVWE Y. nx.info(ER) THy b7 —2
DEARWNIZIERTH 5/ — N, V> 78, FEXRE%
HALTOWET. n=10040DT/ — FEIX100 T\
HEETTD, VI ZREIDE D DITHERp TRE S
DT, VY IEEFIRBIIFEATO R KITHRIED
D % 3. nx.average_shortest_path_length(ER) T Z D
2y NI = DGR L 2 KD Z e N TEET. B
#EL, 2200/ —F (V= FORY) OBOEMEFHROE
XTERINZT. 2TORTIKELFEHEL 75D
HIEEERE L & 72 D £3. nx.average_clustering(ER)
WEoTIDAY b= DT 7 AR C ZRDT
WET. FIRAXREIE ) - R DET, /—Fi
DI FZRARECE /) —Ri & DRPoTWVWDE 2D
D/ — FRALDBOBB->TWREETT. C,2E&TD
J—RIZE-THEEZ 23D C e RDET. &
#iZnx.draw(ER) TZ Dy bV —27 ZHlH L T\ E
T, ZZTREREPTVE ST, pos i circular_layout

DY oy R BHER p VNS WVEDHE, 2y v T —2
BoliEihnz GEEEICRS) ZehZrbh FT.
ZOEE, LIZFIETERLR2DT, =7—2H%
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ZEELT, /—FZMHRRICEELTVET.
In [1]: %matplotlib inline
import networkx as nx

100 # /— F#t
0.05 # V>0 EiiEE

nn

print ( ER network’)

ER = nx.erdos_renyi_graph(n, p)
print (nx. info (ER))

print('L=", nx.average_shortest_path_length (ER))
print('C=", nx.average_clustering(ER))

pos = nx.circular_layout (ER)

nx. draw (ER, pos)

ER network

Name:

Type: Graph

Number of nodes: 100
Number of edges: 235
Average degree:  4.7000
L= 3.1016161616161617
C=0.05073015873015873

13 ER7 VX L%y b= DEREFY V=2 D
R

K14 ERZYXLtxy bU—2

X%, Watts-Strogatz D AE—ILY —)L K b
V=0 %%ERLET. 2Dy P =21 G(n,k,p) T
REXNET. nld/ — FET, BIEXE, pl3dv 2
FRDBEZDMHERTY. /— FnfdEHEIRICEE L
£9. &/ — o k/2ETHEBRC, RD k/2MHF
TEBRHCY Y7 RE-oTwE, HAIWE Ay b —2
ZERLET. 20Kk, &V 7N LTHERp TS
VRNV IERVEZD (WHOESEEYIDEEL,
TV RDTEAE ) — RIS 5) ERE—LY —
ANEAY NI RERINET.

15 ® a2 — K % Shift+Enter TEITL TL Z&E .
K15 Toxy 7 —27DFEHREK 16D XS Bty b
V—UPHTEET. £33, n,k,pDRNTIXA—X%
TN, n=100,k=4,p=01252FF. RE—1

V=L Ry b7 =27 DERUE, nx.watts_strogatz_graph(n,

k,p)DLFTTEZT. ZDFy NT7—2% WS 21

ER

SHATCHRIFL TWE T, EAREIRO M &
L, 73RAREBMC bRty VT —TDEEY
R EETWE T, HKRIC nx.draw(WS) TZ D
2w M7= ZfE L TVET.

In [2]:

A Y2 ORYEAZEE

print('WS network’)

WS = nx.watts_strogatz_graph(n, k, p)
print (nx. info (WS))

print (' L=", nx.average_shortest_path_length (WS))
print (" C=", nx.average_clustering(WS))

pos = nx.circular_layout (WS)

nx. draw (WS, pos)

WS network

Name :

Type: Graph

Number of nodes: 100
Number of edges: 200
Average degree:  4.0000
L= 5.531515151515151

C= 0.41833333333333333

15 WSRE—LT =Ly b7 =T DERE Sy b
v — 27 OFHYE

16 WSAE—LT—LFxy hT—7

%12, Barabési-Albert D 27— 7 1) —% v bk
V=0 %ERLET. 20Xy FY—=2EG(n,m) T
BEXINET. 2y bV —21& mo O L 72 IREE
MHEARXR—FLETY. mAROV Y7 &/ —FE 1
DFOX Y PY—=ZIZBMLET. mADHFHLVWY »
21%, Fheh, BEO/ — gL T, BED ./ —
FORBUSHHI L =R THERLE . LdoT,
KEHBKEN) — FBY 2 2EDRT LD ET.
INERERERESVWET. /- FoBmE ./, —F
BPnIZh2FTHEDDELET. 2H5LTTES 4y
NI — WA —L TV —%y NT—FTT.

X 17 ® 2 — K % Shift+Enter TEITLTLFE W,
M17 Toxy FV—20FEHeK 18D XS5 Kty b

Y NetworkX nx.barabasi_albert_graph(n, m) BI¥4 T
Emo=m LEEINTVWETH, m<mo THIUZX
BRoTOWTHHEOVERA.
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V—UPHETEET. nEmDTA=REZNEFN,
n=100,m=2THXEF. XRFr—i7V)—Fv b 7U—
7 DRI, nx.barabasi_albert_graph(n, m) ® 117 T
TEET. 203y b7 —2%BA W5 4RI TRE
LTWEY. briztbido2o0%xy v 7—2FEL
T7.

In [3]: 00 # /—F#

n=1
m=2 % #HHE/ — FEF 0%

print ( BA network’)

BA = nx.barabasi_albert_graph(n, m)
print (nx. info (BA))

print (' L=", nx.average_shortest_path_length(BA))
print (" C=", nx.average_clustering(BA))

pos = nx.circular_layout (BA)

nx. draw (BA, pos)

BA network

Name :

Type: Graph

Number of nodes: 100
Number of edges: 196
Average degree:  3.9200
L= 2.907676767676768

C= 0. 1756844495373907

17 BART =L 7V =%y bU—JDERE Y b —
7 DR

18 BART—LI7VY—3%v b T—72

CIZTIX, Ay FT—TETARSL LY NU— T RE
U 7=BE B U E LD, NetworkX Tldtry b v —
7 OER TR EIN T — R Z25HAAAT, 2y b7 —
IRERTAHZEHTEET. Lo T, NetworkX
BEBEOTF—Z oty NV —2R4ER - 0§ 3 X
SRR THIER TN TEET

3. XYrI—ULORPIEEHEIalL—

D=

BRIy V=27 EOX A4 F I 72 U TRGYE
ERHOYIal—varEEHRLTAELLD. v
FY—2 FCRIBEAFIZJADTIaL—Ta v
ETIVDIERE WD L TLREMER v 7 22k 5 2
EWZNTIT A, Python TIX ZAUTKHE L7280 & —

PHAHEBEINTVWET. SENE EoN (Epidemics on
Networks) [3] L\ 5 %y =Y % FIHL 3. EoN
TEEINTVWET7ALIYALE LY P =2 ETO
B e B EICI D o 7R 5] TN S d D
BRICEFFENTVWET.

3.1 EoNDT1YRXF—IL

Anaconda & 4 ¥ R b =)L ¥ 3751 TH 4 72 Python
DAY T —IPEFNCA YA =L ERETH, EoN
Ny r—IRBZORNGITT. LidoT, EoNIZH
PBTA VA=V LRITNIRD £F¥A. Anaconda
A YA M—=)LF 5 ¥ Anaconda Prompt % Anaconda
Powershell Prompt 23—#5124 ¥ A b =L XT3
I TIOT, ¥TEEEHELrZREILTIZIV.
Xizzxzo7ary 7 (BHAR) ETR19 @ & 51 pip
install EoN & 721}+4] - T Enter & — Z 81X E 1
77 ANDBFIIXY e —RFah, £ VA= 3d
HEIC7H T L, BoNEZ 2 X5k 32,

B reconcts Pt (uanconds - o

(base) C:¥Users¥genki>pip install EoN

19 Anaconda Prompt L TD EoN DA ¥ & b —J1

3.2 EoN TORREETESIal—>3ary

EoN ® Web# A4 b 3] 2R 2 D02 K512, EoN
TlEAy bV —7 EORBREIERIEICE 3 2 5 4 72 B
PHEINTVWET. ¥I21—varyBITrli
Frcffix 2B B E 9. Z 2T, Gillespie SIR()
BRZ#ioTSIRDS I al—>avaFETLTALE
T ZOBEBUISCFED, Gillespie 7 V3V X L% H
WCHERN R E RO I a L —>a Y RREEL
TVWET. 313, ZOBBERITLUCERERZH
YT, WETHWTWS 713 X AIZOWT B[R
L7zwnwe BunETd.,

EoN-sample.ipynb # GitHub 226X w > va— K LT
Jupyter TR E VR b1 Da—RKpRELRTWE L
BWZE 30T, Shift+Enter TZDENLEFEITLTHA
TV, K200 k5% S (RIERHE) , T (&G
#), R (MME#H) offkEEfkD s 7 b FRREh
£7.

D=k 5% (LALHID) w4 —2 ¢ LT NDIib[4]
VWS HDHHDHET.

D1, Jupyter D AFTH, BEHIZIZ DT Tlpip
install EoN £33 & OS a~ Y RWFEITEINT, EoN
BAVAP—LTEET.
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%matplotlib inline

import networkx as nx

import EoN # EoN O A > H— h

import matplotlib.pyplot as plt #
Matplotlib @ A ¥R — b

[NV R

(S

6 N = 10%x5 # {EFEL
7 G=nx.barabasi_albert_graph(N, 5) #
BA v bV — 27 DIEMK

9 # BERUCBIT 2T X —&
10 gamma = 1.0

11 tau = 0.3
12 rho = 0.005
13

14 #

Gillespie 7V ZALIIZX B SIRDY I ab—¥a Yy

15 t, S, I, R = EoN.Gillespie_SIR(G, tau, gamma,rho
= rho)

16

17 # EEBZED 75 7

18 plt.plot(t, S, label="S")

19 plt.plot(t, I, label="T")

20 plt.plot(t, R, label="R’)

21 plt.xlabel(’t’)

22 plt.legend()

YV—Z2a—F1 BAxy +}7—27 FLDSIRDOYIal—

av
100000 1
80000
60000 1 — s
—_—
40000 1 — R
20000
o p
0 2 4 6 8 0 1 14

K20 BA*y b 7—2 FEDSIROYIalb—Yav
T075 MOV THHL TWE Y. 31THTEON
R —V% A4 E—PLTHZZEICLET. &
%25 7 B1ED £3 DT 417H T Matplotlib % A >
AR—PLTBZET. 6fTHTHEEBKN ZRELET.
SEEN=10° 2 LET. TITHTRERRMEZ 3% v
bV — 2% NetworkX IC X DAEKLTWET. 22T
X, FECHWEBARS—AL T Y-y U —D %
ELTVWET. A5 — L7V =32y F7—2DH% A
RWWENZ2EZ, 35—=20DR_FX—RTHLHMH
J— FOHEHY Y 7 BmICZ s 252 TVET.
RIFESRICEHT 285 XA —&2TF. k2 S (REK
3E), I (BE#E), R (HE#H) O3 2DKEDOW
IhhrzehFEd. VoI hOBERr TSI

L, J—FHbDEERy TIIX RIZEL
L9, 2ZTE7=03,y=1RZNRZFNREL TV
F9. p BAIHIRREOHETYT. BREEHEEII VX 4
WECET. 2T p=0.005 20T, #IHRET
100000 x 0.005 =500 EEEF L TWE Z 2 iZikh
¥7.

5ATEHMBY I 2L —> a YORKED TS, 201
17720 C Gillespie 7 V3V X A2k b3y v 7—7 |
DSIR > 22— a yPFETEIN, MREERLTL
NEFT (FZW!) . HERTHIHMt 2 S, I, RDF%
TEARBUE Y A b2 LTE>TE £ 9. Gillespie SIR()
B OFE 1518z Ay b —2 GEREL, ZhDIFF
DFNBUFIBEREICE T 2T XA —=ZD 1,4, pTELZE
T, pTET Y ELIGEINT p DEE OMEKRDHIHA
L 323, p Db DIZ, initial_infecteds ¥ W5
F 7T a itk /) —FEEST I TUHRREEE 2
itk (/) —F) ZIEETHZLdTEET.

18-22 fTHMEAREZE LD 75 7 B AERR L TWw 3 H)
BCTT. , S, [LRIZFVAPL L TR TETVWETD
T, t M OE, Tofik zhznMtEiofEie LT
plot() RIS YT 7 2B LTSN ET.

SEX, Ay PV =% ER Xy bV —JICE X
TYIal—2arye2oTAELED. 2— RV
Ab2D&51TRkY, M2l DXS5% 7T 7HERR
ENFF. EoN-sample.ipynb IZEPNTVWET DT,
Shift+Enter TEITLTATLEE W (ry b —27D
AU ZDETEIEID 2 2 DT, T2 TIiX6fTHDHE
R 10° 525 104 IS LTVWET). BA%y U —
7Oa—F (VA ML) HEBELT, BR201E717H
D 147723 TF. 7T4TH DA% erdos_renyi_graph()
BBICEEST 27 I TER *y bV —2 LD SIR &
a2l —YaVvhPERTTEET. ZOMBKICETY >~
T EER plZ 0.1 ICLTVWET.

%matplotlib inline
import networkx as nx
import EoN # EoN & A4 ¥ HK— |

import matplotlib.pyplot as plt #
Matplotlib @ A > R— b

W N =

6 N = 10%x4 # (AR
7 G=nx.erdos_renyi_graph(N, 0.1) #
ER *# v F7—2 OIE

9 # BT I NRT X=X
10 gamma = 1.0

11 tau = 0.3
12 rho = 0.005
13

14 #

Gillespie 73V XA LKA SIRDY I 2L — 3 V5T

15 t, S, I, R = EoN.Gillespie_SIR(G, tau, gamma,rho
= rho)
16
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17 # HREZEN DS 5 7
18 plt.plot(t, S, label="S")
19 plt.plot(t, I, label="T")
20 plt.plot(t, R, label="R’)
21 plt.xlabel(’t’)

22 plt.legend()

V—2a2—F2 ERAYFI—=Z EDSIROYIal —

arv
10000 1
8000 1
6000 — s
—
4000 - —R
2000
0 e
0 2 4 6 8 10 2

t

K21 ER*y b7—2 EDSIROYIal—Yav

CDOEIWCENKET Ay VNIV G EET S
7T, AR AR Y b — 2 EOBRYYELRIEDY I 2
L—ayIMERTE %Y.

3.3 Gillespie ZJLdU XL

Gillespie 7 43V X 51T & 2 RN BRIELE D
YIal—Yavh EoN ORI T2 THE
fTTCETCLEVE L. 713V XL0HERHLLS
BWEVRDBZSELEZANDVEIDLDH LAEETAD
T, FEFED Gillespie SIR() FID Y — R a— FiZihio
TZDO7NLITY XL ZMEIHER LIz Bng s,
Gillespie 7 LTV XL TIE, $FAXRV N (HR) %
F2FF. SHOBEDARY MESHELELTIIIC
ZTrZee IDEELTRICELTEZZD2D
TY.

TNV ZLDEPDAT v Fx, KDALY b33
EEZ 2 ETORBRM the ZRDZZETT. LLTOD
EIILET. ARVIDORERZAZREr, TRLEL &
5. 22T, u=1,23,..,NiZ/—FT3. IRESD
J — F DS RIZ, %@/—h#hommbt IX710)
EARBURTE L 3. B2, RSO/ — K 1258
I 1L ERDOELR ) — FERioTwiud, ri=7T7%
IREE S D ) — F 2 252 2 R DIRL: ) — K& Fi-
TVWIUX, ro=27T7F. IKEESD/ — ¥ 3DiIHITK

DEoN OB D Web R—J 12X, VY —ZAAD
VY IR OoWTED HFHEEMHWEIT S ZH
TZE £, Gillespie SIR() BAED Y — X a— Fid

https://epidemicsonnetworks.readthedocs.io/en/latest/

_modules/EoN /simulation.html#Gillespie_SIR, T
RhEd.

PAERDIINRIT UL, r3=0TF. —4T, RETD
J — FOEERIEGEF ORI R <, BIER 72
UTHREDET. HIZIE, IREETD/ —F5Dr;=1
Thh, WEBID/—FKNIFElry=7yTI. TD
Ol LTR2TDr, RED, 2TD ./ — FDIREE
BHRT=S"" r, PEAHEINET. KONV 5
i»éif@ﬁ%%ﬁ@mﬂiT%%mt%ﬁﬂﬁm
55T, thow = plog (1) EREDEI. rnd &

1—rnd
—REELE TS
thext WIRE o725, XDRAT v FTIE, I BN

IR 1OFERLES. ZNENORITELHI U /iR
TAXRY MIEIDFT. EEZTID/ —FIIHLT
FILEZZDT, MHEOA Ry M3 Z 2HERIT
YT 27%b g3, 22T, IIFKRETD/ —FET
T EEOA XY FBEREINES, IO —FET Y
AL 1OESR, 20/ — FEEIRXEET. [BIED
B ohhroten, BEZFETTL/ — NeZ0RIC
JECT1ORUET. ERE, 2D/ — FoFFORESE
L7z B OEFBICHF L E T DT, 24Utz
MERT/ — K S 2B, BRI E D WHEEIHE
TY9.

J— ROREDEFHINZLITEoT, DR
DEDZDT, ZTheBEHLET. ThHDRAT v
ZREDIELTIDEEBDG0ICR 076707 LH
BT LET (Gillespie SIR() BIED A 7> = 1T tmax
DEZRELT, ZORMTHRTIELI LB TEE
F) . LAEAI Gillespie 7 LT Y RATHSIRDY I 2
L—aryehhxd

3.4 EoN QOftiDEI#K

EoN i2i%, SIR 72 TR Ay NV =7 LD
BIERFE O D O A RBBEDPEEICHEEIATY
5. HlzE, Gillespie SIS() BI%UE ViU, Gille-
spie 7V Y XLIWZHE IS SISOV I a2l —yarvik
fHHICHFEIT T2 2N TEET. £ZFAULSIRTD
Gillespie_SIS() & D & EATHE D H W fast_SIR() BIEK
PHEINTVET. 5181, EoNIZlE, ¥ 3=
L—a v TRhRIEBRHADOY - LB EEITHD,
SIR_homogeneous_meanfield() % SIR_heterogeneous
_meanfield() B ZHVAES I 21— a2 Y OFER
2GR ORER e KT 5 2L HTE£9. EoN
Dby FR=Y BIIMEZ 2DV R+ &L
D > TWETDOT, BDEIIJIGUTHLLFHATHA
Y RWVWTL & D.

DEREDY —Za— FTiZ, random.expovariate()
BicT 23T, BEERBEZRESE Tl &
ROTWETS.
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4. HBHOIC

SENE ARy V=2 DERY v vV — 2 O REG
KA F 37 A% Python THELTAHE L. HARNE
2w N7 =T OERERE, ETADNLDL Y FT—
27 DRI NetworkX & {# - TfTWE L7=. XIZ EoN
Ror—=V%HVTHy bV —27 EORBRGIELRTED >
a2l —YarESIRETAZEMITRLTAE L.
EONDANE L THETAY V=23 FBICEZ S
ZENTEDZDT, Harkry vV —27 LORBREIED
PIal—YariRFETTLILNTEEXT. RIERK
EoN TEHIEX N TW3 Gillespie 713V X L D f#Ed
HITVE LT

Fv bV —27 OHGESCHEGCE L T, HHELE
LEHEEDA 6] BEICIRTVEEEELE.
NetworkX @ 7 8a 275 3 V7o WTIEMNEEED
KM 2BBICERTWEEEELE. 2y b7 —2
BEDO XD ECEGRS TR IV 7I2o0nTiE, %
NOEDRTHEUPEEDLZ IR TEZ L HVET.

P ETHEZKDDTY. £REDLETERWL
LELxS!

HEF

LUTol A2 GiFrlg) 1, AdFHIcHZBLTLE
olh, KEEWRZIAXV 2 TIXVWELRE. L
hEH WL %9

R (RIGRZ) , LM (B s s v K¥E) ,
WARE (WEEXRY) , BEE CUNKRS) , HE
7 (R

T ORMEZEDHTAICHARLFELZF 2y 7 LTV
TREFELR DO TIVEHLEL.
feif—& (FRY) , HiRfey ), FHE
(FHIE R

2E X

[1] =2—ZXL X —H® GitHub. https://github.com/igenki
/biomathNL.

[2] NetworkX. https://networkx.org/, Accessed 8 Jan-
uary 2021.

[3] EoN https://
epidemicsonnetworks.readthedocs.io/en/latest/
EoN.html, Accessed 12 January 2021.

[4] NDlib - Network Diffusion Library. https://
ndlib.readthedocs.io/en/latest/, Accessed 12 January
2021.

[5] L. Z. Kiss, J. C. Miller, and P. L. Simon. Mathematics
of Epidemics on Networks: From FExzact to Approxi-
mate Models. Springer, 2017.

(6] WIHEAL, SEHLIE. WM b7 — 2 R S I £
T EfUREA, 2010.

[7] WHMIE. Python TH#35% v b7 — 27434 Colaboratory
& NetworkX % {fi - 7z ZEE AP, 4 — 24t 2019.
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im. i, FERRONBERN S () 2E#ED L

XV, KE=a2a—RALXR—94%5 (2021 45 AFITH)

WHEEHZETFELTBD £,

o TR BETREE (I 200 Fh 5 300 FHEE
DBDMEZNTT,)

o BRI XA MAEIIC, BRERL BT - #
XN, FCEE, HEA, EROREE
BEWLET,

o 77 ANERX  7F X, Word, TpX 5

o HEOYID 120214 H 10H

[Z%5R - 1E5R - IBRES (RX)]

i - G - RO EE (B3O ZEELE T, % -

Eim - HEmONAEZ D 5D LEHELIHEN LIV IRE

FEZELDOFBFIEF[L T IV, RE=2—R L

£ —94+5 (20214 5 A%17%5) @ Supplement(pdfhiit)

¥ LTS web R—JICHEEB L E7,

o NE (H®) ! % - A TIR-VEE, Bt
Eem - Ad T2 R—IFEE

o H3 1 XA PAEBIITARZERR X - B ER - TH L
X DRl FCEE, FEH. B OREE B
FENL 9, 1EHATH 2B TH L EVERA,

MERSLEAESA[TT (BGRE 2 EYNCHHE S 272
ELT7 7 ANY A XD ARBEITRKELRDTE
BNWEIIZLTLEXW),

7 7 A VIER ¢ pdf

W W= PDF 77 A VEFDEEELDET,
fEDYID 1202144 H 10 H

[(#3ED /4]

NE R 1~ R=URE (CFEEITD%HE 2000
FT1IR=), B BRoTLE->THHEDY £
Ao

EXRICRL
WA . BERAEY2CERT 2 ETLOBN. 2D

ETNERE DRBNRET AN TE ZICE - %
%, o IENGEREG,

77 ANMER  FF R, Word, TpX %

% BREDIZ D o 7 G E I IIEER A 2 PR X
BTV BGEYRD D £73,

fEDYID L FEREFERZ M TBY 3, (5
94 %5 2021 4 5 AFITHICBES 2 5513 2021 4
4A10H, R&5 9559 AFRITEIBRT 255
Z8H10H)

BFEW I ETVICEWANDLED D Z 5 KRFITIE,
WEREDP OCHEOBEVDEDH 50 LNLER A
P THIBL 2 X0,
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